Lecture notes GGI 2023 - Becattini




Bi Hioara Ph)'

¢ DCMH‘Y O"erd‘or — 1902.01089

o En“'fo” Cur(en"' - |°l0305422.

® Spin and polarization — 2004 .04050 end 2(03.10917



Classical approach To relaTivishc \nydrodynam;cs

:DecOmPos‘u‘tion o{ cutrents onto a 'fow-veloc.:*l'y

™ = f'u“ W+ p AN q¢ w’ -t-q"u"-!- ne

A = gH—urw wu=1
ql,. _ A‘:po uﬂ Al“‘ A: = AI‘V

v— v by =
e NN N
u, NP =N"u, =0
= 1 ALTH " -
ry o Ar.v nrv=o

j" = nut+ J¥ n's—:J-u, J"EA’Q]‘

All 0{' them are 'S‘unc,’h'omg o:'- x



US Uy = constaut

Equil&bﬁum

(im. wo_ v v .
i T = (gyoby) Wiy = Pag™ = lin 9,0 =0

Lim :)P = h¢1 uf’

W= u“

Seq P,1 ) Ney are the thermodyname equibibrivm "}w»rl'ovus

g*s( T k) Pa(Te)  ny(Tp) Pu + Peg = TS0 + P

A? = f,(X) - f¢1(3") = ?'(x) —f(x)

= P'(x) - P‘ﬂlx) = P'(x)-— b(x)

lX) = h,‘x'-'\LX) ) d“fﬂsal’ded {or the Sake 9‘}'

An =z n/(x) - N
Simpl{c:‘l'):



Derivwl-;oh of— consTitulive eclu.a‘hons

% - 2% - - = 9S=
? J;,- = %

4
Tds =dp—pen = r T n

utoys =3 = Ts=p-ph

%TH=0 = 3[@rp)uw-pae qrurqurs N nar agut] = O

Contract with u,

w3 (gep) +(g+p) B u—u’dp +9q + uy A"+ w QN+ M3, A
+3k(Ag u")

= P‘l’ ﬁ + (?*P)‘a-u— ‘.D + ’a(‘ - q.v u"'aru" — n’waruv _“‘a.u -+ ‘3. (A?l&)
Av

acceleration {:cld



= f’?l{"(?*P)'a'u-/{-u- 9¥9-9-A —N"Y3u, —mu + (Agu) =0

D b= —(gep)Bu-2qrqAsNAurnIu=) (age)

Similarly
9jt=0 = Qr[nu'“-rj")zo NQu+n+2J=0 and
h=—nou-0T
Altegether
Ts= —(p+p)odu—3q+qA+M:AusTdu+ gnd-u+pdJ = (Agu)
= (~p-papn)Bdu —9q+ QA+ MN:Au+T du + 2T — Q. (Apu)
= —Tsdu -9+ qA+M:AusndIu +p3J -2 (Agu)



;r F T T ol T > (Agu)
- w
2_,3 jf)+q.?>(;__)+q_-%+ n-.'a?uu%a-ud(t;J) Joe(t;_)- TS’
\V4
JlsuP) = - 3-@,) + q.?)(;__) +q A+ MW +LOu+ ’6-(%_3)_:[-3(%)
_o(A Agu.-9o(L
EORERD
9-(w—r%__-t‘f3+ A_gfg) = q-(a+3)) +I"|:’3?u+1__"~__3-u—3'°3(1_}_.)
ecn::f{t sk .|.Aj’ Wa(%,-)



Constitutive et‘\uo.T{onS reclu;nns 3‘,3"20

E.g. q =-K (A + DC?) ) K> O *hermal coaduc‘l’wﬂy

Now :

T‘N [T,‘V',P\] py _
LT w, 1 — QPT =0
J A1y ‘al‘Jr =0

5 eclm‘l}ons ‘S:or S wwknowns

T/ w, ¢ (W“:ﬂ



TWD anddhe.v\.‘\"a.l Qu\.cs’l'ions

1) s it true that  f+p=Ts + pn out of ec‘u.i.l.:btium (or in
di{{-ereu‘l’ globgl Cﬂwkbéa)?

Doe.s T ds =d§ —jdn hold?

