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Motivation

• Understand the high-energy behaviour of partonic gauge-theory scattering amplitudes 
• considering the Regge limit (leading power) leads to major simplifications  
• unique access to multi-loop and multi-leg amplitudes


• Study multi-loop and multi-leg amplitudes in full colour (rather than the planar limit) 

• Study properties of towers of high-energy logarithms to all orders and establish 
connection with the singularity structure in the complex angular momentum plane.  

• Learn about IR factorisation

Regge pole and Regge cuts in full colour  



The high-energy limit of 2 → 2 gauge-theory amplitudes


at leading power in QCD
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◆↵g(t)Reggeization: 
(Regge-pole)

• This holds for the real part of the amplitude through NLL.  
Beyond that it is violated by non-planar corrections associated with multi-Reggeon 
exchange forming Regge cuts. These effects are now much better understood. 

gluon Regge trajectory:

• Simplification at leading power in t/s: helicity is conserved;  
gluon exchanges in the t-channel are dominant in any process gg→gg,  qg→qg,  qq→qq   
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Factorization:

Impact factorReggeized gluon

• Regge-pole factorization amounts to a relation between gg→gg,  qg→qg,  qq→qq  
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2 → 2 amplitudes: signature and reality properties


• Defining signature even and odd amplitudes under            
 

• The spectral representation of the amplitude implies:
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• Expanding the amplitude in the signature-symmetric log,   ,  
the coefficients in          are imaginary, while in          real.  
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The singularity structure of 2 → 2 amplitudes in the 
complex angular momentum plane: pole vs. cut
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• But what happens more generally?   If both Regge pole and Regge cut are present - can we disentangle them at fixed order?

• Reggeization of the signature-odd amplitude (NLL): a manifestation of a pure Regge pole.



The origin of Regge cuts in 2 → 2 scattering: non-planar integrals


• Mandelstam (1963) has shown that Regge cuts exist in 2 → 2 scattering  
in certain non-planar diagrams starting from 3 loops.

C U T S  I N  T H E  A N G U L A R - M O M E N T U M  P L A N E  - I I  1149 

some cancellation which we have overlooked. To show that  such a cancel- 
lation cannot occur and that  cuts are present, we follow a completely dif- 
ferent type  of reasoning. If  the ladder in Fig. 1 has a bound state of spin (r, 
it follows from the first paper of this series (3) 
(hereafter referred to as S) tha t  the scattering 
amplitude h~s a Gribov-Pomeranehuk singular- 
i ty  (4) at  l = a - - 1  and tha t  such a singularity 
cannot  cancel. We shall show tha t  the singu- 
larity is no longer there if we deform the cut 
in the /-plane to cross the point  l = a - - 1 .  
When a singularity at  a part icular point  can 
be removed by deforming a cut past  it, the 
discontinuity across the cut can obviously not 
cancel. We thus have a proof tha t  the cut is in 
fact  present. Such a proof also shows that  the 
cut cannot cancel when all diagrams are sum- 

/ 

i(" "\ A, 

t~ 

8 r 
\. 

- -  _ ~ J  

S 
Fig. 1. - The simplest diagram 
where the cut in the /-plane is 

actually present. 

med, us the Gribov-Pomeranchuk singularity is still present, now as an essential 
singularity. Even  if the laAder in Fig. 1 does not possess a bound state we can 
repeat the argument  in terms of resonances, and the same conclusions obtain. 

In  S we remarked that  the Gribov-Pomeranehuk singularity at  al + a~--1 
would give rise to an inconsistency if it occurred at negative values of t, since 
it would imply an asymptot ic  behaviour which violated the Froissart  limit (5). 
We shall show that  the Gribov-Pomeranchuk singularity does not appear on 
the relevant sheet of the / -p lane  when t is negative, so tha t  the presence of the 
cut removes the inconsistency. To avoid confusion, let us emphasize tha t  this 
is not  par t  of our proof of the existence of the cut. Independent ly  of the pos- 
sible inconsistency with unitari ty,  we show that  the Gribov-Pomeranchuk 
singularity is present on one sheet and not on the other, so tha t  the cut must  
be there. 

