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For a generic hadro production process
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Parton Model: Short Range Factorizes from the Long Range
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Theoretical separation
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Differential Cross Section: Analytic Structure

Good news: singular contributions are of infrared (soft and collinear) origin. Hence, they have some degree of universality 
that leads to Resummation of these terms. 
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Spoils the reliability 
of FO predictions



For a relative order ’n’ compared to Born
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Low transverse momentum region: while the FO results are not reliable, the resummed results are smooth.

High transverse momentum region: significant contributions are from the regular parts, making resummation ineffective.

Catani, de Florian, Ferrera, Grazzini (1507.06937)
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Why Resummation? Fixed Order Vs Resummed Predictions

Next-to-next-to-leading logarithmic accuracy
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Neutral DY



Bulk of the events are produced in the low transverse momentum region.

Theory is consistent with the data within the uncertainties.

From NNLO+NNLL to N3LO+N3LL: reduction in uncertainties and 
improvement in data agreement.

Resummed Prediction Vs Data

How are these large logarithms resummed ?

Chen, Gehrmann, Glover, Huss, Monni, Rottoli, Re, 
Torrielli (2203.01565); Camarda, Cieri, Ferrera 
(2103.04974)

Improved theory predictions helps in precise determination of the mass 
of the W-boson and other crucial SM parameters.

Alessandro Vicini’s talk
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Neutral DY



Using the formalism of qT-resummation [1], singular part of the differential cross section in b-space has the 
following structure
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Born contribution Sudakov soft contribution

Hard collinear factor

[1] Collins, Soper, Sterman (1985); Catani, Cieri, de Florian, Ferrera, Grazzini (1311.1654)

This Talk!

Transverse Momentum Resummation

Other equivalent formulations do exist in the literature that are based either on TMD factorisation or on SCET methods [2]

[2] J Collins, Foundations of perturbative QCD; Becher, Neubert (1007.4005); Echevarria, Idilbi, Scimemi (1111.4996); Chiu, Jain, Neill, 
Rothstein (1202.0814)
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For the gluon gluon fusion channel
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Hard functions
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Azimuthal 
independent part

Azimuthal dependent part

bµ = (0,b, 0)
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[1] Catani, Grazzini (1011.3918)

Hard Collinear Factor: Structure

Specify the system F

For the quark anti-quark annihilation channel, it has a relatively simple structure.
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No tensor structure



Collinear Functions: Review from Literature
Azimuthally independent collinear functions are recently known to N3LO in QCD coupling

<latexit sha1_base64="1AZqgJMKRULVkO3QAtGnWNwFjK0="></latexit>

Cab (z;↵S) = �ab�(1� z) +
↵S

⇡
C(1)

ab (z) +
⇣↵S

⇡

⌘2
C(2)

ab (z) +
⇣↵S

⇡

⌘3
C(3)

ab (z) +
+1X

n=4

⇣↵S

⇡

⌘n
C(n)

ab (z)

[1] [2] [3]

Azimuthally dependent collinear functions are recently known to NNLO in perturbation series
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[4] [5]

Similar functions do exist for the processes related by crossing such as SIDIS and production of hadrons from 
a pair of leptons and they are called Time-Like collinear functions or Fragmenting Jet functions. 

[1] de Florian, Grazzini (0108273); 
[2] Catani, Grazzini (1106.4652); Catani, Cieri, de Florian, Ferrera, Grazzini (1209.0158); Gehrmann, Lubbert, Yang  (1209.0682, 1403.6451); 
Echevarria, Scimemi, Vladimirov (1604.07869); Luo, Wang, Xu, Yang, Yang, Zhu (1908.03831); Luo, Yang, Zhu, Zhu (1909.13820)
[3] Luo, Yang, Zhu, Zhu (1912.05778); Ebert, Mistlberger, Vita (2006.05329); Luo, Yang, Zhu, Zhu (2012.03256)

[4] Catani, Grazzini (1011.3918)

[5] Luo, Yang, Zhu, Zhu (1909.13820); Gutierrez-Reyes, Leal-Gomez, Scimemi, Vladimirov (1907.03780)
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Scattering matrix element

Singular elements: splitting kernels

Collinear factorisation

Integrated collinear functions

Differential collinear functions

Transverse momentum 
distribution

Integrate over radiated 
momenta keeping their sum 
fixed

Stefano Catani + PKD (2208.05840)    

Our Novel Computational Method

Time-like auxiliary vector 
implies no rapidity divergences

GOAL!
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QCD Factorization in the Collinear Limit
The collinear factorisation of hard scattering matrix element having N collinear partons in its most general form is given by