2) How Yo deal with qu.o.yd'm obsuvabks? SP;“



Densrty operATOR

p-? :

THe) =T (POT st ) )
He:seabzrs ?"[g’t) = C}Ht Twl’_‘ o) ¢
Schisdinger  T™(%,0) fixea Ploy= e“?‘t'fto) et

Su‘:?ose. ":ha‘l’ a 3003 GPProxima‘HoV\. Can be f’ou.nd os_

?(‘\:.) =€;Ht°?l0)eiut° ot a suwitable Time 'to

[a)

—> Evolve T}w or any other :f:clds 'gfom te




I, - P(z)

t‘ - z a (]



S = -—Tr (? |oa?)
10 cConstants P'” Jo'w mean values “+ Sowme C'\araes Qo;

Eoch tonstant «— Laara.nae, muwlfiplier

FIFY = —Te(plgf) —b (T ($F)-R") +m (T (337) =35)
~ 2
+ ; S;(‘T"[? Q’~) —Qo;) + A (Tf(?)—i)

A —bPalw:TeZ3 0
SF — Solu‘hon ‘Oze b-P ln Jr

o Z

Pﬂ)‘)'ém.‘ |>rov¢, it Z-"T" ( &-L.ﬁ-l--‘z'@:]."‘z:gc&:)




n

.? @ ppro
ximated b
y o
P (2.)

f (Z.) = (
LE °)
ex?‘,
I“Zr Nﬁ
v §
Z



Gauss ‘\'heo rem

N A S T
z, \ ’
// / /0 > ={dsav.(3"p,)
— 1“1 \-—ZJ i Sdzr?wﬁ" =0
Ze

- S,fz '?”Bv = -XAZ,'T"'" ﬁ,*’f AQTPVPBV

> PlL) =iz‘ =P (-fazfT+ P30l (dﬂ(?“"vr;sv—vri-?’]



.Li near rcsronse.

A~ A
A+B

- 1

= @ A+E
.P Z Z =Tr (CA?B)
Kubo identity

_ ' Z(A"’%) -zﬁ x
e = ‘ T + go dz e ﬁ e le Can be iterated

:7 eA*B = [ 1+ Idz cZA ﬁ &JA} QA \inear \’C‘Ponse
? o~ ?A(:l-(BZ)-\-S'dzefAﬁ ~A (A faz gl



EXamP\c:

A= -tf az "B, -55"

zﬁ ~n —zR A

s ,(8-CBY) + [ fBe*S,

o N = ~ Ly
G- [0 F3p-357" T2 =T (7 T)

<THY =T ) + S: 2 T e B &'ﬁzg— T, < B,

> subtraction

= <T"0), + S 3z { T+ge" B ':u>u,¢ e ™ of mean values
A pav ! ~ zA D PO _zh
=< T"(x\)u-\- S° dz ngl‘l) T T y)e Azt:afﬁ.l'z) +.....

Hydro cpprox. Y Prly) = ‘3,)3.-0‘)

A v ! ~ z“o\ o ._zh
D <y, + YPdx) 92 [dQu) < TT0 e T ne™ ) -



What about hydro equa.t:ons?
@ nr,Tl“' =.n|:|-':; —> ’F"‘d ﬁn(x)/ all we nheed - ‘Depends on the fo\id‘l'ion
Simﬂar to the des:{w:.'\'\’ow O{- other 'frame.s

N
T“L Uy = X uv e:ae.nV¢c‘|'or

How fo detetwine T,w ? —_— hrSTN [Pt,ﬁ'Z] =0



@ A??Me'\*‘y TWix) =Tr [3 A8 ?"(x)] - T (x)-TP [-P:,S Z]
Z

» A venTua
SZT [pz,g ] O ee-\- "/

Expand in 3rad:en‘t$ 4 T'N( pt,aﬁil%zpt 9o 3,“':2)

v
TF = a pie..



E,r\‘\‘m Py cCurre n'f'

0) S:—Tr(?\oaﬁl - Tr (3;'" loa?u) E'_f“#o
d'f maximized at
dt J

Constrained iaaorancc

2) Extensi v\’i-]

S(a 3\" ().) = 21(/\) CXP [—-)\Eclzr -T-)“‘ gv } ( § =0 Pav Sew.l;.l;uf«\)

CO'\A&)‘)OBA& a mol'h\)l.‘cm‘ Ko, Qm?ua‘fwm. Comovenle 1{75_2 r4~ 1/}\_



Z(x) = T ((expl-A az, 77, 1) = 2logZ

A
3 T (Al ) = T (el 45,0 o0, 70 -

Z(/\

= - d2 AN?/ -~
S b <T (\)PV {T"> () mean value wih ?(A)

‘h‘)‘cam’l‘:na between 1 and A,
A Ao (

IF /\o Suct\ 'l'l.a-l' l°a,z (A,) = O avvo

Ao
097 = | dz_ ¢ o "= Jld/\ <THO00 B,



En‘\'po ?y cwrre n‘L‘

S=1[4dz 4t v |
[dz, 4t+Th p,-Sjt  bub n,Ton TY
. LE
"I"Jrz nr),:e

=47, qr«THp-3j*

= st=¢* +THR,-J )"



