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Positivity	Bounds	for	a	Scalar	Field



More-Microscopic	Explanations	
in	Particle	Physics

New	Physics	at	HE	and	EFTs

M

<latexit sha1_base64="p2Itd/m8aKHP2ffQUEcuIBMRHbI="></latexit>

E

<latexit sha1_base64="nTdxd90vyPtLkcCt6Nh0goL1S5k="></latexit>

M � mSM

IR

UV

Distributions	of	the	invariant	mass	of	
electrons’	pairs	-	CMS	coll.
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More-Microscopic	Explanations	
in	Particle	Physics

New	Physics	at	HE	and	EFTs

M

<latexit sha1_base64="p2Itd/m8aKHP2ffQUEcuIBMRHbI="></latexit>

E

<latexit sha1_base64="nTdxd90vyPtLkcCt6Nh0goL1S5k="></latexit>

M � mSM

IR

UV

Distributions	of	the	invariant	mass	of	
electrons’	pairs	-	CMS	coll.

Low-Energy	Expansion	to	
Parametrise	NP-Effects

<latexit sha1_base64="fLACkgFhbolAvm91GgsWv0vQ6Dk=">AAACBHicdVDLSgNBEJyNrxhfqx69DAbB07KbxCTHoAhehAjmAUkIs5NOHJx9MNMbCEuufoVXPXkTr/6HB//F3TWCitapqOqmq8sNpdBo229Gbml5ZXUtv17Y2Nza3jF399o6iBSHFg9koLou0yCFDy0UKKEbKmCeK6Hj3p6lfmcKSovAv8ZZCAOPTXwxFpxhIg1Ns+8xvHHH8TntS0kv50OzaFu1cqVcqlPbcuxS2a6lpFwt1U+oY9kZimSB5tB8748CHnngI5dM655jhziImULBJcwL/UhDyPgtm0AvoT7zQA/iLPmcHkWaYUBDUFRImonwfSNmntYzz00m05z6t5eKf3m9CMf1QSz8MELweXoIhYTskOZKJJUAHQkFiCxNDlT4lDPFEEEJyjhPxCjpqJD08fU0/Z+0S5ZTtSpXlWLjdNFMnhyQQ3JMHFIjDXJBmqRFOJmSe/JAHo0748l4Nl4+R3PGYmef/IDx+gEKRJfm</latexit>

E ⌧ M
M

<latexit sha1_base64="4XFGOETdJIq2GbZFdsDAz039rQk="></latexit>
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EFT-Coefficients	Encode	
UV-Physics
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<latexit sha1_base64="dSi6ywKFOA72k9Og6T8htbmLkAM=">AAAB/nicdVDLSgNBEJz1GeMr6tHLYCJ4WnZDnregKB4j5AVJCLOTThwy+2CmVwxLwK/wqidv4tVf8eC/uBsjqGidiqpuurqcQAqNlvVmLC2vrK6tpzbSm1vbO7uZvf2W9kPFocl96auOwzRI4UETBUroBAqY60hoO5OzxG/fgNLC9xo4DaDvsrEnRoIzjKVerodwi9H5RWOWG2SyllmpVqoFi1qmnS+WyuWElEulfJHapjVHlixQH2Tee0Ofhy54yCXTumtbAfYjplBwCbN0L9QQMD5hY+jG1GMu6H40zzyjx6Fm6NMAFBWSzkX4vhExV+up68STLsNr/dtLxL+8boijSj8SXhAieDw5hELC/JDmSsRlAB0KBYgsSQ5UeJQzxRBBCco4j8Uwbicd9/H1NP2ftPKmXTILV/ls7XTRTIockiNyQmxSJjVySeqkSTgJyD15II/GnfFkPBsvn6NLxmLngPyA8foBp4iWGw==</latexit>

EFT

ci



Identifying	Viable	Low-Energy	EFTs

Palti	-	2019The	Swampland	Program
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Causality	and	Unitarity	in	
the	UV

Constraints	on	the	EFT	
Coefficients	from	these	
UV-Assumptions

Dispersion	Relations	on	
the	Scattering	Amplitudes

Ruling	out	some	IR-descriptions

Investigating	Strong-Coupling	
Corrections



Defining	a	Sensible	Low-Energy	Scattering
Assumptions	on	the	Scattering	Amplitude