I n  the following Section we shall recapitulate why the reasoning of the 
previous paper fails to prove the absence of the cut in diagrams such as Fig. ]. 
We shall also show that  the t-channel absorptive par t  of the amplitude cor- 
responding to Fig. I has no singularities in the right half /-plane, except for 
a possible cut in the position given by AFS and a Gribov-Pomeranchuk sin- 
gulari ty if the ladder has a bound state. In  Section 3 we shall examine the 
position of the cut in the absorptive par t  more closely. We shull also show 
tha t  a Gribov-Pomeranchuk singularity due to a bound state or resonance 
in the ladder will disappear if the cut is deformed past  it. I n  Section 4 we 

(3) S. MANDELSTAM: 2Vuovo Cimento, 30, 1113 (1963). 
(4) V. N. GRIBOV and I. YA. POMERANCHUK: Phys. Lett., 2, 232 (1962). 
(5) M. FROISSART: Phys. Rev., 123, 1053 (1953). 
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Cuts in the Angular-Momentum Plane - II. 

S. M:ANDELSTA~[ 

Department o] Mathematical Physics, University o] Birmingham - Birmingham (*) 

(ricevuto il 24 Giugno 1963) 

S u m m a r y .  - -  The cuts in the angular-momentum plane proposed by 
AMATI, FUBINI and STANGHt~LLINI are examined further and, in diagrams 
more complicated than their original diagram, they are found to be 
present. Such cuts arc closely related to the essential singularities found 
by GRIB0V and POlgERANCHUK. In a channel where the two-particle 
states do not consist of (~ elementary particles ,~, the essential singularities 
will occur on one side of the cut in the angular-momentum plane only. 
As a result the Gribov-Pomeranchuk singularities in such channels do 
not contribute to the asymptotic behaviour in the physical region. 

1.  - I n t r o d u c t i o n .  

I n  the previous paper  (1), hereaf ter  referred to as I,  i t  was shown t h a t  the  
cuts in the angu l a r -momen tum plane proposed b y  AMATI, FUBINI and  STA~- 
GHELLINI (AFS) (2) were cancelled in the  ac tual  d iagrams examined  b y  them.  
We also poin ted  out t h a t  our reasoning could not  be ex tended  to d iagrams such 
as Fig. l .  The dist inguishing feature  of these diagrams is tha t ,  if the ladder  
is contracted into a single line, bo th  the  left- and  r igh t -hand  port ions have  
th i rd  double-spectral  functions in the t-channel,  i.e. double-spectral  func- 
tions As,. 

We shall find t ha t  reasoning of the type  given in the previous paper ,  appl ied 
to such diagrams,  indicates the possibil i ty of cuts in the AFS positions, and 
one cannot  car ry  out the proof given there t ha t  the cuts cancel. However ,  
this type  of reasoning gives no guarantee  t ha t  the cuts do not  d isappear  through 

(*) Present address: Lawrence Radiation Laboratory and Department of Physics, 
University of California, Berkeley, California. 

(1) S. MAND]~LSTAM: NUOVO Cimento, 30, 1127 (1963). 
(2) D. AMATI, S. FUBINI and A. STA~GH]~LLINI: Phys. Lett., 1, 29 (1962). 

• Thus, Regge cuts exist, 
are associated with special non-planar 
diagrams, and with the exchange of  
at least two Reggeons in the t channel. 



Non-linear rapidity evolution equations  

• The colliding particles are replaced by (sets of) infinite lightlike Wilson lines 
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• Rapidity evolution equation [Balitsky-JIMWLK] 
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Provides complete separation between the light-cone directions 
and the transverse plane: 2-dimensional dynamics



Defining the Reggeon  

• In the perturbative regime                it is natural to expand in terms of 
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• Scattered particles are expanded in states of a definite number of Reggeons  

• Amplitudes are governed by rapidity evolution  
between the target and projectile:

Simon Caron-Huot (2013)
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W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="0m4dcWQsKUWnZ4QaAcvtin/xfsg=">AAAB6nicdVDLSsNAFL2prxpfVZduBovgKkxr1XYhFNy4rGgf0IYymU7aoZNJmJkIJfQT3LhQxK1f5M6/MekDVPTAhcM593LvPV4kuDYYf1q5ldW19Y38pr21vbO7V9g/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbG19nfvuBKc1DeW8mEXMDMpTc55SYVLq7su1+oYgdXKvisxqak0p5STAqOXiGIizQ6Bc+eoOQxgGThgqidbeEI+MmRBlOBZvavViziNAxGbJuSiUJmHaT2alTdJIqA+SHKi1p0Ez9PpGQQOtJ4KWdATEj/dvLxL+8bmz8qptwGcWGSTpf5McCmRBlf6MBV4waMUkJoYqntyI6IopQk6aThbD8FP1PWmWndOGc31aK9fIijjwcwTGcQgkuoQ430IAmUBjCIzzDiyWsJ+vVepu35qzFzCH8gPX+BV3hjSw=</latexit>=