Dependence on non-
collinear partons

<latexit sha1_base64="6QIywgh+iNSokKw/04ClKOr2jBI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiS12LoQim5cSQX7gDaGyXTSDp1MwsxEKTGf4saFIm79Enf+jdMXqOiBC4dz7uXee/yYUals+9PILS2vrK7l1wsbm1vbO2ZxtyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Qx8dt3REga8Rs1jokbogGnAcVIackziz2ZhF5Kz5zsNr3KRh71zJJtlU9r9nENzkiluiBl6Fj2FCUwR8MzP3r9CCch4QozJGXXsWPlpkgoihnJCr1EkhjhERqQrqYchUS66fT0DB5qpQ+DSOjiCk7V7xMpCqUch77uDJEayt/eRPzL6yYqqLkp5XGiCMezRUHCoIrgJAfYp4JgxcaaICyovhXiIRIIK51WQYew+BT+T1plyzmxKteVUv18Hkce7IMDcAQcUAV1cAkaoAkwuAeP4Bm8GA/Gk/FqvM1ac8Z8Zg/8gPH+BdgZlGk=</latexit>

NX

i=1

kiCollinear limit of

Auxiliary vector

Non-singular terms

Reduced ME

Collinear splitting kernel 

[1] Catani, de Florian, Rodrigo (1112.4405)

The TL collinear region is defined by
<latexit sha1_base64="2do4V3pU4BpOhSbhEAZDSd+33jw=">AAAB/3icdVDJSgNBEO1xjXEbFbx4aQyCp2ESg4kXCXrxGMEskBmHnk5P0qRnobtGCGMO/ooXD4p49Te8+Td2NlDRBwWP96qoqucngiuw7U9jYXFpeWU1t5Zf39jc2jZ3dpsqTiVlDRqLWLZ9opjgEWsAB8HaiWQk9AVr+YPLsd+6Y1LxOLqBYcLckPQiHnBKQEueue8IFoCTDTx+azuS9/rgjM5tzyzYVumsap9U8ZSUK3NSwkXLnqCAZqh75ofTjWkasgioIEp1inYCbkYkcCrYKO+kiiWEDkiPdTSNSMiUm03uH+EjrXRxEEtdEeCJ+n0iI6FSw9DXnSGBvvrtjcW/vE4KQdXNeJSkwCI6XRSkAkOMx2HgLpeMghhqQqjk+lZM+0QSCjqyvA5h/in+nzRLVvHUKl+XC7WLWRw5dIAO0TEqogqqoStURw1E0T16RM/oxXgwnoxX423aumDMZvbQDxjvXzzylkU=</latexit>�
k0i
 
> 0 The SL collinear region is defined by

<latexit sha1_base64="Y3zbe34o2Kt5Uit+4+64lr4ofPw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiS12Aouim5cVrAPaGOZTCftkMkkzEyEEvoRblwo4tbvceffOH2Bih64cDjnXu69x084U9pxPq3cyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbD6+nfvuBSsVicafHCfUiPBQsYARrI7XDPrt3Lp1+seTY5Yuac1ZDc1KpLkkZubYzQwkWaPSLH71BTNKICk04VqrrOon2Miw1I5xOCr1U0QSTEA9p11CBI6q8bHbuBJ0YZYCCWJoSGs3U7xMZjpQaR77pjLAeqd/eVPzL66Y6qHkZE0mqqSDzRUHKkY7R9Hc0YJISzceGYCKZuRWREZaYaJNQwYSw/BT9T1pl2z23K7eVUv1qEUcejuAYTsGFKtThBhrQBAIhPMIzvFiJ9WS9Wm/z1py1mDmEH7DevwDgHo9L</latexit>

k0i < 0

The splitting kernel is process independent and this 
property of factorisation is called strict collinear 
factorisation. Strict collinear factorisation is instead violated in SL 

collinear region [1].

HSF
} Collinear partons HS

F
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Comments on the Use of Auxiliary Vector 
In addition to its dependence on spin and colour indices, the splitting kernel depends on scalar functions of collinear 
momenta of the form [1]

<latexit sha1_base64="EjW2goRTBC8sHGAnEA2oajZ38Ts=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZJYbF0IRTcuK9gHtCFMppN2mskkzEwKJfRP3LhQxK1/4s6/cfoCFT1w4XDOvdx7T5AyKpVtfxqFtfWNza3idmlnd2//wDw8askkE5g0ccIS0QmQJIxy0lRUMdJJBUFxwEg7iG5nfntMhKQJf1CTlHgxGnAaUoyUlnzTlH5OR1N4Dd3Ip5E/8s2ybblXNfuiBhekUl0RFzqWPUcZLNHwzY9eP8FZTLjCDEnZdexUeTkSimJGpqVeJkmKcIQGpKspRzGRXj6/fArPtNKHYSJ0cQXn6veJHMVSTuJAd8ZIDeVvbyb+5XUzFda8nPI0U4TjxaIwY1AlcBYD7FNBsGITTRAWVN8K8RAJhJUOq6RDWH0K/yct13Iurcp9pVy/WcZRBCfgFJwDB1RBHdyBBmgCDMbgETyDFyM3noxX423RWjCWM8fgB4z3LyAkk1w=</latexit>