2 2	Scattering	Amplitude	for	Scalars:	→
<latexit sha1_base64="vpbbHqfAMmEtjfzaVEL1d0B6HZg=">AAACB3icdVDLSgNBEJz1bXxFc/QyGAUFWSar0eQmevEiKBgVkhB6x1aHzD6Y6RXCkg/wK7zqyZt49TM8+C/uxggqWqeiqpuuLj/WypIQb87I6Nj4xOTUdGFmdm5+obi4dGajxEhsyEhH5sIHi1qF2CBFGi9igxD4Gs/97kHun9+isSoKT6kXYzuA61BdKQmUSZ1iaZW3AqAbCTo96q/bTdpY7RTLwhW1uhDbXLhetepVdzKyVRN1b4tXXDFAmQ1x3Cm+ty4jmQQYktRgbbMiYmqnYEhJjf1CK7EYg+zCNTYzGkKAtp0Owvf5WmKBIh6j4UrzgYjfN1IIrO0FfjaZB7W/vVz8y2smdFVrpyqME8JQ5odIaRwcstKorBXkl8ogEeTJkauQSzBAhEZxkDITk6ymQtbH19P8f3LmuZUdd/vEK+/tD5uZYstsha2zCttle+yQHbMGk6zH7tkDe3TunCfn2Xn5HB1xhjsl9gPO6wdOLJiD</latexit>

M(s, t)
<latexit sha1_base64="RGXKklCaRTbTrI3EOJSNGpWj2aM="></latexit>

s=(p1+p2)2

<latexit sha1_base64="ZMYNsWGTWjeSyok4fEnmXPYMdbc="></latexit>

t=(p1�p3)2

<latexit sha1_base64="ZY8Ec8aZeG8yD7JFDKZ2d74iDzQ="></latexit>

u=(p1�p4)2

Adams,	Arkani-Hamed	et	al.	-	2006
de	Rham,	Tolley	et	al.	-	2017
Arkani-Hamed,	Huang	et	al.	-	2020
Bellazzini,	Rattazzi,	Riva	et	al.		-	2020

<latexit sha1_base64="4Dz+cOFaAKpyA29xCWqa7oavjG8=">AAAB/3icdVDLSgNBEJz1GeMr6tHLYCIIwjLZPEwOQtCLxwgmCnGV2UlHh8w+nOkVQsjBr/CqJ2/i1U/x4L+4GyOoaJ2Kqm66urxISYOMvVlT0zOzc/OZhezi0vLKam5tvW3CWAtoiVCF+szjBpQMoIUSFZxFGrjvKTj1+oepf3oL2sgwOMFBBK7PrwLZk4JjIrkFs4u78X7Zv3AK2ctcntmsVmesTJntVCpOpZqQUo3VnRIt2myMPJmgeZl7P++GIvYhQKG4MZ0ii9Adco1SKBhlz2MDERd9fgWdhAbcB+MOx6FHdDs2HEMagaZS0bEI3zeG3Ddm4HvJpM/x2vz2UvEvrxNjr+YOZRDFCIFID6FUMD5khJZJG0C7UgMiT5MDlQEVXHNE0JJyIRIxTupJ+/h6mv5P2o5drNrlYyffOJg0kyGbZIvskCLZIw1yRJqkRQS5IffkgTxad9aT9Wy9fI5OWZOdDfID1usHaQGVQQ==</latexit>

s+ t+ u = 4m2
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Defining	a	Sensible	Low-Energy	Scattering
Assumptions	on	the	Scattering	Amplitude

2 2	Scattering	Amplitude	for	Scalars:	→
<latexit sha1_base64="vpbbHqfAMmEtjfzaVEL1d0B6HZg=">AAACB3icdVDLSgNBEJz1bXxFc/QyGAUFWSar0eQmevEiKBgVkhB6x1aHzD6Y6RXCkg/wK7zqyZt49TM8+C/uxggqWqeiqpuuLj/WypIQb87I6Nj4xOTUdGFmdm5+obi4dGajxEhsyEhH5sIHi1qF2CBFGi9igxD4Gs/97kHun9+isSoKT6kXYzuA61BdKQmUSZ1iaZW3AqAbCTo96q/bTdpY7RTLwhW1uhDbXLhetepVdzKyVRN1b4tXXDFAmQ1x3Cm+ty4jmQQYktRgbbMiYmqnYEhJjf1CK7EYg+zCNTYzGkKAtp0Owvf5WmKBIh6j4UrzgYjfN1IIrO0FfjaZB7W/vVz8y2smdFVrpyqME8JQ5odIaRwcstKorBXkl8ogEeTJkauQSzBAhEZxkDITk6ymQtbH19P8f3LmuZUdd/vEK+/tD5uZYstsha2zCttle+yQHbMGk6zH7tkDe3TunCfn2Xn5HB1xhjsl9gPO6wdOLJiD</latexit>

M(s, t)

Assumptions	in	the	Complex-s	Plane
•Optical	Theorem:	