<latexit sha1_base64="+lj3USXM9IuOFD4KQu9dh+F96X4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2PazkJbDwQO59xL7jlRwpmxvv/tFdbWNza3itulnd29/YPy4VHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlHywk4SGAg8lixnB1kmP9X4me1YhMe2XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3iKzpwyQLHS7kmL5urvjQwLYyYicpMC25FZ9mbif143tfFNmDGZpJZKsvgoTjlyGWfx0YBpSiyfOIKJZu5WREZYY2JdSSVXQrAceZW0LqrBVfXy/rJSu83rKMIJnMI5BHANNahDA5pAQMIzvMKbZ7wX7937WIwWvHznGP7A+/wBZeeQwA==</latexit>
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Computing multi-Regge exchanges using non-linear rapidity evolution  

<latexit sha1_base64="+lj3USXM9IuOFD4KQu9dh+F96X4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2PazkJbDwQO59xL7jlRwpmxvv/tFdbWNza3itulnd29/YPy4VHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY3vZn77iWrDlHywk4SGAg8lixnB1kmP9X4me1YhMe2XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3iKzpwyQLHS7kmL5urvjQwLYyYicpMC25FZ9mbif143tfFNmDGZpJZKsvgoTjlyGWfx0YBpSiyfOIKJZu5WREZYY2JdSSVXQrAceZW0LqrBVfXy/rJSu83rKMIJnMI5BHANNahDA5pAQMIzvMKbZ7wX7937WIwWvHznGP7A+/wBZeeQwA==</latexit>
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<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W

<latexit sha1_base64="nL46H3t8HJoN0JFo1nX18D2sUKs=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8SNmVoh6LXjxWsB/YLiWbZtvQJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPXZNKnuZOpeTXqnsVbwZ8DLxc1KGHPVe6avbj2kqmbJUEGM6vpfYICPacirYpNhNDUsIHZEB6ziqiGQmyGYXT/CpU/o4irUrZfFM/T2REWnMWIauUxI7NIveVPzP66Q2ug4yrpLUMkXni6JUYBvj6fu4zzWjVowdIVRzdyumQ6IJtS6kogvBX3x5mTQvKv5lpXpfLddu8jgKcAwncAY+XEEN7qAODaCg4Ble4Q0Z9ILe0ce8dQXlM0fwB+jzB7kjkPY=</latexit>X
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Signature, number of Reggeons and t-channel colour flow

• The signature odd and even sectors decouple

<latexit sha1_base64="aGwSwNHtZSHxdTCZcQjrxm67kQY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRol0W3bisYB/QhjCZTtKhk0mYmQglZO/GX3HjQhG3/oA7/8ZJG1BbD1w4nHMv997jxYxKZVlfRmltfWNzq7xd2dnd2z8wD496MkoEJl0csUgMPCQJo5x0FVWMDGJBUOgx0vem17nfvydC0ojfqVlMnBAFnPoUI6Ul16zWRyFSE89PW9koUjQk8kc4c9MgyFyzZjWsOeAqsQtSAwU6rvk5Gkc4CQlXmCEph7YVKydFQlHMSFYZJZLECE9RQIaacqSXOun8lwyeamUM/Ujo4grO1d8TKQqlnIWe7szvlMteLv7nDRPlt5yU8jhRhOPFIj9hUEUwDwaOqSBYsZkmCAuqb4V4ggTCSsdX0SHYyy+vkt55w75oNG+btfZVEUcZnIAqqAMbXII2uAEd0AUYPIAn8AJejUfj2Xgz3hetJaOYOQZ/YHx8A5F/m2c=</latexit>

(8⌦ 8)gg

� =f(↵s)
X

(i,j,k)

Tiijk +
X

(i,j,k,l)

TijklF (�ijlk,�iklj ;↵s)

+
X

R

g
R(↵s)

X

i<j

2
�
DR

iijj
+ 2DR

iiij

�
log

µ
2

�sij
+

X

(i,j,k)

DR

ijkk
log

µ
2

�sij

�

+
X

R

X

(i,j,k,l)

D
R

ijkl
G

R(�ijlk,�iklj ;↵s) +
X

(i,j,k,l)

TijkliH1(�ijlk,�iklj ;↵s)

