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SYK model:
A solvable and generic
O+1 dimensional CFT

Operators in a generic CFT; are similar to
heavy (‘black hole’) operators in CFTp with D > 2




The Sachdev-Ye-Kitaev (SYK) model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N
1
_ T
= o > Uapnschege,Cs =1 ) cota

a,5,7,0=1
CaCs +cgCo =0 cac2 - c%ca = 0ap
1
Q=) cheo; [H,Q=0; 0<Q<1
87
Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal. S.Sachdev and |.Ye, PRL 70, 3339 (1993)

A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




The Sachdev-Ye-Kitaev (SYK) model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large /N limit:

(iw+p — 0 Bootstrap
equations!)

S.Sachdev and J.Ye,
PRL 70, 3339 (I993)




The complex SYK model
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E is a known function of O Conformal ‘Planckian’ dynamics

with peak width ~ kpT/h

(Luttinger relation) and independent of U
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The Sachdev-Ye-Kitaev (SYK) model
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The Sachdev-Ye-Kitaev (SYK) model

Tro exp ( 7;) = exp(—F/T); Entropy S =

O

OF
o1

Z(Q,T)

D(E)e P/T: D(E)=) 6(E-E;); H|V;)=E;|¥;)

A CFT in d spatial dimensions has an entropy density S ~ T%. The SYK
model is a 0+1 dimensional CF'T, and we obtain a 7T-independent entropy:

S
lim lim — = sg

1T'—0 N—oc A. Georges, O. Parcollet, and S. Sachdey,

PRB 63, 34406 (2001)
The constant sg is a known universal number. At Q@ = 1/2, we have

5 — Atalan 112 _ 0.464847699170805107492692486833 . . . .
Tr




The Sachdev-Ye-Kitaev (SYK) model

Z(Q,T)
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Eo

Tro exp ( 7;) = exp(—F/T); Entropy S =

OF
o1

D(E)e "/T: D(E)=)> §E-E); H|V;)=E;|V,)

A CFT in d spatial dimensions has an entropy density S ~ T%. The SYK
model is a 0+1 dimensional CF'T, and we obtain a 7T-independent entropy:

. )
lim Ilm — = sg
1T'—0 N—o0

—

D(E) = V5o §(E — Ep)

A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)

The constant sg is a known universal number. At Q@ = 1/2, we have

Catalan In?2

So = | = 0.464847699170805107492692486333 . . . .

T 4



where Gopr = G4 ~ sgn(T

Conformal Perturbation theory

B
S:SCFT+Z)\h/ dTOh(T)
h O
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Conformal Perturbation theory

B
S:SCFT+Z)\h/ dTOh(T)
h O

where Gopr = Gy ~ sgn(7)//|7] and (O (1) 05 (0)) ~ 1/|7[*"

T1 1
7'0( — 7‘0< + T0
T9 T9

Gross, Rosenhaus (2017)
Klebanov, Tarnopolsky (2017)



Conformal Perturbation theory

B
S:SCFT+Z>\h/ dTOh(T)
h O

where Gopr = Gy ~ sgn(7)//|7] and (O (1) 05 (0)) ~ 1/|7[*"

(More
bootstrap
equations!)

Solution of eigenvalue equation with £/ = 1 yields a tower of Oy,. Gross, Rosenhaus (2017)

Klebanov, Tarnopolsky (2017)



Conformal Perturbation theory

We define the three point function

Uh<7'1,7'2,7'()) — <C(7_1)CT(7_2)O}L(TO)> :

In the long time scaling limit, we can drop the bare first time on the right hand side, and obtain
the eigenvalue equation

Ev(T11, T2, T0) :/dTSdeLK(leTQ;7-377-4)Uh(7-377-477-0)7

where the kernel K is
K(11,72;73,T1) = —3U*G(T13) G (T24) G (T34) 7,

with 7;; = 7; — 7;, and we are interested 1n the eigenvalue £ = 1.



Conformal Perturbation theory

It is sufficient to solve the eigenvalue equation as 79 — oo. Then, we can use the operator
product expansion to write

c(71)ct (12) ~ sgn(ri2) ‘712|1/2 Z ‘712‘1/2 ~Op(11) + ...