•Analyticity	and	Singularities	Structure	
in	 		for	s 0 ≤ t ≤ 4m2

•Crossing:	
•Asymptotic	Boundedness	for	 :	0 ≤ t ≤ 4m2

<latexit sha1_base64="xPoKG2blo8Ww/yqq7Yo4Tkm8SQg="></latexit>

M(s, t)/s2
|s|!1����!0

Lehman	-1958
Froissart	-1961	
Martin	-	1963	

<latexit sha1_base64="RGXKklCaRTbTrI3EOJSNGpWj2aM="></latexit>

s=(p1+p2)2

<latexit sha1_base64="ZMYNsWGTWjeSyok4fEnmXPYMdbc="></latexit>

t=(p1�p3)2

<latexit sha1_base64="ZY8Ec8aZeG8yD7JFDKZ2d74iDzQ="></latexit>

u=(p1�p4)2

Branch-Cuts of the 
2-particle threshold

Crossing

Adams,	Arkani-Hamed	et	al.	-	2006
de	Rham,	Tolley	et	al.	-	2017
Arkani-Hamed,	Huang	et	al.	-	2020
Bellazzini,	Rattazzi,	Riva	et	al.		-	2020

s

<latexit sha1_base64="GGT6Efdu1LzEvX37WeIWkkt1YIY=">AAAB9nicdVDLTgJBEJzFF64v1KOXicTEE1kWBDwYiV48YiKPBJDMDg1MmH1kptdICL/gVU9ejPHqX/gJxoP/4i5ookbrVKnqTleXE0ih0bLejMTc/MLiUnLZXFldW99IbW7VtB8qDlXuS181HKZBCg+qKFBCI1DAXEdC3Rmexn79CpQWvneBowDaLut7oic4w1jKu5d2J5W2Moelgn1gUytjWUU7V4iJXczbOZqNlBjp4xfzKHh4NSud1Hur6/PQBQ+5ZFo3s1aA7TFTKLiEidkKNQSMD1kfmhH1mAu6PZ5mndC9UDP0aQCKCkmnInzfGDNX65HrRJMuw4H+7cXiX14zxF6pPRZeECJ4PD6EQsL0kOZKRCUA7QoFiCxODlR4lDPFEEEJyjiPxDBqxYz6+Hqa/k9qdiZbyOTPrXT5hMyQJDtkl+yTLCmSMjkjFVIlnAzIDbkld8a1cW88Gk+z0YTxubNNfsB4/gADyZXi</latexit>

4m2

<latexit sha1_base64="pTIynnnorVtaZIHz9okBhLxzyFQ="></latexit>

Im(M(s, t=0)) > 0 <latexit sha1_base64="4Dz+cOFaAKpyA29xCWqa7oavjG8=">AAAB/3icdVDLSgNBEJz1GeMr6tHLYCIIwjLZPEwOQtCLxwgmCnGV2UlHh8w+nOkVQsjBr/CqJ2/i1U/x4L+4GyOoaJ2Kqm66urxISYOMvVlT0zOzc/OZhezi0vLKam5tvW3CWAtoiVCF+szjBpQMoIUSFZxFGrjvKTj1+oepf3oL2sgwOMFBBK7PrwLZk4JjIrkFs4u78X7Zv3AK2ctcntmsVmesTJntVCpOpZqQUo3VnRIt2myMPJmgeZl7P++GIvYhQKG4MZ0ii9Adco1SKBhlz2MDERd9fgWdhAbcB+MOx6FHdDs2HEMagaZS0bEI3zeG3Ddm4HvJpM/x2vz2UvEvrxNjr+YOZRDFCIFID6FUMD5khJZJG0C7UgMiT5MDlQEVXHNE0JJyIRIxTupJ+/h6mv5P2o5drNrlYyffOJg0kyGbZIvskCLZIw1yRJqkRQS5IffkgTxad9aT9Wy9fI5OWZOdDfID1usHaQGVQQ==</latexit>

s+ t+ u = 4m2

<latexit sha1_base64="uo14ex0/9fa8O4RyHCznNTCwryQ=">AAAB9HicdVBNLwRBFOzxbX0tji4dG4mLyexYu9yEiyNiEbsT6el9uzp6ejrdbzZk4x+4kkjcxJXf4+C30LNIEOpUqXovr17FWgqLQfDiDQwODY+Mjo0XJianpmeKs3OHNs0MhzpPZWqOY2ZBCgV1FCjhWBtgSSzhKD7fzv2jLhgrUnWAlxqihHWUaAvO0En7K3haLAX+xno1XAtp4AdBLVyt5iSsVcJVWnZKjtLmuL47eb542z0tvjZbKc8SUMgls7ZRDjRGPWZQcAlXhWZmQTN+zjrQcFSxBGzU6ye9okuZZZhSDYYKSfsifN/oscTayyR2kwnDM/vby8W/vEaG7fWoJ5TOEBTPD6GQ0D9kuRGuAqAtYQCR5cmBCkU5MwwRjKCMcydmrpOC6+Prafo/OQz9ctWv7LlitsgHxsgCWSTLpExqZJPskF1SJ5y0yTW5Ibde17v3HrzHj9EB73NnnvyA9/QOnZeVzw==</latexit>�t
<latexit sha1_base64="pP76moDQhIDPSIKIohwJIZ75Btg="></latexit>