�Mtree !
�
function of T2

s�u
and T2

t

�
Mtree (1)

F1 � F3 = � i⇡

24
⇣3L

3
F2 = �1

8
⇣2⇣3L

2
G

A =
1

2
⇣2⇣3L

2 (2)

Tijkl = f
ade

f
bce

�
Ta

i
Tb

j
Tc

k
Td

l

�
+

(3)

DR

ijkl
= d

abcd

R
Ta

i
Tb

j
Tc

k
Td

l
(4)

Tijklm = if
adf

f
bcg

f
efg

�
Ta

i
Tb

j
Td

k
Td

l
Te

m

�
+

(5)

↵g =
1

2✏
(6)

U(z?) = P exp


igsT

a

Z 1

�1
dx

+
A

a

+(x
+
, x

� = 0, z?)

�
(7)

⌘ =
1

2
log

p+

p�
(8)

d

d⌘
| ii = �H | ii (9)

Mij!ij ⇠ h j |e�HL| ii (10)

U = exp [igsT
a
W

a] (11)

| ii =gsDi,1(t) |W i+ g
2
s
Di,2(t) |WW i+ g

3
s
Di,3(t) |WWW i+ . . . (12)

= | i,1i+ | i,2i+ | i,3i (13)

1

+

� =f(↵s)
X

(i,j,k)

Tiijk +
X

(i,j,k,l)

TijklF (�ijlk,�iklj ;↵s)

+
X

R

g
R(↵s)

X

i<j

2
�
DR

iijj
+ 2DR

iiij

�
log

µ
2

�sij
+

X

(i,j,k)

DR

ijkk
log

µ
2

�sij

�

+
X

R

X

(i,j,k,l)

D
R

ijkl
G

R(�ijlk,�iklj ;↵s) +
X

(i,j,k,l)

TijkliH1(�ijlk,�iklj ;↵s)

�Mtree !
�
function of T2

s�u
and T2

t

�
Mtree (1)

F1 � F3 = � i⇡

24
⇣3L

3
F2 = �1

8
⇣2⇣3L

2
G

A =
1

2
⇣2⇣3L

2 (2)

Tijkl = f
ade

f
bce

�
Ta

i
Tb

j
Tc

k
Td

l

�
+

(3)

DR

ijkl
= d

abcd

R
Ta

i
Tb

j
Tc

k
Td

l
(4)

Tijklm = if
adf

f
bcg

f
efg

�
Ta

i
Tb

j
Td

k
Td

l
Te

m

�
+

(5)

↵g =
1

2✏
(6)

U(z?) = P exp


igsT

a

Z 1

�1
dx

+
A

a

+(x
+
, x

� = 0, z?)

�
(7)

⌘ =
1

2
log

p+

p�
(8)

d

d⌘
| ii = �H | ii (9)

Mij!ij ⇠ h j |e�HL| ii (10)

U = exp [igsT
a
W

a] (11)

| ii =gsDi,1(t) |W i+ g
2
s
Di,2(t) |WW i+ g

3
s
Di,3(t) |WWW i+ . . . (12)

= | i,1i+ | i,2i+ | i,3i (13)

1

� =f(↵s)
X

(i,j,k)

Tiijk +
X

(i,j,k,l)

TijklF (�ijlk,�iklj ;↵s)

+
X

R

g
R(↵s)

X

i<j

2
�
DR

iijj
+ 2DR

iiij

�
log

µ
2

�sij
+

X

(i,j,k)

DR

ijkk
log

µ
2

�sij

�

+
X

R

X

(i,j,k,l)

D
R

ijkl
G

R(�ijlk,�iklj ;↵s) +
X

(i,j,k,l)

TijkliH1(�ijlk,�iklj ;↵s)

�Mtree !
�
function of T2

s�u
and T2

t

�
Mtree (1)

F1 � F3 = � i⇡

24
⇣3L

3
F2 = �1

8
⇣2⇣3L

2
G

A =
1

2
⇣2⇣3L

2 (2)

Tijkl = f
ade

f
bce

�
Ta

i
Tb

j
Tc

k
Td

l

�
+

(3)

DR

ijkl
= d

abcd

R
Ta

i
Tb

j
Tc

k
Td

l
(4)

Tijklm = if
adf

f
bcg

f
efg

�
Ta

i
Tb

j
Td

k
Td

l
Te

m

�
+

(5)

↵g =
1

2✏
(6)

U(z?) = P exp


igsT

a

Z 1

�1
dx

+
A

a

+(x
+
, x

� = 0, z?)