sij = 2kikj

<latexit sha1_base64="MANFlfPcUB9YEFF75t4Myczpgd4=">AAACDHicdVDLSsNAFJ3UV62vqks3g0VwFZJabF0IRTcuK9gHtKFMppN22skkzEzEEvIBbvwVNy4UcesHuPNvnDQtqOiFuRzOOZc797gho1JZ1qeRW1peWV3Lrxc2Nre2d4q7ey0ZRAKTJg5YIDoukoRRTpqKKkY6oSDIdxlpu5PLVG/fEiFpwG/UNCSOj4acehQjpal+sdTzBMLxXZ8muo0TeA4zhk9SSvdxol2WWT6rWSc1mIFKdQHK0DatWZXAvBr94kdvEODIJ1xhhqTs2laonBgJRTEjSaEXSRIiPEFD0tWQI59IJ54dk8AjzQygFwj9uIIz9vtEjHwpp76rnT5SI/lbS8m/tG6kvJoTUx5GinCcLfIiBlUA02TggAqCFZtqgLCg+q8Qj5DOQun8CjqExaXwf9Aqm/apWbmulOoX8zjy4AAcgmNggyqogyvQAE2AwT14BM/gxXgwnoxX4y2z5oz5zD74Ucb7F1OEnHg=</latexit>

xi

xj
=

nki
nkj

This work —Time-like

In the literature, the splitting kernels are usually calculated using a light-like auxiliary vector. Indeed this choice is very 
convenient for direct computations of the splitting kernels. However, we emphasise that one can also set

<latexit sha1_base64="JvdvIw23inKCfZoMRyJdnOqaCFY=">AAAB8XicbVDLTgJBEOz1ifhCPXqZSEw8kV1C1CPRi0dM5BFhJbNDL0yYnV1nZk0I4S+8eNAYr/6NN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4PfWbT6g0j+WdGSXoR7QvecgZNVa6lw9l0pH4SNxuoeiW3BnIMvEyUoQMtW7hq9OLWRqhNExQrduemxh/TJXhTOAk30k1JpQNaR/blkoaofbHs4sn5NQqPRLGypY0ZKb+nhjTSOtRFNjOiJqBXvSm4n9eOzXhpT/mMkkNSjZfFKaCmJhM3yc9rpAZMbKEMsXtrYQNqKLM2JDyNgRv8eVl0iiXvPNS5bZSrF5lceTgGE7gDDy4gCrcQA3qwEDCM7zCm6OdF+fd+Zi3rjjZzBH8gfP5Ay/Gj/U=</latexit>

n2 6= 0

The change only affects the non-singular/power-suppressed terms in the collinear limit, and hence neglected. 

[1] Catani, Grazzini (9908523)
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<latexit sha1_base64="ES6zCWZHSn95Gn3jvkLtDAqanm4=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZCZ1rZupOjGZQX7gHYsmTTThmYyQ5IRSulHuHGhiFu/x51/Y6atoKIHLhzOuZd77/FjzpRG6MPKrKyurW9kN3Nb2zu7e/n9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fFV6rfvqVQsErd6ElMvxEPBAkawNlK7KO7cC3TazxeQfV6ruGcuRDZCVbdUSYlbLbsl6BglRQEs0ejn33uDiCQhFZpwrFTXQbH2plhqRjid5XqJojEmYzykXUMFDqnypvNzZ/DEKAMYRNKU0HCufp+Y4lCpSeibzhDrkfrtpeJfXjfRQc2bMhEnmgqyWBQkHOoIpr/DAZOUaD4xBBPJzK2QjLDERJuEciaEr0/h/6Tl2k7FLt+UC/XLZRxZcASOQRE4oArq4Bo0QBMQMAYP4Ak8W7H1aL1Yr4vWjLWcOQQ/YL19Ahwmjso=</latexit>

(n2 > 0)



We define the differential collinear functions for the gluon channel in the TL region as follows [1]

Bose symmetry factor

[1] Stefano Catani + PKD;    

Differential Collinear Functions

[2] Bern, Del Duca, Kilgore, Schmidt, Catani, Grazzini, Campbell, Glover, Kosower, Uwer, Sborlini, de Florian, Rodrigo

[3] Catani, de Florian, Rodrigo, Del Duca, Frizzo, Maltoni, Birthwright, Glover, Khoze, Marquard, Duhr, Haindl, Lazopoulos, Michel, Sborlini, 
Rodrigo, Badger, Buciuni, Peraro, Bern, Dixon, Kosower, Gehrmann, Jaquier, Czakon, Sapeta

[4] Catani, de Florian, Rodrigo, Forshaw, Seymour, Siodmok, Dixon, Herrmann, Yan, Zhu

TL splitting kernels for various splitting processes are fully known to second [2] and third order [3] in QCD.