M(s, t) = M⇤(4m2 � s⇤ � t, t)
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Complete	Parametrisation

<latexit sha1_base64="+ETfTQk/Oyj4jJkhHRjosnMmcG0=">AAAB+XicdVDLSgNBEJz1bXxFPXoZIoIQWGdiNHoLevEYwZhAEsLs2OqQ2QczvUJY8hGCJz15E69+TQ7+i5NEQUXrVFR109UVJFpZZGzoTU3PzM7NLyzmlpZXVtfy6xuXNk6NhLqMdWyagbCgVQR1VKihmRgQYaChEfROR37jDoxVcXSB/QQ6obiJ1LWSAp3UsF1WxL1SN7/NfMZZpVSizOflSvm47Mg+5wdHnHKfjbFdLbSLD8Nqv9bNv7evYpmGEKHUwtoWZwl2MmFQSQ2DXDu1kAjZEzfQcjQSIdhONo47oDupFRjTBAxVmo5F+L6RidDafhi4yVDgrf3tjcS/vFaK10edTEVJihDJ0SFUGsaHrDTK9QD0ShlAFKPkQFVEpTACEYyiQkonpq6YnOvj62n6P7ks+fzQL5+7Yk7IBAtkixTILuGkQqrkjNRInUjSI/fkkTx5mffsvXivk9Ep73Nnk/yA9/YBacCWlw==</latexit>

s0 + t/2

<latexit sha1_base64="+McTfsBkN641xxICvydFREn1VH8=">AAAB+XicdVDLSgNBEJyN7/iKevQyRARFWGbiavQWzMWjgjGBJITZsY1DZh/M9AphyUcInvTkTbz6NTn4L+5GBRWtU1HVTVeXH2tlkbGxU5ianpmdm18oLi4tr6yW1tYvbZQYCQ0Z6ci0fGFBqxAaqFBDKzYgAl9D0x/Uc795C8aqKLzAYQzdQPRDda2kwExq1ndsj+0We6Ut5jLOqpUKZS73qt6xl5F9zg+OOOUum2CrVu7s3Y9rw7Ne6a1zFckkgBClFta2OYuxmwqDSmoYFTuJhVjIgehDO6OhCMB200ncEd1OrMCIxmCo0nQiwveNVATWDgM/mwwE3tjfXi7+5bUTvD7qpiqME4RQ5odQaZgcstKorAegV8oAosiTA1UhlcIIRDCKCikzMcmKyfv4epr+Ty4rLj90vfOsmBPygXmyScpkh3BSJTVySs5Ig0gyIHfkgTw6qfPkPDsvH6MF53Nng/yA8/oOz9qWNQ==</latexit>

C(s0)

<latexit sha1_base64="GCDv2NnjdOCGmINpnhKTK/9EOMo=">AAAB9nicdVBNS8NAFNz4bf2qevSyKIIgxmyNVm9FLx4VbBXaUDbrs13cbMLui1iCf8GToCdv4tW/48H/YhIVVHROw8x7vHkTJkpa9LxXZ2h4ZHRsfGKyMjU9MztXnV9o2Tg1ApoiVrE5C7kFJTU0UaKCs8QAj0IFp+HlQeGfXoGxMtYnOEggiHhPywspOBbSBm7WutUVz/WYV6/VqOcyv+7v+TnZYmx7l1HmeiVWGsud9bvXxuCoW33rnMcijUCjUNzaNvMSDDJuUAoFN5VOaiHh4pL3oJ1TzSOwQVZmvaGrqeUY0wQMlYqWInzfyHhk7SAK88mIY9/+9grxL6+d4sVukEmdpAhaFIdQKigPWWFkXgLQc2kAkRfJgUpNBTccEYykXIhcTPNWKnkfX0/T/0mr5rId1z/Oi9knH5ggS2SZrBFG6qRBDskRaRJB+uSW3JMH59p5dJ6c54/RIedzZ5H8gPPyDmZ2lXk=</latexit>

�t/2

<latexit sha1_base64="Iz7J19OJX/CybW0xPAPBDhHJd8I="></latexit>

ak(s0, t) ⌘ (i⇡)�1

I

C(s0)

M(s0, t)

(s0 + t/2)k+1
ds0

	Non-Perturbative

Arcs	to	Parametrise	Low-Energy	Scattering

s’=s-2m2
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Complete	Parametrisation

Dispersive	Integrals	to	Relate	IR	and	UV

=

s’