�
(7)

⌘ =
1

2
log

p+

p�
(8)

d

d⌘
| ii = �H | ii (9)

Mij!ij ⇠ h j |e�HL| ii (10)

U = exp [igsT
a
W

a] (11)

| ii =gsDi,1(t) |W i+ g
2
s
Di,2(t) |WW i+ g

3
s
Di,3(t) |WWW i+ . . . (12)

= | i,1i+ | i,2i+ | i,3i (13)

1

odd even 

• Bose symmetry in gg → gg correlates odd/even signature with 
odd/even colour representations in the t channel.   

<latexit sha1_base64="ZpralpQIlkvX5YuIr8wcPuTh5fo=">AAACMHicbZBNS8MwGMfT+TbnW9Wjl+AQPMhoh7odBx70OMG9QFtKmqVbWPpCkgqj9CN58aPoRUERr34Ks64T3Xwg5Mf/ecmTvxczKqRhvGqlldW19Y3yZmVre2d3T98/6Ioo4Zh0cMQi3veQIIyGpCOpZKQfc4ICj5GeN76a5nv3hAsahXdyEhMnQMOQ+hQjqSRXv07tfIjFh56TGjUjj7MfMAvIoGFHMUsENIu76YqC6g2YuXp13gOXYT6lCopou/qTPYhwEpBQYoaEsEwjlk6KuKSYkaxiJ4LECI/RkFgKQxQQ4aT5rhk8UcoA+hFXJ5QwV393pCgQYhJ4qjJAciQWc1Pxv5yVSL/ppDSME0lCPHvITxiUEZy6BweUEyzZRAHCnKpdIR4hjrBUHleUCebil5ehW6+Zl7WL2/Nqq17YUQZH4BicAhM0QAvcgDboAAwewDN4A+/ao/aifWifs9KSVvQcgj+hfX0DCFukvQ==</latexit>

0� 1� 8s � 27

<latexit sha1_base64="kRNOM2zFC5ZNbxEkzbLL4jjsNwI="></latexit>
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<latexit sha1_base64="FJ//gT0wGgndgRFGeYgIU9zEPPo="></latexit>

8a � (10� 10)

<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!

• odd/even signature amplitude is governed by the exchange  
of an odd/even number of Reggeons.

More generally we use channel colour operators:
<latexit sha1_base64="YMT2woJ8eO/prJlZU9FiWU9syhE="></latexit>
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The Soft Anomalous Dimension in the Regge limit 

<latexit sha1_base64="k8UiWlJkgvgKPMBQ62wqtb+zvhA="></latexit>
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<latexit sha1_base64="HEc9MS8yDViV4CzZA2Ixetw5uTg="></latexit>
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IR singularities in scattering amplitudes exponentiate

in terms of the soft anomalous dimension   .  In 2 → 2 scattering, at leading power in t/s:<latexit sha1_base64="MysbZohE0fIgPunVqq6bWXFkLEM=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYSa4HQMe9BjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3VssBO6Vyn7FnwEtkyAnZchR75W+un1FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2u3aCTp3SR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vg6zJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQEUXQrD48jJpVivBZeXi/rxcq+ZxFOAYTuAMAriCGtxBHRpA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fVFuO7w==</latexit>

�

<latexit sha1_base64="HQkinLo/mrRmZTp27AIN2a2jCZ8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI/BXDxGMA9IljA7mU3GzM4sM71CCPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O2vrG5tb27md/O7e/sFh4ei4aVSqKWtQJZRuh8QwwSVrIEfB2olmJA4Fa4Wj2sxvPTFtuJIPOE5YEJOB5BGnBK3UrPV4CS96haJX9uZwV4mfkSJkqPcKX92+omnMJFJBjOn4XoLBhGjkVLBpvpsalhA6IgPWsVSSmJlgMr926p5bpe9GStuS6M7V3xMTEhszjkPbGRMcmmVvJv7ndVKMboIJl0mKTNLFoigVLip39rrb55pRFGNLCNXc3urSIdGEog0ob0Pwl19eJc3Lsn9VrtxXitXbLI4cnMIZlMCHa6jCHdShARQe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AGwBo6P</latexit>

Ci(t)