SL Splitting kernels for various splitting processes are fully known to second order and partially known to third order 
[4] in the QCD strong coupling.
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We define the transverse momentum dependent collinear functions for the gluon case as follows

Phase space in the collinear limit
<latexit sha1_base64="zlZMjhCUxLVb3iJ5pX4TBru74EM=">AAACCHicbVDLSsNAFJ34rPUVdenCYBEEaUlKUZdFNy4r9AVtGiaTSTt0MgkzE6GELN34K25cKOLWT3Dn3zhJs9DWAzMczrmXe+9xI0qENM1vbWV1bX1js7RV3t7Z3dvXDw67Iow5wh0U0pD3XSgwJQx3JJEU9yOOYeBS3HOnt5nfe8BckJC15SzCdgDHjPgEQakkRz/xRolXrafDAMqJ6ydTp51601Fykf/V1NErZs3MYSwTqyAVUKDl6F9DL0RxgJlEFAoxsMxI2gnkkiCK0/IwFjiCaArHeKAogwEWdpIfkhpnSvEMP+TqMWnk6u+OBAZCzAJXVWb7ikUvE//zBrH0r+2EsCiWmKH5ID+mhgyNLBXDIxwjSWeKQMSJ2tVAE8ghkiq7sgrBWjx5mXTrNeuy1rhvVJo3RRwlcAxOwTmwwBVogjvQAh2AwCN4Bq/gTXvSXrR37WNeuqIVPUfgD7TPH+thme0=</latexit>

dd�2kTdk
+dk�

Integrated Collinear Functions: Time-Like Region

For the quark channel, we have only the azimuthal-independent type contributions.

Stefano Catani + PKD (2208.05840)    
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We define the transverse momentum dependent collinear functions for both quark and gluon splitting as follows

Phase space in the collinear limit<latexit sha1_base64="zlZMjhCUxLVb3iJ5pX4TBru74EM=">AAACCHicbVDLSsNAFJ34rPUVdenCYBEEaUlKUZdFNy4r9AVtGiaTSTt0MgkzE6GELN34K25cKOLWT3Dn3zhJs9DWAzMczrmXe+9xI0qENM1vbWV1bX1js7RV3t7Z3dvXDw67Iow5wh0U0pD3XSgwJQx3JJEU9yOOYeBS3HOnt5nfe8BckJC15SzCdgDHjPgEQakkRz/xRolXrafDAMqJ6ydTp51601Fykf/V1NErZs3MYSwTqyAVUKDl6F9DL0RxgJlEFAoxsMxI2gnkkiCK0/IwFjiCaArHeKAogwEWdpIfkhpnSvEMP+TqMWnk6u+OBAZCzAJXVWb7ikUvE//zBrH0r+2EsCiWmKH5ID+mhgyNLBXDIxwjSWeKQMSJ2tVAE8ghkiq7sgrBWjx5mXTrNeuy1rhvVJo3RRwlcAxOwTmwwBVogjvQAh2AwCN4Bq/gTXvSXrR37WNeuqIVPUfgD7TPH+thme0=</latexit>

dd�2kTdk
+dk�

Integrated Collinear Functions: Space-Like Region

Note that until now our framework is quite general i.e. without restricting to any perturbative order.

,

Stefano Catani + PKD (2208.05840)    
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Up to NNLO, SL collinear functions are also process independent. Hence, like TL region the functions we will be 
dealing with are as follows



Other Applications: Zero Jettiness Beam Functions

For example, we can define the zero-jettiness partonic beam functions for both quark and gluon splitting in the SL region 
as follows

Our method of computing collinear functions can be extended and applied to other observables of interest.

Transverse virtuality ~ Zero-jettiness

Stewart, Tackmann, Waalewijn (1002.2213); Berger, Marcantonini, Stewart, Tackmann, Waalewijn (1012.4480); Ritzmann, Waalewijn 
(1407.3272); Gaunt, Stahlhofen, Tackmann (1401.5478); Gaunt, Stahlhofen, Tackmann (1405.1044); Ebert, Mistlberger, Vita (2006.03056); 
Baranowski, Behring, Melnikov, Tancredi, Wever (2211.05722)
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Comments on Collinear Functions in SCET

There are related definitions of TMD collinear functions from SCET. These functions are defined in a process independent 
way using auxiliary Wilson line operators along light-like directions.

For TL case at the partonic level, SCET functions are equivalent to our collinear functions by using a light-like auxiliary 
vector [1].

Same equivalence holds true for the SL region is only up to second order in strong coupling. This is due to the fact that ours 
results are in general process dependent and this dependency goes away if we are within NNLO in perturbation theory.

[1] Ritzmann, Waalewijn (1407.3272)
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TMD Functions & Rapidity Divergences
Order-by-order perturbative computations of qT differential distributions at any values of qT can be carried out in exact 
form without encountering rapidity divergences and small-qT behaviour can be obtained by simply neglecting sub-dominant 
terms.

Rapidity divergences are artefact of a priori approximations that are introduced in matrix element and qT dependent phase 
space to evaluate only the dominant terms of the cross section in the small qT-region. 

Phase space

Simplification
Validity of collinear 
factorisation formula

Only i f the d i fferent ia l 
collinear function is well 
behaved in the limit <latexit sha1_base64="c9Ms/eQ4Of1mijc1qfEG2VGhE0E=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5ZEirosunFZwT6giWUynbRDJ5Mwc6OEUPBX3LhQxK3f4c6/cfpYaOuBC4dz7uXee4JEcA2O820VlpZXVteK66WNza3tHXt3r6njVFHWoLGIVTsgmgkuWQM4CNZOFCNRIFgrGF6P/dYDU5rH8g6yhPkR6UseckrASF37YHh/6ineHwBRKn7EHpchZF277FScCfAicWekjGaod+0vrxfTNGISqCBad1wnAT8nCjgVbFTyUs0SQoekzzqGShIx7eeT80f42Cg9HMbKlAQ8UX9P5CTSOosC0xkRGOh5byz+53VSCC/9nMskBSbpdFGYCgwxHmeBe1wxCiIzhFDFza2YDogiFExiJROCO//yImmeVdzzSvW2Wq5dzeIookN0hE6Qiy5QDd2gOmoginL0jF7Rm/VkvVjv1se0tWDNZvbRH1ifP2LHlcc=</latexit>

k� ! 1

For the computation of individual components such as soft functions, collinear functions etc. there are many rapidity 
regulators that exist in the literature and they are introduced at the integrated level.

We avoid rapidity divergences in our computation by introducing a time-like auxiliary vector at the matrix element level.
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<latexit sha1_base64="zlZMjhCUxLVb3iJ5pX4TBru74EM=">AAACCHicbVDLSsNAFJ34rPUVdenCYBEEaUlKUZdFNy4r9AVtGiaTSTt0MgkzE6GELN34K25cKOLWT3Dn3zhJs9DWAzMczrmXe+9xI0qENM1vbWV1bX1js7RV3t7Z3dvXDw67Iow5wh0U0pD3XSgwJQx3JJEU9yOOYeBS3HOnt5nfe8BckJC15SzCdgDHjPgEQakkRz/xRolXrafDAMqJ6ydTp51601Fykf/V1NErZs3MYSwTqyAVUKDl6F9DL0RxgJlEFAoxsMxI2gnkkiCK0/IwFjiCaArHeKAogwEWdpIfkhpnSvEMP+TqMWnk6u+OBAZCzAJXVWb7ikUvE//zBrH0r+2EsCiWmKH5ID+mhgyNLBXDIxwjSWeKQMSJ2tVAE8ghkiq7sgrBWjx5mXTrNeuy1rhvVJo3RRwlcAxOwTmwwBVogjvQAh2AwCN4Bq/gTXvSXrR37WNeuqIVPUfgD7TPH+thme0=</latexit>

dd�2kTdk
+dk�

Phase space in the collinear limit

<latexit sha1_base64="2hAsjOBUjDqjNCSH1ebLb+Ey3RQ=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0nT2tZb0YvHKvYD0lA22027dJMNuxOllP4MLx4U8eqv8ea/cdNWUNEHA4/3ZpiZ58eCa7DtDyuzsrq2vpHdzG1t7+zu5fcP2lomirIWlUKqrk80EzxiLeAgWDdWjIS+YB1/fJn6nTumNJfRLUxi5oVkGPGAUwJGcns3fDgCopS87+cLdvG8XnXOHGwXbbvmlKspcWoVp4xLRklRQEs0+/n33kDSJGQRUEG0dkt2DN6UKOBUsFmul2gWEzomQ+YaGpGQaW86P3mGT4wywIFUpiLAc/X7xJSEWk9C33SGBEb6t5eKf3luAkHdm/IoToBFdLEoSAQGidP/8YArRkFMDCFUcXMrpiOiCAWTUs6E8PUp/p+0nWKpWqxcVwqNi2UcWXSEjtEpKqEaaqAr1EQtRJFED+gJPVtgPVov1uuiNWMtZw7RD1hvn/bykbo=</latexit>

)

ME in the collinear limit



Consider the singular term
<latexit sha1_base64="ncxzM5SB4aGWwG3UZLcaL0fMir4=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4CpuaanMQil48VjBtoY1ls920SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHKmdIIfVhLyyura+uFjeLm1vbObmlvv6mSTBLqk4Qnsh1iRTkT1NdMc9pOJcVxyGkrHF3lfuueSsUScavHKQ1iPBAsYgRrI/nirnKBeqUysr1atepWILIR8tzqqSGe5zk1BzpGyVEGCzR6pfduPyFZTIUmHCvVcVCqgwmWmhFOp8VupmiKyQgPaMdQgWOqgsns2Ck8NkofRok0JTScqd8nJjhWahyHpjPGeqh+e7n4l9fJdFQLJkykmaaCzBdFGYc6gfnnsM8kJZqPDcFEMnMrJEMsMdEmn6IJ4etT+D9pVmznzHZv3HL9chFHARyCI3ACHHAO6uAaNIAPCGDgATyBZ0tYj9aL9TpvXbIWMwfgB6y3T3Rjjns=</latexit>

n2 = 0
<latexit sha1_base64="+GpTWxo9nhKMOldleZXcbHJ8/ws=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexKUY9FLx4r2A9ol5JNs21oNlmTbKEu+zu8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3U791pgqzaR4MJOY+hEeCBYygo2V/G6oMEm9LPXOn7JeqexW3BnQMvFyUoYc9V7pq9uXJImoMIRjrTueGxs/xcowwmlW7CaaxpiM8IB2LBU4otpPZ0dn6NQqfRRKZUsYNFN/T6Q40noSBbYzwmaoF72p+J/XSUx47adMxImhgswXhQlHRqJpAqjPFCWGTyzBRDF7KyJDbHMwNqeiDcFbfHmZNC8q3mWlel8t127yOApwDCdwBh5cQQ3uoA4NIPAIz/AKb87YeXHenY9564qTzxzBHzifP4o0kfY=</latexit>

1

1� z

Divergent for
<latexit sha1_base64="1CLKf0VyTdVAnu8FunIhRQ+axmM=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY9ELx4xkUcCK5kdZmHC7OxmpleChP/w4kFjvPov3vwbB9iDgpV0UqnqTndXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D+omzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGN1O/8ci1EbG6x1HC/Yj2lAgFo2ilh6e2Fr0+Uq3jIfE6xZJbdmcgy8TLSAkyVDvFr3Y3ZmnEFTJJjWl5boL+mGoUTPJJoZ0anlA2oD3eslTRiBt/PLt6Qk6s0iVhrG0pJDP198SYRsaMosB2RhT7ZtGbiv95rRTDK38sVJIiV2y+KEwlwZhMIyBdoTlDObKEMi3srYT1qaYMbVAFG4K3+PIyqZ+VvYvy+d15qXKdxZGHIziGU/DgEipwC1WoAQMNz/AKb87QeXHenY95a87JZg7hD5zPH3f9kn8=</latexit>

z ! 1
Using a time-like auxiliary vector

<latexit sha1_base64="UzeWXQhAEyS7c2boosmjHCHsz2o=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSLWTUlCUTdC0Y3LCn1Bk4bJZNIOnUzizEQooZ/gxl9x40IRty7d+TdO2yy09cDA4ZxzuXOPn1AipGl+a4WV1bX1jeJmaWt7Z3dP3z9oizjlCLdQTGPe9aHAlDDckkRS3E04hpFPcccf3Uz9zgPmgsSsKccJdiM4YCQkCEolefqpQ1U4gFdOyCHKWN92/JgG2b3XnPTtSVaxWXKmiKeXzao5g7FMrJyUQY6Gp385QYzSCDOJKBSiZ5mJdDPIJUEUT0pOKnAC0QgOcE9RBiMs3Gx20MQ4UUpghDFXj0ljpv6eyGAkxDjyVTKCcigWvan4n9dLZXjpZoQlqcQMzReFKTVkbEzbMQLCMZJ0rAhEnKi/GmgIVTNSdVhSJViLJy+Ttl21zqu1u1q5fp3XUQRH4BhUgAUuQB3cggZoAQQewTN4BW/ak/aivWsf82hBy2cOwR9onz86U5y0</latexit>

� =
n2qT

2

(2np)2
<latexit sha1_base64="rL4dxUrvewtU5g7itoZLON7r/Fg=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSVAFjBQtjkfqS2ihyHKe16tjBdkBVlIVfYWEAIVY+g42/wW0zQMuRrnR0zr26954gYVRpx/m2Siura+sb5c3K1vbO7p69f9BRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDcY3U7/7QKSigrf0JCFejIacRhQjbSTfPhoEgoXZvd/KB5IORxpJKR6h49tVp+bMAJeJW5AqKND07a9BKHAaE64xQ0r1XSfRXoakppiRvDJIFUkQHqMh6RvKUUyUl80eyOGpUUIYCWmKazhTf09kKFZqEgemM0Z6pBa9qfif1091dOVllCepJhzPF0Upg1rAaRowpJJgzSaGICypuRXiEZIIa5NZxYTgLr68TDrnNfeiVr+rVxvXRRxlcAxOwBlwwSVogFvQBG2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5A/r2lqg=</latexit>

qT ! 0Sub-dominant in the limit

No Rapidity Divergent Terms!

Stefano Catani + PKD (2208.05840)    
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Differential Collinear Functions
SL differential collinear functions up to NNLO have the following perturbative expansion

Single real radiation Double real radiation One-loop real-virtual

Azimuthally independent contributions @
<latexit sha1_base64="JDJkOwF+OT0X7iwJlXAT1Sxn2Bs=">AAACEnicbVC7SgNBFJ31GeMrammzGARtwq4EtQza2BnRaCAbwt3J3WRw9sHMXTEs+w02/oqNhSK2Vnb+jZNHodEDA4dz7uXOOX4ihSbH+bJmZufmFxYLS8XlldW19dLG5rWOU8WxwWMZq6YPGqWIsEGCJDYThRD6Em/829Ohf3OHSos4uqJBgu0QepEIBAcyUqe074VAfQ4yO889iQHteSCTPnQyj/Cesss895To9Wm/Uyo7FWcE+y9xJ6TMJqh3Sp9eN+ZpiBFxCVq3XCehdgaKBJeYF71UYwL8FnrYMjSCEHU7G0XK7V2jdO0gVuZFZI/UnxsZhFoPQt9MDgPoaW8o/ue1UgqO25mIkpQw4uNDQSptiu1hP3ZXKOQkB4YAV8L81eZ9UMDJtFg0JbjTkf+S64OKe1ipXlTLtZNJHQW2zXbYHnPZEauxM1ZnDcbZA3tiL+zVerSerTfrfTw6Y012ttgvWB/fslOewg==</latexit>

O (↵S)

Real contributions to LO 
AP splitting functionsAzimuthally dependent contributions @

<latexit sha1_base64="JDJkOwF+OT0X7iwJlXAT1Sxn2Bs=">AAACEnicbVC7SgNBFJ31GeMrammzGARtwq4EtQza2BnRaCAbwt3J3WRw9sHMXTEs+w02/oqNhSK2Vnb+jZNHodEDA4dz7uXOOX4ihSbH+bJmZufmFxYLS8XlldW19dLG5rWOU8WxwWMZq6YPGqWIsEGCJDYThRD6Em/829Ohf3OHSos4uqJBgu0QepEIBAcyUqe074VAfQ4yO889iQHteSCTPnQyj/Cesss895To9Wm/Uyo7FWcE+y9xJ6TMJqh3Sp9eN+ZpiBFxCVq3XCehdgaKBJeYF71UYwL8FnrYMjSCEHU7G0XK7V2jdO0gVuZFZI/UnxsZhFoPQt9MDgPoaW8o/ue1UgqO25mIkpQw4uNDQSptiu1hP3ZXKOQkB4YAV8L81eZ9UMDJtFg0JbjTkf+S64OKe1ipXlTLtZNJHQW2zXbYHnPZEauxM1ZnDcbZA3tiL+zVerSerTfrfTw6Y012ttgvWB/fslOewg==</latexit>

O (↵S)
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Collinear Functions in Momentum Space
At the bare level, azimuthally independent collinear functions at NLO are obtained as follows

Azimuthally  correlated collinear functions at              are obtained as follows
<latexit sha1_base64="JDJkOwF+OT0X7iwJlXAT1Sxn2Bs=">AAACEnicbVC7SgNBFJ31GeMrammzGARtwq4EtQza2BnRaCAbwt3J3WRw9sHMXTEs+w02/oqNhSK2Vnb+jZNHodEDA4dz7uXOOX4ihSbH+bJmZufmFxYLS8XlldW19dLG5rWOU8WxwWMZq6YPGqWIsEGCJDYThRD6Em/829Ohf3OHSos4uqJBgu0QepEIBAcyUqe074VAfQ4yO889iQHteSCTPnQyj/Cesss895To9Wm/Uyo7FWcE+y9xJ6TMJqh3Sp9eN+ZpiBFxCVq3XCehdgaKBJeYF71UYwL8FnrYMjSCEHU7G0XK7V2jdO0gVuZFZI/UnxsZhFoPQt9MDgPoaW8o/ue1UgqO25mIkpQw4uNDQSptiu1hP3ZXKOQkB4YAV8L81eZ9UMDJtFg0JbjTkf+S64OKe1ipXlTLtZNJHQW2zXbYHnPZEauxM1ZnDcbZA3tiL+zVerSerTfrfTw6Y012ttgvWB/fslOewg==</latexit>

O (↵S)

Formulae for the Fourier transformation from momentum space to conjugate impact parameter space

19



Factorisation of IR Divergences 
Infrared factorisation in b-space

Infrared factorisation factors for both gluon and quark are as follows

<latexit sha1_base64="WfoSvrng2Nq6m1qgEhXsNOHrEpk="></latexit>

eCcb

✓
z;↵S, ✏ = 0,

n2b20
(2zpn)2b2

◆
= Ccb(z;↵S)

<latexit sha1_base64="PPSJsWqjS98GoAURVgCgvgibQ8k="></latexit>

, eGgb

✓
z;↵S, ✏ = 0,

n2b20
(2zpn)2b2

◆
= Ggb(z;↵S)

20

<latexit sha1_base64="HUdvBz6eXQkzZEHMHoIPJz+stVY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbSbp0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqB1Sj4BIbhhuB7VQhjQOBrWB4M/VbT6g0T+SDGaXoxzSSPOSMGivdP/aiXrniVt0ZyDLxclKBHPVe+avbT1gWozRMUK07npsaf0yV4UzgpNTNNKaUDWmEHUsljVH749mpE3JilT4JE2VLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ8Mofc5lmBiWbLwozQUxCpn+TPlfIjBhZQpni9lbCBlRRZmw6JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDCJ7hFd4c4bw4787HvLXg5DOH8AfO5w8ywo3B</latexit>

Zg
<latexit sha1_base64="AwFgM5ke3DuWoRFHyrKUNhkemco=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiPChswOA0yYnV1nek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6x3HM/ZAOlOgLRtFKdw/dx26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AQeqNyw==</latexit>

Zq



Collinear functions in the Time-Like Region [2]

Perturbative Results at NLO
Collinear functions in the Space-Like Region [1]