Inserting this into the defintion of v, we conclude that v ~ sgn(712)/|m12|"/?~" as 79 — co. Then
the eigenvalue equation simplifies to

3tan(mh/2 —1/4)
o2h — 1 B

FE =

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 ..., 5.567946 . . .,
7.63197..., .... Consequently, the low 1" behavior of the entropy is

S(T) :N[SO—I—WT%—WQTQ‘WSM“' +] .



The Sachdev-Ye-Kitaev (SYK) model

Tro exp ( 7;) = exp(—F/T); Entropy S =

O

OF

D(E)e P/T: D(E)=) 6(E-E;); H|V;)=E;|¥;)

Conformal perturbations of saddle-point theory:

4 \)
S=N(so+9T) = D(FE)~exp (NSO—I—\/ZNvE)
\_ 7

v = # /U is non-universal.



Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U (S(T — ()) — N(SO —+- ’yT)\

D(E) ~ e°(E)
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Many-body density of states

D(FE) = Z O0(F — FE;); FEy+ E; = Many body eigenvalue

Energy, in units of U
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Conformal Perturbation theory

It is sufficient to solve the eigenvalue equation as 79 — oo. Then, we can use the operator
product expansion to write

c(71)ct (12) ~ sgn(ri2) ‘712|1/2 Z ‘712‘1/2 ~Op(11) + ...

Inserting this into the defintion of v, we conclude that v ~ sgn(712)/|m12|"/?~" as 79 — co. Then
the eigenvalue equation simplifies to

3tan(mh/2 —1/4)
o2h — 1 B

FE =

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 ..., 5.567946 . . .,
7.63197..., .... Consequently, the low 1" behavior of the entropy is

S(T) :N[SO—I—WT%—WQTQ‘WSM“' +] .



Conformal Perturbation theory

It is sufficient to solve the eigenvalue equation as 79 — oo. Then, we can use the operator

product expansion to write

c(71)ct (12) ~ sgn(ri2) ‘712|1/2 Z ‘712‘1/2 ~Op(11) + ...

Inserting this into the defintion of v, we conclude that v ~ sgn(7i2)/|Ti2|"/?>~" as 179 — co. Then

the eigenvalue equation simplifies to

3tan(mh/2 —1/4)
o2h — 1 B

FE =

There are an infinite number of solutions, and the lowest values are h = 2, 3.77354 ..., 5.567946 . . .,

7.63197..., .... Consequently, the low 1" behavior of the entropy is

S(T) — N [SO 1+ ,VT 4+ Vo T2.77354... 4. ] .

fWe will have a particular interest in the h = 2 operator. This operator is irrelevan

t

\for U/N < T < U, but dangerously irrelevant for Ue V¢ < T <« U/N.

J




The Sachdev-Ye-Kitaev (SYK) model

Z = /DG(ﬁ,Tg)DZ(ﬁ,Tg)exp(—N[)

I =Indet [0(1y — 72) (07, + 1) — (11, 72)

+ /dﬁd’rg [Z(Tl,TQ)G(TQ,Tl) — (UQ/Z)GQ(TQ,Tl)GQ(Tl,TQ)}
Saddle-point equations for G(m; — 7)) and (1 — T2):

Gliw) = sy S0) = TG 0)G(=)




G-2

path
integral At frequencies < U, the time derivative in the determinant is less

important, and without it the path integral is invariant under the
reparametrization and gauge transtformations

/(Ul)f/(UQ)]_1/4 e—igb(al) 1p(o2) G(O'l, 0_2)
( J2)]—3/4 o—id(01)+ig(02) S0y, 09)

Q
ek
™

A. Georges and O. Parcollet

PRB 59, 5341 (1999)
A. Kitaev, 2015

S. Sachdev, PRX 5, 041025 (2015)



(7-)) Reparametrization and phase zero modes

path
integral

We find the conformal saddle point, G, >, and only focus
on the “Nambu-Goldstone” modes associated with breaking
reparameterization and U(1) gauge symmetries by writing

G(r1,m2) = [f (1) f' ()]G (f (1) — f(72))e?tT)70(72)

(and similarly for ). Then the path integral is approximated
by

Z = [ DI(r)D(r)e B0/ TH NNl

where g o< N 1s the ground state energy.