Entropy producTion

&_(j dz, v") :

8L 4 % g dng?VF* Sdzrg"vv

Z‘h(i) "ZZ = i(dzf'tf’ — & JZ:,CIM owero acg [olzr?# doncin  decivative =Sdzr§(“~ V? . Sdg____o
% (Z)
= Z—ETr(e—fm X‘lzg vp,(%)w})’v))

O’l.a. A do \Hr Z e /e"

4oz L L (m2) = = [ azg <Eu,

g ' l;a‘hw'l?
E->0 € Z

Ly Vaz oo (aze 94 - — [aze <t 9p,



"“"a § orbitrary = V= <) ¥ B,

and, with cwrrent \V2 ?-—(T ) V‘.P + <J"> Vl“s

= V'S — V,(«,_‘_Tr"ﬁv_)r) = V“P +V Nﬁv"'-rhvr(o’v—%s
AR A AT A A T

Vie=(T"-T%) 9.8 - (3™ %) V.3



Commen‘\’s on entro py
———rr e ——m—

1) s'= Ckr-l- TR, - 9 jp
is \t independest o} A ( befrer. the ful.‘a:hon? )

No, becaunse S(n) emd.ﬁ(n) . [t can be made independext 0"')! i)t the 5’0\\‘4.\’\0“
\$ dixed Or, o{- Course , 0;'|' globc..l cqw‘.L‘bcium.

example : en{-oru h=ﬁ

2) The relation Tstpn=p+p 5 nof Frame-independent .

A'\' 3“’5“‘ e“"""‘b‘i"'m P is & K;u"\b vector ond Cn‘l‘ropy cwirent 1S uv\iqu&

Landaw -}ramc Su, = ?.\4'_ -+ u‘_vT"wﬁv_ SJ-M\,
uLvaﬁV = u,_vTP['(ﬁ-ub)uw-} J;Tv.‘ 3(13'“") gl.



SO wWe have
Su 35 = 4’“"‘.?,_-:':-5"\

TL=E<_3_—-EL l;u uu>v——

At 3loba.l equzl& beiwm with rofation we have j?,=_4__(1 , @ x 5)

o K(\\&no ve ctor .

= Tf _ Iman's \a 'T'._z= 1 1
:\/|_sz1. To man s law [ ({5 G,) 1o (Bru)

>
S




1
At a'oba\ etiu&li beium with rofaton we have -/3 = __E.(i ) & X >_()

o K{\Rna ve ctor .

However

BH 1
po_ p pv M — VPO JH — HvPo

(: TH (z) :) =pufu” —p AP + W wHhw” + Aata” + G MY 4@ (HFu” + 1"u") + A (e¥u” + o u*)
G(\’ (l,Ll‘(YI/ + l’/(Y/J) + W (u,ﬂ v + U)V “/J) All? ((Y/J/u)l/ + (YI/,U)[I) + Gll’ (lﬁl,u)l/ + lV?,l,’/J) :

w ® ¢ ¢ 2
T, = pu +GL + At +Ww free siaar fiela m=0
W—’

? ; ,,
h¢4+ 'Fl" NO w461, 661, 4¢—1 , 60E—11 , 270¢—61 , ,
®. =305t 1257 T 125 ¢ T g T m0n2r® Tt 20wt ¢
g ™ € w? 4 L —68 o & vty 19— 120€
905~ 647 188° ¢ T 2am251" T 1a40m251¢

2-1  26-1 , 1206-29 ,

W= * Bezgr? T 360n258

- t =70 ) 1 6¢ 1 1— 6¢
T “, = lT4 IA" + ———“ ;‘ T ‘[ ¢ A=Tog * se0n25t? 48721 o,
30 240N e 214;;?;

" ¢ o0+l 106-1 5 306-7 ,

A4 T368% " 2407282 " T 720m2p81°
o ' A =0,
G* =0,

u.# ﬁ . o e o Fe. N.Buzegol’,

A Paletmo
JHEP 02 (2021) [0)



PA RTICLES AND SPIN

[a(n, ] =2¢ 8pp)

~ 4
Sl’eci‘mm T; ( f& (I’)a(l”) N ZﬁjTN
P

2ot
SP."‘ Tr(fa.-fplﬁs('é)) . = @,,(p) Spin density mafiix
Z, Te(f ot (nouty) ok ey

S pin po\aﬂza‘\'iov\ vector

s :
S*(p) = Z D3, Bulp) nltpy = Z tr (D(3) ®lp) ) [p3;

i

% =Pulo) = exp [-i:lzﬁ‘r*pv_gjr) «Jan T4, ]
Z d !

locel eq wili brium diss WAT:'VL



Tr ( ?“(FOJ Q*(P)afﬂ) how *o cxPﬁnd ﬁ' in The ex Ponm‘l").