= 0

<latexit sha1_base64="A0RQX1wxTsUbYO51emBB3RGs/aY="></latexit>

s!1 s’

<latexit sha1_base64="+ETfTQk/Oyj4jJkhHRjosnMmcG0=">AAAB+XicdVDLSgNBEJz1bXxFPXoZIoIQWGdiNHoLevEYwZhAEsLs2OqQ2QczvUJY8hGCJz15E69+TQ7+i5NEQUXrVFR109UVJFpZZGzoTU3PzM7NLyzmlpZXVtfy6xuXNk6NhLqMdWyagbCgVQR1VKihmRgQYaChEfROR37jDoxVcXSB/QQ6obiJ1LWSAp3UsF1WxL1SN7/NfMZZpVSizOflSvm47Mg+5wdHnHKfjbFdLbSLD8Nqv9bNv7evYpmGEKHUwtoWZwl2MmFQSQ2DXDu1kAjZEzfQcjQSIdhONo47oDupFRjTBAxVmo5F+L6RidDafhi4yVDgrf3tjcS/vFaK10edTEVJihDJ0SFUGsaHrDTK9QD0ShlAFKPkQFVEpTACEYyiQkonpq6YnOvj62n6P7ks+fzQL5+7Yk7IBAtkixTILuGkQqrkjNRInUjSI/fkkTx5mffsvXivk9Ep73Nnk/yA9/YBacCWlw==</latexit>

s0 + t/2

<latexit sha1_base64="+McTfsBkN641xxICvydFREn1VH8=">AAAB+XicdVDLSgNBEJyN7/iKevQyRARFWGbiavQWzMWjgjGBJITZsY1DZh/M9AphyUcInvTkTbz6NTn4L+5GBRWtU1HVTVeXH2tlkbGxU5ianpmdm18oLi4tr6yW1tYvbZQYCQ0Z6ci0fGFBqxAaqFBDKzYgAl9D0x/Uc795C8aqKLzAYQzdQPRDda2kwExq1ndsj+0We6Ut5jLOqpUKZS73qt6xl5F9zg+OOOUum2CrVu7s3Y9rw7Ne6a1zFckkgBClFta2OYuxmwqDSmoYFTuJhVjIgehDO6OhCMB200ncEd1OrMCIxmCo0nQiwveNVATWDgM/mwwE3tjfXi7+5bUTvD7qpiqME4RQ5odQaZgcstKorAegV8oAosiTA1UhlcIIRDCKCikzMcmKyfv4epr+Ty4rLj90vfOsmBPygXmyScpkh3BSJTVySs5Ig0gyIHfkgTw6qfPkPDsvH6MF53Nng/yA8/oOz9qWNQ==</latexit>

C(s0)

<latexit sha1_base64="GCDv2NnjdOCGmINpnhKTK/9EOMo=">AAAB9nicdVBNS8NAFNz4bf2qevSyKIIgxmyNVm9FLx4VbBXaUDbrs13cbMLui1iCf8GToCdv4tW/48H/YhIVVHROw8x7vHkTJkpa9LxXZ2h4ZHRsfGKyMjU9MztXnV9o2Tg1ApoiVrE5C7kFJTU0UaKCs8QAj0IFp+HlQeGfXoGxMtYnOEggiHhPywspOBbSBm7WutUVz/WYV6/VqOcyv+7v+TnZYmx7l1HmeiVWGsud9bvXxuCoW33rnMcijUCjUNzaNvMSDDJuUAoFN5VOaiHh4pL3oJ1TzSOwQVZmvaGrqeUY0wQMlYqWInzfyHhk7SAK88mIY9/+9grxL6+d4sVukEmdpAhaFIdQKigPWWFkXgLQc2kAkRfJgUpNBTccEYykXIhcTPNWKnkfX0/T/0mr5rId1z/Oi9knH5ggS2SZrBFG6qRBDskRaRJB+uSW3JMH59p5dJ6c54/RIedzZ5H8gPPyDmZ2lXk=</latexit>

�t/2

<latexit sha1_base64="Iz7J19OJX/CybW0xPAPBDhHJd8I="></latexit>

ak(s0, t) ⌘ (i⇡)�1

I

C(s0)

M(s0, t)

(s0 + t/2)k+1
ds0

⇒

	Non-Perturbative

Arcs	to	Parametrise	Low-Energy	Scattering

At Weak Coupling the 
arcs are the EFT-
coefficients

<latexit sha1_base64="TO55GCAQjGmjocx2W+d9mjo0244="></latexit>

=
2

⇡

Z 1

s0

Im[M(s0, t)]

(s0 + t/2)k+1
ds0

s’=s-2m2

<latexit sha1_base64="GCDv2NnjdOCGmINpnhKTK/9EOMo=">AAAB9nicdVBNS8NAFNz4bf2qevSyKIIgxmyNVm9FLx4VbBXaUDbrs13cbMLui1iCf8GToCdv4tW/48H/YhIVVHROw8x7vHkTJkpa9LxXZ2h4ZHRsfGKyMjU9MztXnV9o2Tg1ApoiVrE5C7kFJTU0UaKCs8QAj0IFp+HlQeGfXoGxMtYnOEggiHhPywspOBbSBm7WutUVz/WYV6/VqOcyv+7v+TnZYmx7l1HmeiVWGsud9bvXxuCoW33rnMcijUCjUNzaNvMSDDJuUAoFN5VOaiHh4pL3oJ1TzSOwQVZmvaGrqeUY0wQMlYqWInzfyHhk7SAK88mIY9/+9grxL6+d4sVukEmdpAhaFIdQKigPWWFkXgLQc2kAkRfJgUpNBTccEYykXIhcTPNWKnkfX0/T/0mr5rId1z/Oi9knH5ggS2SZrBFG6qRBDskRaRJB+uSW3JMH59p5dJ6c54/RIedzZ5H8gPPyDmZ2lXk=</latexit>

�t/2

<latexit sha1_base64="9LkaAYG+tTVjJf65cJ3sUvru7io=">AAAB9nicdVDLTgJBEJzFF64v1KOXicTEE1kWBDwYiV48YiKPBJDMDg1MmH1kptdICL/gVU9ejPHqX/gJxoP/4i5ookbrVKnqTleXE0ih0bLejMTc/MLiUnLZXFldW99IbW7VtB8qDlXuS181HKZBCg+qKFBCI1DAXEdC3Rmexn79CpQWvneBowDaLut7oic4w1iy3Uu7k0pbmcNSwT6wqZWxrKKdK8TELubtHM1GSoz08Yt5FDy8mpVO6r3V9XnogodcMq2bWSvA9pgpFFzCxGyFGgLGh6wPzYh6zAXdHk+zTuheqBn6NABFhaRTEb5vjJmr9ch1okmX4UD/9mLxL68ZYq/UHgsvCBE8Hh9CIWF6SHMlohKAdoUCRBYnByo8ypliiKAEZZxHYhi1YkZ9fD1N/yc1O5MtZPLnVrp8QmZIkh2yS/ZJlhRJmZyRCqkSTgbkhtySO+PauDcejafZaML43NkmP2A8fwAApZXg</latexit>

2m2
<latexit sha1_base64="9pqVGnTDouHjPKVo43iSQefo57s=">AAAB+XicdVC7TgJBFJ31CfhCLW0mEhMbybIgYEe0scREHhHRzI4XnDD7yMxdI9nwEZZqZWdsLPwaC79FZ0ETNXqqk3PuzT33uKEUGm371Zqanpmdm0+lMwuLS8sr2dW1pg4ixaHBAxmotss0SOFDAwVKaIcKmOdKaLmDg8RvXYHSIvCPcRhC12N9X/QEZ2ik1o7jnTk7eJ7N2fm9atnZdaidt+2KUywnxKmUnCItGCVBrpYOb0+er9/r59m304uARx74yCXTulOwQ+zGTKHgEkaZ00hDyPiA9aFjqM880N14HHdEtyLNMKAhKCokHYvwfSNmntZDzzWTHsNL/dtLxL+8ToS9ajcWfhgh+Dw5hELC+JDmSpgegF4IBYgsSQ5U+JQzxRBBCco4N2JkismYPr6epv+TppMvlPOlI1PMPpkgRTbIJtkmBVIhNXJI6qRBOBmQG3JH7q3YerAerafJ6JT1ubNOfsB6+QB6K5dd</latexit>

�2m2 � t

<latexit sha1_base64="R1n2EcW7UQ3H005Q/WcmN4T08+U=">AAAB/3icdVA9SwNBEN3z2/gVtbRZjILVsTmNxk60sREUjAkkh8xtJrq49+HunCBHCn+FrVZ2YutPsfC/eBcjqOirHu/NMG9ekGhlSYg3Z2R0bHxicmq6NDM7N79QXlw6s3FqJDZkrGPTCsCiVhE2SJHGVmIQwkBjM7g6KPzmDRqr4uiUbhP0Q7iIVE9JoFzy1zoh0KUEnR31187LFeGK+q4QW1y4Xq3m1bZzslkXu94mr7pigAob4vi8/N7pxjINMSKpwdp2VSTkZ2BISY39Uie1mIC8ggts5zSCEK2fDUL3+XpqgWKeoOFK84GI3zcyCK29DYN8sshof3uF+JfXTqlX9zMVJSlhJItDpDQODllpVN4G8q4ySARFcuQq4hIMEKFRHKTMxTSvp5T38fU0/5+ceW5129068Sp7+8NmptgKW2UbrMp22B47ZMeswSS7ZvfsgT06d86T8+y8fI6OOMOdZfYDzusHe96Wkg==</latexit>

M
<latexit sha1_base64="qQXgMrDto00uIRBXEqNJCr0j64U=">AAACA3icdVA9SwNBEN3z2/gVtbRZjIJYHJtLorETbWwEBRMDSQxz66iLex/szglypPRX2GplJ7b+EAv/i3cxgoq+6vHeDPPm+bFWloR4c0ZGx8YnJqemCzOzc/MLxcWlpo0SI7EhIx2Zlg8WtQqxQYo0tmKDEPgaT/3r/dw/vUFjVRSe0G2M3QAuQ3WhJFAm9YoLa50A6EqCTg/7Z5trvWJJuKK+I0SVC9er1bzaVkYqdbHjVXjZFQOU2BBHveJ75zySSYAhSQ3Wtssipm4KhpTU2C90EosxyGu4xHZGQwjQdtNB8D5fTyxQxGM0XGk+EPH7RgqBtbeBn03mKe1vLxf/8toJXdS7qQrjhDCU+SFSGgeHrDQqawT5uTJIBHly5CrkEgwQoVEcpMzEJKuokPXx9TT/nzQ9t7zlVo+90u7esJkptsJW2QYrs222yw7YEWswyRJ2zx7Yo3PnPDnPzsvn6Igz3FlmP+C8fgAdMpdf</latexit>

M⇤

s’=s-2m2
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Our	Method	to	Read	the	Bounds:	Expansion	Around	t=0
<latexit sha1_base64="IhbQkQDPvxEmWIz4X9mJzLoofkc="></latexit>

Im[M(s, t)] =
X

J

(2J + 1)⇢J(s)PJ

✓
1 +

2t

s

◆

<latexit sha1_base64="QJbKrSti5ezeBP2ikuH7654SiNU="></latexit>

h(· · · )i ⌘ 1

⇡

X

J

(2J + 1)

Z 1

s0

ds

s
⇢J (s) (· · · )

Partial	Waves	Decomposition

UV-Assumptions	constrain	IR-Scattering

at t=0 the standard 
Positivity Bounds follow

Causality	and	Unitarity	Mandate	Bounds	on	the	Arcs

Positive For Unitarity

Average	on	the	UV-States

Arcs	are	UV-Averaged	Coefficients
<latexit sha1_base64="8rAv9Aid4WiacxQnX/Ux2HpQ4bk="></latexit>X

l

(ak,l � hAk,li)tl=0

<latexit sha1_base64="wutjvcHZBUT2taZR8DTcy+16Dew="></latexit>

ak(s0, t)=
X

l

2

*
2P(l)

J (1)

s(k+l)

+
tl ⌘

X

l

hAk,l(s, J)itl
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Pions	Scattering	at	Large-N	

Large-N	QCD:

g ∼ LECs ∼ ci/Mdi

•At	LO	Pions	Interact	at	Tree-Level	
•No	Exotic	Mesons:	Arcs	with	Odd-Subtractions	
•Boundedness	is	Relaxed	to:	

<latexit sha1_base64="xRRJVVPAxM5rCja2Y6VRcmhOVo0="></latexit>

M(s, t)/s
|s|!1����!0

Interesting	for	Phenomenology

<latexit sha1_base64="ZLbUPlC5sY1oZR5G68M6FlH6mvY="></latexit>

M(s, t) = g1,0s+ g2,1st+ g3,1st2 + g3,1s2t+ ... =
P
n,l

gn,l sn�ltl

Low-Energy Coefficients
<latexit sha1_base64="KHRoeFqV+YRqYJ5FLhPFqdST9ig="></latexit>

g1,0=f�2
⇡

Rastelli,	et	al.	-	2022

Bootstrap	Approach	to	QCD
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Weak	Coupling	Analysis
Tree-Level:	Arcs EFT-Coefficients=