A. Kitaev (2015); ). Maldacena and D. Stanford, arXiv:1604.07818;
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|1612.00849;
S.Sachdey, PRX 5, 041025 (2015)



Z = Trexp( kHT>
B

N S0 Df(1)Do(7) 1
~ exp (NE) HSL(Q,R)H CXP (h eff [f(T)v ¢(T)])

NK YT N 1/T
5 /0 dr(0;¢ +i(2nET)O;, f)* 47TZ/O dr {tan(7T f(1)), T},

Ieff [f7 ¢]

where f(7) is a monotonic map from |0,1/7’| to [0,1/T]. The conformal group is
d spatial dimensions is SO(d+2, 1), and PSL(2,R)=S0O(2,1), and the Schwarzian

B J" 3 (q" 2
{97 T} N g/ 2 (? )
vanishes for g(7) = (a7 +b)/(ct + d) a SL(2,R) transformation (ad — bc = 1).

The couplings K, v, and £ can be related to thermodynamic derivatives.

A. Kitaev (2015); ). Maldacena and D. Stanford, arXiv:1604.07818;
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.|612.00849;

S. Sachdev, PRX 5, 041025 (2015)




The Sachdev-Ye-Kitaev (SYK) model

Tro exp ( 7;) = exp(—F/T); Entropy S =

O
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D(E)e P/T: D(E)=) 6(E-E;); H|V;)=E;|¥;)

Conformal perturbations of saddle-point theory:

4 \)
S=N(so+9T) = D(FE)~exp (NSO—I—\/ZNvE)
\_ 7

v = # /U is non-universal.



The Sachdev-Ye-Kitaev (SYK) model

Tro exp ( 7;) = exp(—F/T); Entropy S =

O

OF
o1

2(Q,T)

D(E)e P/T: D(E)=) 6(E-E;); H|V;)=E;|¥;)

Conformal perturbations of saddle-point theory:

4 \)
S=N(so+9T) = D(FE)~exp (NSO—I—\/ZNvE)
\_ 7

v = # /U is non-universal.

Exact path integral over Schwarzian quantum gravity theory:

~

1 2

\_

-
S = N(S(ﬁ—”yT)—g In (E) m = D(E)~ N~! exp (Nsg)sinh(y/2NvE)

J




2(Q,T)

The Sachdev-Ye-Kitaev (SYK) model

O

Eo

Tro exp ( 7;) = exp(—F/T); Entropy S =

OF

D(E)e "/T: D(E)=)> §E-E); H|V;)=E;|V,)

Conformal perturbations of saddle-point theory:

~
S:N(SQ—F’YT)

\_

~
= D(FE) ~ exp (NS() + \/ZNvE)
7

o1

v = # /U is non-universal.

A. Georges, O. Parcollet, and S. Sachd
PRB 63, 134406 (2001)
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S = N(s(ﬁ—vT)—g In (E)

In NV

1

2

—

Exact path integral over Schwarzian quantum gravity theory: /

~

D(E) ~ N~ exp (Nsg)sinh(v/2NvE)

J




Z(Q,T)

The Sachdev-Ye-Kitaev (SYK) model

F
= Tro exp( 7;) = exp(—F/T); Entropy S = ZT.
= D(E)e E/T; 25 (£ —E;); H|V;) = E; |V
Eq

Conformal perturbations of saddle-point theory:

~

\_

~
S=N(so+9T) = D(FE)~exp (NS()—I— \/ZNvEl

v = # /U is non-universal.

A Georges, O. Parcollet, and S. Sachdev
PRB 63, 134406 (2001)

-

\_

Exact path integral over Schwarzian quantum gravity theory / ( JEP gf?ze&e;)a:us

In NV
S = N(s(ﬁ—vT)—gln (E) - = D(E) ~

1 2

~1 exp (Nsg) sinh \/2N7E)
J




2(Q,T)

The Sachdev-Ye-Kitaev (SYK) model

= Troexp ( 7;) = exp(—F/T); Entropy S = gi
= D(E)e E/T; 25 (£ —E;); H|V;) = E; |V
Eq

Conformal perturbations of saddle-point theory:

~

\_

~
S=N(so+9T) = D(FE)~exp (NS()—I— \/ZNvEl

Y = #/U 1S Ilon—unlversal. (Ymgfel Gu.A Kitaev. S. Sachdev. and )(A Georges, O. Parcollet, and S. Sachdev

G. Tarnopolsky, JHEP 02 (2020) 157

PRB 63, 134406 (2001)

-

\_

Exact path integral over Schwarzian quantum gr v1ty theory: / ( JI—JIE?DSSCDE;agl(?:)aIII8