<latexit sha1_base64="fSpq3QoclA2CPq+yvmgNhKp6ayM=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRDYQAy7EtRGiKbQwiJCXpBdl9nJZDNk9sHMrJAs+QIbf8XGQhFbazv/xsmj0OiBC4dz7uXee9yIUSEN40tLLS2vrK6l1zMbm1vbO9ndvaYIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpuYPqxG/dEy5oGNTlMCK2j7yA9ihGUklONn/lJJ43vkss7sP6jVXUzcJYHxXgOaw6F1ZxpJtHo4KTzRklYwr4l5hzkgNz1Jzsp9UNceyTQGKGhOiYRiTtBHFJMSPjjBULEiE8QB7pKBognwg7mb4zhnmldGEv5KoCCafqz4kE+UIMfVd1+kj2xaI3Ef/zOrHsndkJDaJYkgDPFvViBmUIJ9nALuUESzZUBGFO1a0Q9xFHWKoEMyoEc/Hlv6R5XDJPSuXbcq5yOY8jDQ7AIdCBCU5BBVyDGmgADB7AE3gBr9qj9qy9ae+z1pQ2n9kHv6B9fAOXn5lD</latexit>

GTL (1)
gg (z) = CA z(1� z)

<latexit sha1_base64="VQRwrIa8k0+EXtk/9Ntzz1UitYo=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDSQANk1RG1MiBZaWKDhlbC4mR0GmDD7cGbWBDb7Bzb+io2Fxtja2vk3DrCFgie5yck59+bee2yfUSF1/VtLLCwuLa8kV1Nr6xubW+ntnbrwAo5JDXvM400bCcKoS2qSSkaaPifIsRlp2IOLsd94IFxQz63KoU/aDuq5tEsxkkqy0oeXVti7j+5Ckzuwem3ms0Yuyo5y8AwWqtatmR9ljcIoZ6UzelGfAM4TIyYZEKNipb/MjocDh7gSMyREy9B92Q4RlxQzEqXMQBAf4QHqkZaiLnKIaIeTfyJ4oJQO7HpclSvhRP09ESJHiKFjq04Hyb6Y9cbif14rkN3TdkhdP5DExdNF3YBB6cFxOLBDOcGSDRVBmFN1K8R9xBGWKsKUCsGYfXme1I+KxnGxdFPKlM/jOJJgD+yDLDDACSiDK1ABNYDBI3gGr+BNe9JetHftY9qa0OKZXfAH2ucPUFeZpg==</latexit>

GTL (1)
gq (z) = �TR z(1� z),

Our results are in full agreement with those in the literature.

[1] de Florian, Grazzini (0108273); Catani, Grazzini (1106.4652) 
[2] Luo et al. (1908.03831,1909.13820); Echevarria et al. (1604. 07869); Nadolsky et al. (9906280)
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Perturbative Results at NNLO: Space-Like Region
Azimuthally correlated collinear functions are obtained as follows

Our results are in full agreement with those in the literature [1].

[1] Luo, Yang, Zhu, Zhu (1909.13820); Gutierrez-Reyes, Leal-Gomez, Scimemi, Vladimirov (1907.03780)
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Perturbative Results at NNLO: Time-Like Region
Azimuthally correlated collinear functions are obtained as follows

Our results are in full agreement with those in the literature [1].

[1] Luo, Yang, Zhu, Zhu (1909.13820)
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Fixed order predictions can be plagued with large logarithmic corrections stemming from soft and collinear regions of the 
phase space.

For better prediction, one needs to resum these large logarithms systematically to all orders in the perturbation theory.

Large logarithmic contributions to an observable can be obtained from the singular elements associated with the QCD 
factorisation of scattering matrix elements in soft and collinear limits.

Summary

24

Singular terms associated with the QCD factorisation and the corresponding integrated functions are important elements 
for various algorithms which aim to compute fully differential cross sections for various observables.



I presented our method to compute both SL and TL collinear functions for QCD resummations using respective splitting 
kernels for the scattering matrix element.

Summary

To compute these functions, we defined a differential version at the intermediate level and integrated them using proper 
observable definition to obtain specific collinear functions for transverse momentum resummation.

For the azimuthally independent collinear functions, we have presented results up to NLO and for the azimuthally 
correlated case, we have results up to NNLO in perturbation theory.

In our computation, we have stressed on the point that SL collinear functions, in general, can be process dependent and this 
dependency comes from splitting kernels to collinear functions.

Instead of using a regulator to cure rapidity divergences those are present in the transverse momentum case, we use a time-
like auxiliary vector to avoid them at the matrix element level.
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I presented our method to compute both SL and TL collinear functions for QCD resummations using respective splitting 
kernels for the scattering matrix element.

Summary

To compute these functions, we defined a differential version at the intermediate level and integrated them using proper 
observable definition to obtain specific collinear functions for transverse momentum resummation.

For the azimuthally independent collinear functions, we have presented results up to NLO and for the azimuthally 
correlated case, we have results up to NNLO in perturbation theory.

In our computation, we have stressed on the point that SL collinear functions, in general, can be process dependent and this 
dependency comes from splitting kernels to collinear functions.

Instead of using a regulator to cure rapidity divergences those are present in the transverse momentum case, we use a time-
like auxiliary vector to avoid them at the matrix element level.

Thank You !