<latexit sha1_base64="xZtkYm2ISziut3MUIN1Mge9P51E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY7MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvBpD73209UaSbFo5nG1I/wULCQEWys1Kr3x2Vz2S+W3Iq7AFonXkZKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRV6iaYxJhM8pF1LBY6o9tPFtTN0YZUBCqWyJQxaqL8nUhxpPY0C2xlhM9Kr3lz8z+smJrz1UybixFBBlovChCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMGG4K2+vE5aVxXvulJ9qJZqd1kceTiDcyiDBzdQg3toQBMIjOEZXuHNkc6L8+58LFtzTjZzCn/gfP4AsY2OkA==</latexit>

Cj(t)

<latexit sha1_base64="jNohcoWDA1ISm6UznsqZOkWZs94=">AAAB8nicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPSUCbbbbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelAhu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMirVlDWpEkp3IjBMcMmayFGwTqIZxJFg7Wh8N/PbT0wbruQjThIWxjCUfMApoJWCLohkBL1hBS96pbJX9eZwV4mfkzLJ0eiVvrp9RdOYSaQCjAl8L8EwA42cCjYtdlPDEqBjGLLAUgkxM2E2P3nqnlul7w6UtiXRnau/JzKIjZnEke2MAUdm2ZuJ/3lBioObMOMySZFJulg0SIWLyp397/a5ZhTFxBKgmttbXToCDRRtSkUbgr/88ippXVb9q2rtoVau3+ZxFMgpOSMV4pNrUif3pEGahBJFnskreXPQeXHenY9F65qTz5yQP3A+fwCtYZDe</latexit>

↵g(t)
<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!
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This may be compared with the exponentiation of rapidity logarithms (Reggeization)

Korchemskaya & Korchemsky (1995)

Reggeization violation is related to 
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And at higher orders also to non-dipole corrections
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Signature-even 2 → 2 amplitude in full colour: NLL to any order from BFKL 
   

Ĥi (p, k) =

Z
[Dk

0] f(p, k, k0)
h
 (p, k0)� (p, k)

i
,

Ĥm (p, k) = J(p, k) (p, k)
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
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
2�

✓
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�

✓
p2

(p� k)2

◆✏�
(2.21)
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Integrate Multiply

The evolution of the signature-even amplitude (NLL)  
is governed by the BFKL equation:
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Defining the Reduced Amplitude

The wave function is IR safe!  
This equation has been solved iteratively to high loop orders

Caron-Huot, EG, Reichel, Vernazza, JHEP 1803 (2018) 098; JHEP 08 (2020) 116



Signature-odd amplitudes: Regge-pole factorisation and its breaking

two-loop Regge trajectory

one-loop impact factors
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But until recently unknown 
how to account for it
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one-loop Regge trajectory

Colour octet exchange in the t channel: single Reggeon, factorize
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Signature-odd 2 → 2 amplitudes: understanding the NNLL tower
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Signature odd 2 → 2 amplitude at NNLL:  Regge pole and cut, 
and the cancellation of planar contributions 

 
 
                      must be universal (gg, gq, qq) to be absorbed in the factorizing pole term.      

                      cannot contribute beyond 3 loops: the NNLL Regge pole term has no free parameters! 
  
 Indeed, at 4 loops planar contributions conspire to cancel! 
 
Partial cancellation of planar contributions between MR channels occurs at 3 loops, and becomes complete at 4 loops. 
Prediction:         at 5 loop and above must also vanish in planar limit. 
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Having defined a Reggeon             by                                       we obtain definite predictions for                                   

Requiring that the Regge cut  
is strictly non-planar fixes   
the separation between  
Regge pole vs. Regge cut 
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Signature odd amplitude at NNLL: properties of Regge pole and cut

All-order structure through NNLL for any gauge theory, any representation:

Regge pole Regge cut
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- single Reggeon; colour octet 
- dominant in planar limit 
- factorizes; parameters at NNLL fully fixed at 3 loops in QCD  
  upon matching to Caola et al. JHEP 10 (2021) 206

- multiple Reggeons; various colour reps.  
- suppressed in planar limit 
- proportional to  
- no factorization: non-trivial at all loops

- Sensitive to soft singularities beyond  
  the dipole formula. 

- no dependence on the matter content:     
  the same for any gauge theory!- IR singularities in impact factors        

  and trajectory fixed by the dipole formula. 
  Singularities of the Regge trajectory are related  
  to the cusp anomalous dimension,   
  generalising the 2-loop relation  
  by Korchemskaya & Korchemsky (1995).   
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Signature odd 2 → 2 amplitude at NNLL: results
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• All-order structure through NNLL for any gauge theory, any representation:

• Explicit results for the cut  through 4 loops:
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soft anom. dim.
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Progress of the past few years:    •  Simplification of multi-loop amplitude computation in the Regge limit using rapidity evolution equations (2 dim!) 