In NV
S = N(s(ﬁ—vT)—gln (Q) - — D(E) ~

1 2

~1 exp (Nsg) sinh \/QNvE)
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Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U KS(T N O) - N(S() 4 ’VT)NE(E) ~ N1V so Sinh(\/QnyE)

D(E) ~ e°(E)

1.5

10 _ Nso+v2NAE )
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Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U (S(T N O) - N(S() 4 VT)\E(E) ~ N1V so Siﬂh(\/QnyE)

D(E) ~ e°(E)

_ oNso+v2ZNAE )

1.0

0.9

KD(E) N )
e \/2vE/N |

No exponentially large
degeneracy, but exponentially

=4 small level spacing!

—1.0 —1.46 £ No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.

—1.40

—0.5

Ey

Number Number

Complex SYK model



Charged

black holes

S.S., arXiv:2205.02285



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Qv T) — /DQ,LWDA,LL CXP (_7_1 ]Einst)ein gravity+Maxwell EM

Dist
1stance i

outside horizon
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Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP (_7_1 ]E(]inst)ein gravity+Maxwell EM [g,u’/7 AH])

Gibbons, Hawking (1977)
= exp (SBH) % PP Chambin, Emparan, Johnson, Myers (1999)
A(T)e®  Apc’ 2(mA)V/2T
Spu(T —0,Q) = AGh ~ 4Gh H hic

Ag = 2GQ?%/c* is the area of the

charged black hole horizon at 1" = 0.
h/T

Obtained from the saddle-point of the
ocravity path integral in the imaginary time
spacetime outside the black hole.

Distance i

outside horizon



Thermodynamics of quantum black holes with charge Q:

341
(Q T /DQ,LWDA €Xp (_7_1 ]E(]mst)eln gravity+Maxwell EM [g,LW? AH]>

Gibbons, Hawking (1977)
— exp (SBH) % PP Chambin, Emparan, Johnson, Myers (1999)

SBH(T — O, Q) —

A(T)e?  Agc? . 2(mA)V/2T
AGh  4Gh \'

Ag = 2GQ?%/c* is the area of the

charged black hole horizon at 1" = 0.
L h/T
Note the similarity to the large N

entropy of the SYK model !
(along with other similarities) :
—_—

Sachdev PRL 2010 i outside horizon

Distance



Reissner-Nordstrom black hole of
Einstein-Maxwell theory

4 )

¢ Horizon total
g charge O

V AdS, x S5*

d¢? — dt?
ds? = g3\% — ) | paggy | Boundary AdS4
C graviton

Gauge field: A = % dt

—

Dimensional reduction from 341 dimensions
to 1+1 dimensions (AdSs) at low energies!

The isometry group of AdSs is the 0+1 dimensional conformal group SL(2,R).
Faulkner, Liu, McGreevy, Vegh 2009; Sachdev 2010




Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP (_7_1 ]E(]inst)ein gravity+Maxwell EM [g,u’/7 AH])

Saddle-point: A(T)03 Apc? (

W AN 2T
Spu(T = 0,Q) = — == = 7~ — )

hc

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.

Maldacena, Stanford, Yang (201 6)



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP <_7_i ]]g]inst)ein gravity+Maxwell EM [g,LW7 AM]>

AQCS 1 (141)
~ €Xp (4hG> /DQW/DAM CxXPp (_ﬁ IJT gravity of AdS,;+boundary graviton Lg,uV’ AM]

Spu(T = 0,Q) = — == = 7~

Saddle-point: A(T)63 Agc3
B ( hc

Q(WAQ)1/2T>

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.

Maldacena, Stanford, Yang (201 6)



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP (_7_1 ]E(]inst)ein gravity+Maxwell EM [g,u’/7 AM])

AA()C3 1 (141)
~ €Xp (4hG> /DQW/DAM CxXPp (_ﬁ IJT gravity of AdS,;+boundary graviton Lg,uV’ AM]

= /Df(T)ng(T) exp (—%ISYK time reparameterizations f(7), phase rotations (b(T)])
Saddle-point: A(T)CB AOCB 2(7TA())1/2T
T J— J— I
ool = 0.9 == 50 = Jan ( e )

Ay = 2G Q% /c* is the area of the
charged black hole horizon at 1" = 0.