Crossing	implies	Null	Constraints	(NC)	
on	the	Arcs The more the NCs the 

better the bound

Rastelli,	et	al.	-	2022

g ∼ LECs

Caron-Huot,	Van	
Duong	-	2020

Numerical	Procedure	to	
Bound	the	Arcs

NC 

g2,0

g1,0
M2

g2,1

g1,0
M2

Kink
Bounds on 
the Lowest 
LECs=Arcs

Bounds on the Arcs are 
Bounds on the EFT-
Couplings

<latexit sha1_base64="eGPs6kN9HjYbnJ3H9TUcwsxlvL0=">AAACBnicdVA9SwNBEN3z2/gVY2mzGAULOTan0VgIoo2lglEhhjC3jnFxb+/YnRPDkd5fYauVndj6Nyz8L15iBBV9zTzem2FmXpho5UiIN29oeGR0bHxisjA1PTM7V5wvnbg4tRLrMtaxPQvBoVYG66RI41liEaJQ42l4vd/zT2/QOhWbY+ok2IygbdSlkkC51CqWljm0MrOmuzvtz7rcKpaFL2rbQmxw4QfValDdzMl6TWwH67ziiz7KbIDDVvH9/CKWaYSGpAbnGhWRUDMDS0pq7BbOU4cJyGtoYyOnBiJ0zax/e5evpA4o5glarjTvi/h9IoPIuU4U5p0R0JX77fXEv7xGSpe1ZqZMkhIa2VtESmN/kZNW5aEgv1AWiaB3OXJluAQLRGgVBylzMc1TKuR5fD3N/ycngV/Z9DeOgvLu3iCZCbbIltgqq7AttssO2CGrM8lu2T17YI/enffkPXsvn61D3mBmgf2A9/oB72eYWQ==</latexit>an,l = gn,l
<latexit sha1_base64="ZLbUPlC5sY1oZR5G68M6FlH6mvY="></latexit>

M(s, t) = g1,0s+ g2,1st+ g3,1st2 + g3,1s2t+ ... =
P
n,l

gn,l sn�ltl

an,l = an−l,lE.G. :

Low-Energy Coefficients

Tree-Level Bounds

Special	Kink	at	LO
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Pomarol,	Riva	et	al.	-	2022



Including	Loop	Corrections
Including	the	First	Loop	Corrections:	O( f −4

π )

, 
Intensity of 
Loop-Effects

L=(4πf2
π)−2

Bellazzini,	Riembau,	
Riva	-	2021

<latexit sha1_base64="1/NWEA0NmnQvBDi/1OwpDJXSzDw="></latexit>

�M(s, t)=L
⇣
�s2 log

✓
�s

M2

◆
�(s+2t)


t log

✓
�t

M2

◆
+ (s+ t) log

✓
s+ t

M2

◆�⌘
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Including	Loop	Corrections
Including	the	First	Loop	Corrections:	O( f −4

π )

At	NLO:	Arcs EFT-Coefficients≠
, 

Intensity of 
Loop-Effects

L=(4πf2
π)−2

Bounds	on	the	EFT-
Coefficients	at	NLO

Bellazzini,	Riembau,	
Riva	-	2021

Improvement	of	the	
Procedure	including	Loops

IR-Singularities:	
Pion	Mass	to	
Cut-off

<latexit sha1_base64="1/NWEA0NmnQvBDi/1OwpDJXSzDw="></latexit>

�M(s, t)=L
⇣
�s2 log

✓
�s

M2

◆
�(s+2t)


t log

✓
�t

M2

◆
+ (s+ t) log

✓
s+ t

M2

◆�⌘

<latexit sha1_base64="Pzzi6Kg+BkMMbq4Pm3NdV0ByApQ="></latexit>

�a1(s0, t) =
L

24

✓
2t log

✓
� s0
4m2 + t

◆
� t3

4s20
+

t2

s0
� 4s0

◆

Finite	Corrections	
Relax	the	NCs
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Arc	Bounds	at	NLO

Intensity of 
Loop-Effects

Minimum Number 
of NCs included

m = mπ

Falkowski,	Henning,	DML,	Riva,	
Rodriguez-Sanchez
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Arc	Bounds	at	NLO

IR-Singularities	Spoil	the	Method	
in	the	massless	case	

Intensity of 
Loop-Effects

> Non-Negligible 
dependence on 
the mass

>The Kink 
Moves

Loops	Weaken	the	
Bounds

Zoomed

Minimum Number 
of NCs included

m = mπ

m = mπ

m→
mπ

10

The	Kink	is	not	Special	at	NLO

Falkowski,	Henning,	DML,	Riva,	
Rodriguez-Sanchez

Davide	Maria	Lombardo																																																												9																																														PostDoc	Day,	GGI	-	16/12/2022



Conclusions

Causality&Unitarity-Bounds	on	Pion	
Scattering	

•New	method	for	t ≠ 0
•Arcs’	computation	for	m > 0

<latexit sha1_base64="Iz7J19OJX/CybW0xPAPBDhHJd8I="></latexit>

ak(s0, t) ⌘ (i⇡)�1

I

C(s0)

M(s0, t)

(s0 + t/2)k+1
ds0
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UV-Theory	Bounds	IR-EFTs

Dispersion	Relations	for	the	
Scattering	Amplitudes

Arcs’	Approach	to	Study	Loop	Effects

m = mπ

Current	Improvements:

•Strong	Coupling	Corrections	to	the	Bounds	



Thank	You!
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