SJZT"" ﬁ(x)T) +1w x-r-é-%“@,g

5:'--' gdil ’?Av)gf‘_(}«-vv) Q‘: = golZATfo‘ -+ (‘Au‘\))

It is necessary 4o have a local opua‘l‘or,’

Cova.r\'o.n‘r Wiﬁn er O\vem‘l'or

SCO.‘QV ﬁ'\v('/[’ k) = (2;21.).1 / d4y LY T(l £ U/Q) T—y/2):e Ve

° 1 . 1k T,
Divac W@ k)an =~ [atye ™ wa@ - y/2nlo+y/2)
1

- (27)4 / (14;‘/ e Y WB(-I’ +y/2)V a(x —y/2) :




N
Ganera\ idea : le-express ota as a }unc‘&on of W(x,k)

W (z, k) = W(z, k)0(k*)0(k°) + W (x, k)0(k*)0(—k°) + W (x, k)0(—k*) = Wy (2, k) + W_(x, k) + Ws(z, k)

I N

A I

parhcle &:\'-ﬁpac‘\"lcb mx.mﬁ

N

y) use field expansions in plane waves To expand 'Y

2) S\‘\ow 'l'ha.'\' kf“a“w =0 = Sdzr k"ﬁ(x,k) ndepend ent O-s 2
Z
and k on-shell /

3) Show the relaTow

dN _Vdp | dZ.p" W,(x, ; '
P SPK wb Welxp) W.,.(x”)=-Tr(ﬁg(°)w'_"‘l?))

c|3
dN
;)-3—P =SAP°S er‘,f‘ tr W,.[x,r),_:‘_



Exam P\e

2 d°p &°p’ i pya [« | j |
W (X,k): 273 / e o e ) {dl(k —(p+p )/2)<ET(]))?;(1)’)> - (5"1(1,» + (p +])’)/2)<3T(1))?;(1)/)>

+ 64k — (p—p)/2) [e"“’*”'“‘ @t (p)b! (p)) + e iPHP)e @(,/)a(,)»}
|:"3 W-.- =0
r -
3 = [ dZ_K*Wixk) = [dk k* We (x,k)
S d"'x —-)(211)3 Sa(t-!l) =Y

3 o
| 4z kWstxk =7 jgb L8 p)atipam) = Sf:—'; Plp-k) Sk p)atya,) =
= %i:stko—vzth‘} )(atat> = S( k- V&t.‘,“}) dN
I«

7 %;‘L = Sdk.JAZ° k Wx k)



Sp‘m: more elaborac

_ 1 [dE-ptrs(v*° Wy (z,p))

n
S (p) 2 fdz -p trgWy (:v,p)

SH(p) = —16“575]?5 f dz)\tr4({’7/\7 257}W+ (z,p))
4 [ dExprMraWo(z,p)

SH(p) = _qumémfdZAPAtM(EmWNx,p))
= "om" [ dEApMraWy (z,p)

Derivation:
FB. Lect.Not. Phys. 983
(2021) 15



CalewlaTion at LE

ulo) = Falln) — dimpton e
S IZ T A=F] A

2.

Ta; lor ex pan d P

'from p 4

Wix,k) =T ( W, (x k))

"'A i :A Ax
:?(C—Pl)P-c-z'wI‘-l’ §: Qy
z

Re:ta.’m’ms the main fervw

'zlf W (x, k))

Te (PP Qi) = &, 0 b /PP oot yTo (1Pt )

1\ L’
2 2t

Sﬂ_r;’ (p- ?”‘g( Pfl’) zeS(r P _ 1 t(kg,) ng(Bw)
(27’) 2¢ 2¢! T Ev (@n)




= € d_“_'_ — AZ 1
d°p S P o BUO-P _4

SP:’V\

_ 1 JdE - p (v W (2, p))
2 [dX-ptraWi(z,p)

S*(p)

We cannot stop at the |eadina order (O""‘iu the araa\icvrl's) but mclude st
order Terms

X°A ‘_ :A _'_ :AXA
W(C‘P”P*zw J;-a—zf Q V‘U";“))
z

ror the detailed and mo)t uP-‘\'o-daro devivaliow
{ee F.B./M.Buzteaol:) A Pa.\cmo PLB 820 [ZDZI) \QGSlﬁ



Two terms arise:

Also,

SE(B) = —5=e"p,

1 fz dX\p* np(1 — np)w,,
fg dz)\p/\ nrg 7

8m

St (p) =

1 ;uonprp fz dX - p nF(l - nF)iuﬁop

=g

4m € [+ dZ -pnp

)