•  Results based on direct computation of Multi-Reggeon contributions  
    - NLL for the signature even amplitudes (all orders)  
    - NNLL for the signature odd amplitudes (currently to four loops). 

•  The cut is non-planar, allowing us to separate between Regge pole and cut contributions,  
   and determine the Regge-pole parameters at NNLL from three-loop amplitudes.  
   The singularities of the gluon Regge trajectory are related to the cusp anomalous dimension.     
   Constraints on the soft anomalous dimension.

Regge pole and Regge cuts in full colour  

Future prospects: 
•  Scope for applications to 5-point two-loop amplitudes and beyond: 
   Caron-Huot, Chicherin, Henn, Zhang,  Zoia, JHEP 10 (2020) 188  
   On-going work with Samuel Abreu, Giulio Falcioni, Calum Milloy and Leonardo Vernazza.   

•  Complementary approaches: Expansion by Regions, Glauber SCET [Rothstein, Stewart, …]  



Regge-pole factorisation for multi-leg amplitudes in MRK

Multi-Regge Kinematics (MRK) 
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target p1 = (0, p�1 ;0)

projectile p2 = (p+2 , 0;0)

strong hierarchy of light-cone components  

Regge (pole) factorization in MRK

Regge (pole) factorization holds in MRK for the 
dispersive (real part) of the amplitudes through NLL; 
established using unitarity [Fadin et al. 2006]

Impact factor

Lipatov vertices

Reggeized gluon

Planar limit: 
• Four- and five-point planar amplitudes have only Regge poles. Essential for the BDS ansatz in SYM. 
• Six and higher point planar amplitudes have also Regge cuts in some (non-physical) kinematic regions  
 [Bartels, Lipatov, Sabio Vera (2008)]

no ordering of transverse components



All orders solution for the soft approximation

p� k

k

p� k0

k0

| {z }
M̂

(+,`)
NLL

| {z }
⌦(`�1)(p, k)

| {z }
LO BFKL

| {z }
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,
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Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1
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+

Z
[Dk0]f(p, k, k0) (2.20)
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Solving for the wavefunction  
in the soft approximation:

Js(p, k) =
1
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
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4 + . . . .
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All-order result:
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The amplitude in the soft approximation

Having solved for the wavefunction we can 

compute the amplitude.

M̂(+,`)
NLL = �i⇡

(B0)`

(`� 1)!

Z
[Dk]

p2

k2(p� k)2
⌦(`�1)(p, k)T2

s�u M(tree)
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p� k

k

p� k0

k0

| {z }
M̂

(+,`)
NLL

| {z }
⌦(`�1)(p, k)

| {z }
LO BFKL

| {z }
⌦(`�2)(p, k0)

Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
(2.21)

– 10 –

Summing over the two soft limits, we get (at 
any given order):

All IR divergences can be resumed into a closed form expression: 

R(✏) ⌘
B0(✏)

B�1(✏)
� 1 =

�3(1� ✏)�(1 + ✏)

�(1� 2✏)
� 1

= �2⇣3 ✏
3
� 3⇣4 ✏

4
� 6⇣5✏

5
�

�
10⇣6 � 2⇣23

�
✏6 +O(✏7).
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NLL

���
IR

=
i⇡

L(CA �T2
t )

✓
1�R(✏)

CA

CA �T2
t

◆�1 
exp

⇢
B0(✏)

2✏

↵s

⇡
L(CA �Tt)

�
� 1

�
T2

s�u M
(tree) +O(✏0).
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Signature-even 2 → 2 amplitude: Iterating the BFKL Hamiltonian in two dimensions

⌦(`�1)
2d (z, z̄) = Ĥ2d⌦

(`�2)
2d (z, z̄)
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The 2d wavefunction computed in terms of pure Single-Valued Harmonic Polylogarithms (SVHPLs)

An algorithm is set up to iteratively determine the wavefunction to any loop order. Computed 
explicitly to 12 loops. 

d

dz
Ĥ2d,iL0,�(z, z̄) =

Ĥ2d,iL�(z, z̄)

z

d

dz
Ĥ2d,iL1,�(z, z̄) =

Ĥ2d,iL�(z, z̄)