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); Moitra,
Trivedi,Vishal (2018) ; Gaikwad, Joshi, Mandal,Wadia (2018); Sachdev (2019); lliesiu, Turaci (2020)



Thermodynamics of quantum black holes with charge Q:

L (341
Z(Q7 T) — /DQMVDAM €XP <_7_i ]]g]inst)ein gravity+Maxwell EM [g,u’/7 AM]>

14()63 1 (141)
~ €Xp (4hG> /DQW/DAM CxXPp (_ﬁ IJT gravity of AdS,;+boundary graviton Lg,uV’ AM]

1

— /Df(T)ng(T) exp (—%ISYK time reparameterizations f(7), phase rotations (b(T)])

There is also a

S(T— 0,9) = In 559 (AQCS)

180 hG

term from other massless
- - modes; Sen (201 1)
The InT" term is the SYK/boundary-graviton liesiu, Murthy Turiaci (2022)
correction to Bekenstein-Hawking.

Sachdev (2010); Kitaev (2015); Sachdev (2015); Bagrets, Altland, Kamenev (2016); Maldacena, Stanford, Yang (2016); Moitra,
Trivedi,Vishal (2018) ; Gaikwad, Joshi, Mandal,Wadia (2018); Sachdev (2019); lliesiu, Turaci (2020)



Black hole questions and answers

Can we find a quantum simulation of the inside of a black hole whose D(FE)
matches the Bekenstein-Hawking entropy computed outside the black hole?




Black hole questions and answers

Can we find a quantum simulation of the inside of a black hole whose D(FE)

matches the Bekenstein-Hawking entropy computed outside the black hole?
Yes, for charged black holes:

e For generic charged black holes in 341
dimensions, the SYK model yields, in

terms of Ay = 2G'Q?%/c* the horizon
area at 1 = 0:

8 —559/180
A()CS A003 :
D<E)N<hG> exp(4hG)Smh
\_

There 1s no degeneracy, but an expo-
nentially small level spacing down to
the ground state.




Black hole questions and answers

Can we find a quantum simulation of the inside of a black hole whose D(FE)
matches the Bekenstein-Hawking entropy computed outside the black hole?

Yes, for charged black holes:

e With sufficient low energy D(FE) = Z o(F — E;)
supersymmetry, string z
theory yields:

D(E) = exp (2}22) 5(E) .
L O(E — AVF(E—A)+ ...

f(E—A)

There are exponentially many
degenerate BPS ground states, E

and an energy gap A above 0 A
M. Heydeman, L. V. lliesiu, G. . Turiaci, and W. Zhao, 2020

the ground state. L.V. lliesiu, S. Murthy, G. . Turiaci, 2022



Black hole questions and answers

Can we find a quantum simulation of the inside of a black hole whose D(FE)

matches the Bekenstein-Hawking entropy computed outside the black hole?
Yes, for charged black holes:

e For generic charged black holes in 341
dimensions, the SYK model yields, in

terms of Ay = 2G'Q?%/c* the horizon
area at 1 = 0:

3\ —559/180 3 3/2 2

D(E) ~ (AOC ) exp (AOC )sinh vrdo ¢ g
hG 4hG PG

_ i

e ‘Wormbhole’ contributions to this quan-

tum simulation have led to an under- D(E)

standing of the Page curve of entangle-

ment entropy of evaporating black holes.

Saad, Shenker, Stanford (2019) . E




Strange

metals
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Properties of a strange metal:

1. Resistivity p(T) = pog + AT +...asT — 0
and p(T) < h/e* (in d = 2).
Metals with p(T") > h/e® are bad metals.

2. Specific heat ~ T'In(1/T) as T' — 0.

S.A. Hartnoll and A.P. MacKenzie, arXiv:2107.07802
3. Optical conductivity

K 1 hw
o(w) = —— : ; Lol (o)

iy Tt rans (w) Ttrans (Cd) kBT
Ttrans (w) m

B. Michon...... A. Georges, arXiv:2205.04030
4. Photoemission: nearlv “marginal Fermi liguid” electron spectral densitv:
y g 9| P y

hw
knT

ImY(w) ~ |w]**®s; ( ) with o ~ 1/2
T.]. Reber....D. Dessau,
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Yukawa-SYK models
1
—uZw mZ (7} +wid?) + 5 D Giseivide

with g;;, Independent random numbers with zero mean.

The disorder-averaged partition function is a G->-D-1I theory:

— / DG DX DD DIl exp(—N San)

all —

1
—Indet(0; — p+ %) A 21ndet(—83+w8—ﬂ)

/ ir / ar :—z(T';T)G(T, )+ SH(r'7) D(r. 7




Yukawa-SYK models
H = —uZw;fmZ (77 + wp7) A ngm ;e
) /

zg€

with g;;, Independent random numbers with zero mean. The large /N saddle point equations are

Make the low frequency ansatz
. . —(1—-2A) : 1—4A 1 1
G(iw) ~ —isgn(w)|w] . D(iw) ~ |w] , = <A< =

A consistent solution exists for

8-l — 1 A = 0.42037
2(24 — 1)[sec(2mA) — 1] . Esterlis and |. Schmalian, PRB 100, 115132 (2019)
See also Yuxuan Wang, PRL 124,017002 (2020)



Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Fermi surface coupled to a critical boson
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Fermi surface coupled to a critical boson

0 a critical boson @
Ly =) - e(k
(0 k ( e )) Vi e.g. Ising-nematic order
2
(7))

J

- P (r)(r) ¢(r)

Solve in a large N limit with Yukawa coupling

gije
]\J[ dQTdT wj(rj T)wj (ry T)¢Z(T, 7-) : g’L]l — () 7 ‘gz]llz _ 92

to obtain Eliashberg solution for electron (G) and boson (D) Green’s functions at small w:

(k. iw) ~ —i 23 Gk, iw) = A D(q, 1) =
e e e ) S Y T @l

P.A. Lee (1989)



Fermi surface coupled to a critical boson

= 1y (6’87 | 5("‘3)) Vi

Transport—a perfect metal!

Conservation of momentum and
fermion-boson drag imply:

Relo(w)| = Dé(w) + ...

a critical boson @
e.g. Ising-nematic order

p(r)]

=+ o)) olr)

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)

D. L. Maslov, V. I. Yudson, and A. V. Chubukov PRL 106, 106403 (20

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (20]

1)
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A. Eberlein, I. Mandal, and S.S. PRB 94, 045133 (20
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Fermi surface coupled to a critical boson

a critical boson @
Vk . .
e.g. Ising-nematic order

p(r))”
J

- P (r)(r) ¢(r)

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)
Transport—a perfect metal! D. L. Maslov, V. L. Yudson, and A. V. Chubukov PRL 106, 106403 (2011)
C { - f t d S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014)
OIISCI'Valloll Ol 1NOoINCentulll all A. Eberlein, I. Mandal, and S.S. PRB 94, 045133 (2016)
fermion-boson drag imply:
1
0 _ Doy :
o(w) ~ — +|wl® 4+ -+ (w™?/3 term has vanishing co-efficient)
— 1

Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022)



Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NOT a strange metal




Fermi surface coupled to a critical boson with disorder

0 a critical boson @
Ly =) - e(k
(0 k ( e )) Vi e.g. Ising-nematic order
2
(7))

J

- YT (r)y(r) o(r)
Fo(r)! (1) (r)

Spatially random potential v(r) with v(r) = 0, v(r)v(r") = v*6(r — ')



Fermi surface coupled to a critical boson with disorder

s, itical b 0
i (K a critical boson
Loy k ( e )> Vi e.g. Ising-nematic order
2
)

J

- YT (r)y(r) o(r)
+o(r)y! (r)i(r)

Boson Green’s function: D(q,iQ) ~ 1/(¢* + v|Q|)
2 2
. e - 5 g | 1 g
Fermion self energy: Y (iw) ~ —iv°sgn(w) — zv—zwln(1/|w|), . ~ U—Q\w|

Marginal Fermi liquid self energy and T In(1/7T") specific heat
Halperin, Lee, Read (1993)



Fermi surface coupled to a critical boson with disorder

O a critical boson ¢
Loy =] - e(k
(0 k ( e )> Vi e.g. Ising-nematic order
2
()]

J

- YT (r)y(r) o(r)
+o(r)y! (r)i(r)

But resistivity and optical conductivity are like a Fermi liquid,

with residual resistivity ~ v*.

Haoyu Guo, Aavishkar Patel, llya Esterlis, S.S.PRB 106, 1 15151 (2022)
T. C.Wy,Y. Liao,and M. S. Foster, PRB 106, 155108 (2022)



Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NOT a strange metal




Fermi surface coupled to a critical boson with disorder

a critical boson @
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Fermi surface coupled to a critical boson with disorder

Lo = ,‘; ( 0 | 5(k)> m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

¢* “mass” disorder J'(r) is strongly relevant;
rescale ¢ to move disorder to the Yukawa coupling;

Spatially random Yukawa coupling ¢’(r) with ¢/(7) =0, ¢’(7)g¢'(7") = ¢"*6(r — ')

Spatially random potential v(r) with v(r) = 0, v(r)v(r’) = v*6(r — r’)



Fermi surface coupled to a critical boson with disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

— / DG DX DD DIl exp(—N San)

1
S.i1 = — Indet (9 —I—é‘ ) [L—I—Z) | 21ndet(—6‘3+q2+m§—ﬂ)

/2

92 G(r,v; 7,0 YG(7',v';7,v)D(7,r; 7', v)o(r — 1) | .

i 1
/d7d2 /dT dr' | =37, v; 1, v)G(T,r; 7', 1) (7", ;7 0)D(r,r; 7', 1)

2

112

G(r,r; 7,0 )G(7',v';7,0)D(7,r; 7", 1) > G(r,r; 7,0 )G(7',r';7,r)0(r — ')




Fermi surface coupled to a critical boson with disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

o /DGDZDDDHexp(—NSaM)

Saddle-point equations

S (1,1) = ¢>D(1,v)G(T, 1) + v2G(1,1)8%(r) + ¢ *G(7,1)D(7,1)5%(r),
[I(7,r) = —QZG(—T, —1)G(7,1) — g'QG(—T, r)G(T, r)52(r),

1
1) —
Gliw, k) iw—e(k) + p— X(iw, k)’
D(if2, q) = 1

0?2+ g%+ m; — 113, q)



Fermi surface coupled to a critical boson with disorder

Lo = ,‘; ( 0 | 5(@) m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)y(r)

JBOSOH Green’s function: D(q,iQ) ~ 1/(g* + ~|Q])

Fermion self energy:
2

(i) ~ —iv?sgn(e) i (5 +67 ) wmt/ul)s =~ (G +07) o

Marginal Fermi liquid self energy and 7T In(1/7") specific heat




Fermi surface coupled to a critical boson with disorder

Ly = }; ( 0 | 5(k)> Vi a, C].fitical bossm 0

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

& J
SXE,

Conductivity: (a) (b) (c) (d) (e)
0Y,g 0%,9 OV,gq
2 72

all ladders and bubbles.....




Fermi surface coupled to a critical boson with disorder

Lo = Qp}; ( 0 | 5(@) m a critical boson ¢

4 e.q. Ising-nematic order

@ ; \ A(r)]* + g+ g (M) (r)e(r) o(r)
ki
+o(r)y" (r)y(r)

Conductivity: o(w) ~ [1/Tirans(w) — twm;,.. . (w)/m]_1

N U2 —|—g’2\w| ; trans( ) N g IH(A/(U)
Ttrans (W) T T
Residual resistivity is determined by v#; Linear-in-T resistivity determined by g%

Transport insensitive to g; Marginal Fermi liquid self energy and T'In(1/71") specific heat.



Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NOT a strange metal

Fermi surface coupled to a critical boson:

Interaction disorder g’

A marginal Fermi liquid AND a strange metal




Summary

e SYK: a solvable toy model without particle-like excitations, exhibit-
ing thermalization and many-body chaos in a time of order h/(kpgT),
independent of microscopic energy scales.
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e Toy SYK model captures the correct universal low energy quantum
theory of charged black holes, and provides a Hamiltonian realization

of black hole microstates.




Summary

e SYK: a solvable toy model without particle-like excitations, exhibit-
ing thermalization and many-body chaos in a time of order h/(kpgT),
independent of microscopic energy scales.

e Toy SYK model captures the correct universal low energy quantum
theory of charged black holes, and provides a Hamiltonian realization
of black hole microstates. ~= . |

; J .
e Linear-T resistivity, T'In(1/T') specific heat, ~ 1/w optical conductiv-
ity, and marginal Fermi liquid electron spectrum all arise from a SY K-
like model with spatially random interactions in a two-dimensional

quantum-critical metal. | | |
Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. arXiv: 2203.04990