1� z
� 1

4

L1,�(z, z̄)

z

� 1

4

L0,�(z, z̄) + 2L1,�(z, z̄)� [L0,�(w, w̄) + L1,�(w, w̄)]w,w̄!1
1� z
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The action of the Hamiltonian on SVHPL amounts to the following DEs: 

⌦(1)
2d =

1

2
C2 (L0 + 2L1)

⌦(2)
2d =

1

2
C2

2 (L0,0 + 2L0,1 + 2L1,0 + 4L1,1) +
1

4
C1C2 (�L0,1 � L1,0 � 2L1,1)

⌦(3)
2d =

3

4
C3

2 (L0,0,0 + 2L0,0,1 + 2L0,1,0 + 4L0,1,1 + 2L1,0,0 + 4L1,0,1 + 4L1,1,0 + 8L1,1,1)

+
1

4
C1C

2
2 (2⇣3 � 2L0,0,1 � 3L0,1,0 � 7L0,1,1 � 2L1,0,0 � 7L1,0,1 � 7L1,1,0 � 14L1,1,1)

+
1

16
C2

1C2 (L0,0,1 + 2L0,1,0 + 4L0,1,1 + L1,0,0 + 4L1,0,1 + 4L1,1,0 + 8L1,1,1)
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The full signature-even amplitude at NLL

The soft wavefunction alone generates all IR singularities in the amplitude.  
We can therefore split the wavefunction into soft and hard:  
and use dim. reg. only for the soft:

⌦(p, k) = ⌦hard(p, k) + ⌦soft(p, k)

⌦(2d)
hard(z, z̄) ⌘ lim

✏!0
⌦hard = ⌦(2d)(z, z̄)� ⌦(2d)

soft (z, z̄)
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The full amplitude is recovered by summing two integrals:

M̂(+,NLL)
ij!ij

✓
s

�t

◆
= �i⇡

Z
[Dk]

p2

k2(p� k)2
⌦soft(p, k) +

1

4⇡

Z
d2z

zz̄
⌦(2d)

hard(z, z̄)

�
T2

s�uM
(tree)
ij!ij
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We explicitly computed it to 13 loops. 
The first few orders are: The soft amplitude can be resummed to all orders in             :                 
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r2�
2

⇢
� 1

4✏2

�
[T2

t ,T
2
s�u]Mtree,

M̂(+,3,2) = i⇡
r3�
3!

⇢
1

8✏3
� 11⇣3

4

�
[T2

t , [T
2
t ,T

2
s�u]]Mtree,

M̂(+,4,3) = i⇡
r4�
4!

⇢
�
✓
⇣3
8✏

+
3⇣4
16

◆
[T2

t , [T
2
t ,T

2
s�u]]T

2
t �

1

16✏4
[T2

t , [T
2
t , [T

2
t ,T

2
s�u]]]

�
Mtree

Constraint on the  
4-loop soft anom. dim.

 
Caron-Huot, EG, Reichel, Vernazza  
  JHEP 1803 (2018) 098  
  JHEP 08 (2020) 116
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A resummed result for the finite, hard part  
(with SV MZVs) is yet unknown.
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The soft anomalous dimension in the 
 high-energy limit — three loops
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Absence of             for             in the real part 
and for             in the imaginary part, 
is a non-trivial prediction from rapidity evolution,  
which underpins the structure of corrections to the dipole formula.
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Caron-Huot, EG, Vernazza JHEP 06 (2017) 016
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The only term in the real part of the soft anom. dim. linear in the high-energy logarithm is the cusp anomalous 
dimension, generalising the Korchemskaya & Korchemsky relation between the gluon Regge trajectory and 
cusp to 3 loops.    

Ø. Almelid, C. Duhr,  EG Phys. Rev. Lett. 117, 172002



The soft anomalous dimension in the 
 high-energy limit — four loops
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Signature even Signature odd
L3 L2 L1 (conj.) L3 L2 L1

F
(+,4)
A 0 �

CA
8 ⇣2⇣3 0 F

(�,4)
A i⇡CA

24 ⇣3 ? ?

F
(+,4)
F 0 0 0 F

(�,4)
F 0 ? ?

G
(+,4)
A 0 1

2⇣2⇣3
1
6g

(4)
A

G
(+,4)
F 0 0 1

6g
(4)
F

H
(+,4)
1 0 0 0 H

(�,4)
1 0 ? ?

H̃
(�,4)
1 0 ? ?

Falcioni, EG, Maher, Milloy, Vernazza (2021)

All Regge-limit constraints at four loops:


