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Hard scattering beyond the leading power
“Higher-twist”
A
F(Q, A; ay) = folas) + Qf‘ (as) 4.

0> A X=+/A/O

Double expansion in o, and powers.
Mathematically, one constructs an asymptotic / resurgent expansion of an observable in powers
and logarithms of the ratio of A/Q.

“Perturbative resummation problem”

F(Q,Es, \; ) = | fo(ay, In E) + %fl (a5, In %) + .. :| + O (é)

0 0
0> E; > A, A= +E/Q

Compared to “old” higher twist: Soft physics does not cancel, No local OPE.
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Effective Field Theory

Scattering amplitudes, phase-space integrals have infrared singularities, when small scales are set to
zero, which obstruct the Taylor expansion in 1/Q

Effective field theory turns the analysis of IR singularities of diagrams into an ultraviolet

renormalization calculations of EFT operators. Resummation becomes a RGE problem.
Essential change of point of view for the analysis of power corrections.
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Effective Field Theory

Scattering amplitudes, phase-space integrals have infrared singularities, when small scales are set to
zero, which obstruct the Taylor expansion in 1/Q

Effective field theory turns the analysis of IR singularities of diagrams into an ultraviolet
renormalization calculations of EFT operators. Resummation becomes a RGE problem.
Essential change of point of view for the analysis of power corrections.

Every object (fields, derivatives, momenta, ...) in the EFT should have a unique scaling with A.

collinear mode momentum

- 2
2 2 212 Light-like reference vectorsn,n°. = O,ny -n_ =2
Pe~ O(1, A, A7), pz ~ 07X i + 1t '*'ni
no_ - w
. Pt = (ngp)— +p4 + (n—p)—
soft mode momentum 2 2

ps ~ OO, N, 0%, pt ~ 02X = )

Need separate fields for collinear and soft modes

QCD[A7 1/)] — SCET[ACi ’ AX7 gﬂi El qs]

Several collinear directions n;+ — several copies of collinear fields.
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SCET at leading power

£©

i=1

N
SCET — Z LE‘?) + Loft

#+

_ 1
Ego) (x) = éc (in_Dc -+ gxn_As(x_) + imj_ci i¢J_L~> — &+ ‘CE?%M

inyDc 2

1

iD, = i0 + gsAc, o= Erur cxnt

e Non-local along light-cone sn‘fr, since nype ~ Q.

e Introduce collinear-gauge invariant “jet” fields
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SCET at leading power
N
Eg%)ET = Z £ + Loon
i=1

_ 1
O = & (in_Dc g Ag(x) i —— uph> A PYON
inyDc 2 ’
iD. = i0 + gA., i = %u cxnt
e Non-local along light-cone sni, since nype ~ Q.

e Introduce collinear-gauge invariant “jet” fields
x=wle, A" =wiiD" W]

e In soft-collinear interactions, soft fields are multipole-expanded around x* in collinear
interactions. [BCDF, 2002]

e Only n_Ajy appears, with eikonal vertex igsn’i .

e Introduce the soft-decoupling transformation [BPS, 2001]
E) = Yl (x)E()  A(X) = Y (x)AP(MY]_ (x-)

LP soft physics <> Matrix element of light-like Wilson line correlators
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SCET Lagrangian beyond LP

Lagrangian describes collinear splittings and interactions of (separate) collinear and soft fields

N
Lscer = Y Lo + Loon

i=1

Lo=L0 420 +2 4.

Soft-collinear interactions

L) = & [gxanx (x) + ' n” We goF),, (x )W/ S o)
N——

LP, eikonal NLP
LEX(x) = gle) Wlil) 1o € +hee. + O(N)
—_——
starts at NLP

e No purely collinear subleading interactions. At least one soft field in every vertex.

e Execpt for LP eikonal n_A; only covariant field-strength interactions.

e NLP needs O(\?), ie. Lgl) and LZ((.z).
Lagrangian known to all orders (tree-level exact).
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NLP hard process

Hard processes are represented by N-jet light-ray operators of the collinear “jet” fields

o The standard soft anomalous dimension is the
anomalous dimension of the leading power
N-jet operator

Xet (tim ) Al o (nay) o xev (tvnn+)

e Subleading power: transverse derivatives and
more jet fields in the same collinear direction.
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NLP hard process
Hard processes are represented by N-jet light-ray operators of the collinear “jet” fields

o The standard soft anomalous dimension is the
anomalous dimension of the leading power
N-jet operator

Xet (i) AY] o (2m24) . Xen (tvnn+)

e Subleading power: transverse derivatives and
more jet fields in the same collinear direction.

e Automatic factorization into single scale objects, which have gauge-invariant operator
definitions: hard, jet/collinear and soft functions

c~HRJQ...QJ,®S

Hard matching Jet functions - matrix Soft function - matrix
coefficient elements of collinear element of soft fields

fields

M. Beneke (TU Miinchen), NLP hard scattering Firenze, 07 September 2023



Drell-Yan process, partonic threshold
pp =y Q) +X  fori— Q% g7 — v (Q) + Xeott

S 62

w>
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Drell-Yan process, partonic threshold
pp—=¥(Q)+X  fors— 0% g5 — v (Q) + Xeo

S 82

w>

(015 ~7%(0)|gg) = / dt di €Y (1,7) (0] (in-)1a) 7, (Olxc(in) )
x (%I T ([L Oy ]) 10)

Exponentiated LP eikonal

0
Y4 (x) = Pexp {igs/ dsnzAs (x + sn:,:)}

[Korchemsky, Marchesini, 1993]
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NLP with SCET

Field redefinition

£(2) > Y1) V@) ARR) = Vi )A* (@Y (o)

et o)

soft

oy = g [gnfuxf) o WegF, (r )W)

LP, eikonal NLP, O ()

O 0 +ix| [in_0B} (x_)] } '% X+ o)
—~ N———

LP decoupling NLP, O(X)

Re(in-) 7% xe(m) = 3 =) 2 x () x [0y, (0)]

e Gauge-invariant soft fields

B =vyLiDtys], ¢* =Yg

e No soft-collinear decoupling at subleading power
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General form of the radiative (DY) amplitude

e Collinear functions appear from NLP
and “dress” the soft emissions
[Del Duca, 1991; Bonocore et al. 2015]

e Gauge-invariant definition through
matching of gauge-invariant operators
[MB, Broggio, Garny, Jaskiewicz, Szafron, Vernazza,
‘Wang, 2018]

" [T [y x {£0@)}]
=2 3 [ du [} (1) e (- )

s({z}) € {BL(Zl—),BL(Zl—)BL(Zz—)74+u(21—)ZI+A(Zz—)7-~~}
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Simplifications at next-to-leading power

e Only one collinear line to hard vertex, no soft from vertex
< universal hard vertex (no collinear radiation into final state!)
e Jet function only at one leg at a time

e But also two soft gluon and soft quark-antiquark emission

wir ([ @]) ) = 320 @ T ([YL 0+ O] stwo) 0

NLP factorization formula (leading-log accurate)

6P (2) = HP(0%) 0J(w) ®w $2¢(Q(1 — 2);w) + he.
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Generalized soft function

lv

asCp 1 7 1
= —0(Q)(w) | ——+In — | + [7] 0(w)0(Q2 — w)
2w € s w4

Two-loop available 1912.01585 and 2107.07353 (Broggio, Jaskiewicz, Vernazza)

$re (2, w) = FT 0. NL Tr (0|T [Yi(xo))’_ (x)] T { (0)Y+(0) o1 B+ (W)] )|0)

O
s+ (/.,)

in_d VL

Renormalization group equation involves mixing with

&’ 0qp 21 T [yt (0 0 +
S () = / e o TOT [ — )] T [rE v )] o)

I
4 Sie (@) a 4Cp In - —Cré(w) S2e (2, w)
dlnp \ Sx () ™ 0 4crin 2 S0 (£2)

ps

— leading log resummation
not understood beyond leading log
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Subtleties

e Glauber modes violate LP factorization
[Rothstein, Stewart, 2016]
G~ M?

ges modes with different
qdes with equal virtuality MX
qgitudinal

MM MA  MA°
[Chiu et al
[Figure T. Cohen, 1903.03622]

e Violation of KSZ theore’

gnormalization of sub-leading
power light-ray operators due <

, Szafron, Wang, 2019]

. 1
11m 0 5
p2—0 8]7‘1 €2

P~

e Endpoint-divergent convolutions in H ® J ® S when € — 0 Do

Q 1 1+e 1
/ dw (nppw)™ ¢ — —m
0 —_—— v (Q-w)e

collinear function
soft function
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Collinear and soft gauge symmetries of SCET

Separate soft gauge symmetry and collinear gauge symmetry for every collinear / jet direction
Transformation of the soft fields

collinear: A; — Ay, bs — b,

soft: A= UAUT + U [0,Uf] 60— U
8

Transformation of the collinear fields

collinear: A, — UAUT + LU, [D,,.(x,) Ul ] . be = Ucde
g

soft: Ae = Us(x2)AUT (x2), G — Ug(x—) e

with a \-homogeneous soft-background field covariant derivative

Ntp
2
e n_As(x_) (and only this) appears as a background gauge field, which lives on the
light-cone / classical trajectory of the collinear particle.

Dy = 0 — ign_As(x_)
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Background field interpretation

1 ~ T ~ 1
Lscer = = ["+Dc¢c] n_Dec + =

B > [”7D¢A’] ! n+Dc<270 + [DCHL Qgc] ! DI+ d;c

1
—+ Eni gx‘j_ F.?;w"-kja + ... (scalar “matter”)

> ~
S =i DepXe,  Dep = Do) — ighep

n_Ag(x_) (and only this) appears as a background gauge field, which lives on the light-cone /
classical trajectory of the collinear particle. Soft fields appear only in n_D(x_) and the covariant

field-strength tensor.

n
Dyy = 0y —ign_Ag(x_) %
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Background field interpretation

[”+DCQA56] ! ”*Déc + l

3 [I’lfDdA)] ! Vl+Dc<270 + [Dcul Qgc] ! Déu‘ d;c

1
C = -
SCET = 35

1
—+ Eni gx‘j_ F.?;w"-kja + ... (scalar “matter”)

a atall o .2
Jpu =Xt DepXe s Dep = Dy (x—) — igAcp
n_Ag(x_) (and only this) appears as a background gauge field, which lives on the light-cone /
classical trajectory of the collinear particle. Soft fields appear only in n_D(x_) and the covariant
field-strength tensor.
. n
Dyy = 0y —ign_Ag(x_) Te

2
" 4 (k)pt* ke, (k)JH i :
Ard = — 1 u(p; - —a A ) )
w =gt (,;,)( pi k pi -k : :
i=1 5 gt 7 ot
soft cov. derivative multipole exp [ o
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Space-time picture

o o~
\ + sng

Classical

. .
”i e trajectory
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Why gravity?

» Internal vs. space-time symmetry but intriguing relations between scattering
amplitudes.

— “double copy”, Gravity ~ [Gauge]2
» Collinear divergences very different at LP, soft similiar

Soft theorem structure H
Colour-kinematics dual structure g#! — — 5 py.but ...

k,, a (k)Jr
A —th ) ( N(k) 6;,-(2]' > p

i=1

eu ()ptpY ke (k ”J“p 1 €0 (K)kpko JPHITY
Arad:EZE(Pi)(lu()p'p' + ﬁl'/()p +ip,u()po-, i )
24 pi-k pi-k 2 pi-k

soft (eikonal): Bloch, Nordsieck 1930s / Weinberg 1965
(next-to-)next-to-soft: Low 1958; Burnett, Kroll, 1968 / Cachazo, Strominger 2014
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Leading collinear & soft interactions

e No IR divergence in collinear graviton emission due to spin-2 [Weinberg 1965; Akhoury,
Saotome, Sterman 2011; MB, Kirilin 2012]

£® fg(m Dt Pt zmc) a3
léh) i+

£ = ¢ (in_aJr i —
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Leading collinear & soft interactions

e No IR divergence in collinear graviton emission due to spin-2 [Weinberg 1965; Akhoury,
Saotome, Sterman 2011; MB, Kirilin 2012]

‘C(O) = § (m D, + lQLc. llplc) ¢+

9 = f(in—aJri@J_ liﬁ) 2 '\% R
9
Add soft:

¢+

_ 1
£O =g (m,Dc+g,1zAW(x,) +ilp o —— zzznc) =
ingDe 2

N]S
NIz,
.
el

£ =¢ (in_afgn’in'isw,(x )y d+ t;?h_ 1;%_)

e Leading (eikonal) soft coupling very similar,
PR L=
8 22 +¢ = B Pc

Beyond leading power? Soft-collinear gravity
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Collinear gravitons

1
hyy ~ X X puPv [while Acy ~ pul
hyt ~ 1/Xand h  ~ 1 must be controlled to all orders by an analogue of the Wilson line.
e Wilson lines are elements of the gauge group.

Construct a local translation W~ T= T, [ such that the gauge-transformed field b,
satisfies collinear light-cone gauge b4, = 0

Nuv + h,ul/ (x) = Wca,u Wcﬁu [W;l (naﬁ + haﬁ(x))}
e by and xo = [WC_] 4,0] are the collinear gauge-invariant fields

e Note similarity at linear level

9 19 d, 19
L= hu By — =—2h - (hyy ———n ) O(Muw
bu n n+6( w0 ++) n+a("+ TP + O(AMu)

3]
'AUN = WI [iDCMWC] =Acu — iACvL + O(gAvu)
n4 0
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Soft metric background field and emergent gauge symmetry
o Define generalization of Riemann normal coordinates: fixed-line normal coordinates by
(x—x—)%(x— x,)BF“aﬁ(x) =0

Does not fix the gauge completely. Residual gauge invariance on the light cone
including first derivative of s,,,,.

e Construct the corresponding coordinate transformation (translation by GQ‘LNC [s PU(X)})
—1
and then Ry o (¥) = Ty o (x) and

B (1) = ROUOR, () [Rithe 80p ()] = Bl + o (®)

background metric

® gsuv(x) is covariant and expressed in terms of the Riemann tensor at x_ after multipole
expansion

gopr (¥) = 257 (7%&1, )+ ) + o)
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Soft background and emergent gauge symmetry in gravity

Soft background vierbein (— metric)
5 _ n—p Np B
0, (0) = (91, + Snt + T (0 (1) + (r = x0)P[2-1() ) )

e Two independent gauge symmetries and gauge fields, “vierbein” e_“(x—) and “spin
connection” [2—], 5 (x—) on the light-cone, corresponding to local translations and local
Lorentz transformations

1 1
e_“ =6% + Es‘i — gs_ﬁsﬁo‘ +0(s)

1
0 Tag = —3 ([9as3-] ~ [935a-]) + O
e Covariant derivative

n_Dy=E" 9, =0 — gs,uaﬂ + g (-], 7" + O(s)

where J* = (x — x_)*9” — (x — x_)" 9" = (x — x_)[#8"] denotes the angular
momentum (Lorentz generator) operator.

e Same structure as in gauge theory [review: 2210.09336]
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Soft-collinear gravity and soft theorem

1 R R 1 R . 1. ~ ~
»CSCETgr = 58+§90D7¥7(7 + EaaL S@caaL‘Pc _Ehuya,u(ﬁcaus@c
—_—
£

1 ; 1
— IR o OaWI G

£(2)
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Soft-collinear gravity and soft theorem

1 . . 1 . R 1. . o
»CSCETgr = 58+§90D7¥7c + EaaL S@caaLSDC _Ehuyau%ocau(ﬁc
—_————

£
—gwﬂR; b (W B+

£(2)

K L 1 e (K)kpkoJPHITV
At = 5 1) ( e > A

soft cov. derivative multipole exp

e Universal terms = Lagrangian insertions on external legs ONLY

No emission from hard vertex up to (including) O()\Z) = next-to-soft in gauge theory and
O(M\*) = next-to-next-to-soft in gravity

e Consequence of soft gauge invariance, no calculation needed
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Soft theorem from the SCET Lagrangian

Goal — Operatorial form of the soft theorem by manipulating the Lagrangian, assu-
ming that it is evaluated at tree level in a matrix element with one soft graviton and
one energetic particle per direction.

Araa ~ (piskl S €A (pipy) / 7@ Xk, £77 ())[0)

n,m=0

with n + m < 4 for next-to-next-to-soft (gravity).
Sum over all directionsi = 1...N.

e Wlog choose a frame where external p; is aligned with reference vector n_;,i.e. p;; = 0.

e Lorentz-invariance / reparameterization invariance relates C “An) 1o ¢4 for all n

—  Apon—rad factors
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Organizing the Lagrangian
e Many terms already have a suggestive form due to the multipole expansion
JHY =xH19, — xVOH + BHY = LI 4 THY

e Matter field is scalar © _ ki
Ly = ZXE s _npOnyoxe

1 Ko,
nglk) = E[dus,,,] TLi'anrBXC

2 K
Lé]k) = 5 — [0, v,,,]XJr LYY nydxe

.
@ _ ! T vB
Ly = 4 ;Lau/j X L +L +LXC
1
3
) = 4R;L04VBX<(LMOL e +L+L 4 ) xe
“) 1 < —ug
Ly’ = ZR;LC(I/ﬁ XjLiDi LY xe

For gauge theory, also considered spin-1/2 and spin-1 matter, and recover the spin term
analogously [SCET gravity for fermions, 2212.02525]

Lagrangian derivation of the soft theorem provides explanation of angular momentum in
terms of gauge symmetry and multipole expansion.
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Back-up
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All—OI‘der COIlStI’uctiOIl Of SCET [MB, Feldmann, 2002]
Step 1: Field split and soft background gauge symmetry

Au - Az‘u +A\'u ’

¢ = ¢e + WZTQZ)X )

collinear: A, — UcAUT + LU, [DS LUt ] . e — Ucte,
8

Ay — Ay s ¢s — ¢A‘ )
soft: Ae — UA.UT, ¢c — Usopc s
Ay — UAU 1+ L, [a,UJ] b5 — Usths
8

o Ay = Acu + Agy and ¢ transform in the usual way under both gauge symmetries.
e Background field Ay for collinear trafo

e Collinear trafo of A. mixes different orders in \, because

/ d*x ge(x) s (x) is not homogeneous.
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Step 2: Multipole expansion

Recall interactions of light with atoms

(AL (X) - Plm) ~ (n|e®XPlm) ~ (n|(1 + k- X +...)P|m)
On fields

/ &t ()P ()A () ~ / gt (i (o) [(,0) + (@A, 0) + . ]

Subleading term gives iz Ev.
For any soft field in a product with collinear expand in n_x, x| ,

¥s(x) = s (x=) + T O] (x-)
+ % [n—xny O] (x=) + % [x‘ix’(j_aaaﬁws] (x=) + O(N3qy),

i.e. around the light-cone x* = %rur - xn* of the collinear field .

e Soft fields must always be evaluated at x_ in products with collinear.

e Must adapt the gauge symmetry to this expansion.
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Step 3: Homogeneous gauge symmetry and collinear field redefinition
Redefine collinear fields such that

collinear: A, — UcflcU;L + LUC [D,g(x_) , UJ] , dA)c — Ucdsc
8

soft: Ae — Us(x)AUT (x), b — Us(x_) e

with homogeneous soft-background field covariant derivative

n
Dy = 8y — ign_As(x_) %

Pull back gauge trafo from x to x_ by redefining collinear fields with

R(x) = Pexp (lg/ dy#Afl' (y)) (C a straight path from x_ to x.)
c

Then
N “ i
e = RW, ¢, AC:R(WJAEWCJrfWCT [DS()C_),WC})RT
—— 8
Xe
e Background gauge field is now only n_Ag(x_) and lives on the light cone. This is the
emergent soft gauge symmetry of the effective Lagrangian.
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Step 4: Collinear gauge-invariant and soft gauge-covariant fields

Collinear fields Soft fields
R + o n_Ags(x_) only in the background covari-
AcLy = W] [iDey yWe] ant derivative in_ Dg(x_)
)A(c = WcT qgc

As(x) = RTA,(x)R + LRT D, ,R]
0 . 8
We(x) = Pexp <ig /_ dsnyAc(x + sny ))

satisfying fixed-line gauge

Collinear gauge-invariant

Soft covariant

Covariant version of collinear light-cone gau- .
ge, ny Ac = 0. Controls the O(1) field. Leaves n_Ag(x_) uncontrained.

(x—x_) - As(x) =0

Gauge fields in fixed-line gauge can be expressed in terms of the field-strength and multipole-
expanded, e.g.

n_ As(x)

1
/0 ds (x — x_ )*n” RY (3(5)) Fypn ((5) )R(¥(s))

1 1
= A P () o St Fop () 4 Sl pn D0 Fou] (60) + OON)
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Minimally coupled scalar + Einstein Hilbert theory

2 1
S = ——2/d4x «/—gR—o—/d“x\/—g Eg“"awpauap
K

Diffeomorphisms as local translations x* — y*(x) = x* + e (x).
Implement as active transformation

P(x) = ¢’ (x) = U)p(x) = T ' p(x)

T =50 + £ (W0l () + 2% (W (99 057() + O()
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Minimally coupled scalar + Einstein Hilbert theory

2 1
S = —E/d“x «/—gR—o—/d“x\/—g Eg“"(?moauap

Diffeomorphisms as local translations x* — y*(x) = x* + e (x).
Implement as active transformation

P(x) = ¢’ (x) = U)p(x) = T ' p(x)
T =50 + £ (W0l () + 2% (W (99 057() + O()

Weak-field expansion around Minkowski space
Similar to (abelian) gauge symmetry at linear level, but inherently non-linear.

Zuv (X) = M + whuw (%), hpw = by — Buey — duey + O(E2)

s = i wSO [h)
= »

k=0

M. Beneke (TU Miinchen), NLP hard scattering Firenze, 07 September 2023

29



Loop corrections to the gravitational soft theorem (2210093361

e Follow from A-power counting of SCET gravity and flat-space Lorentz invariance
[— scaleless integrals]

The leading soft factor is never modified by loops, the subleading factor is only corrected
by one-loop, and the sub-subleading factor is only modified by one- and two-loop contri-
butions. Higher loop-corrections cannot affect the terms of the gravitational soft theorem.

[Diagrammatically: Bern, Davies, Nohle, 1405.1015]

i) In the purely-collinear sector, that is in the Lagrangian terms containing only collinear but no soft fields, there are no
leading power interactions. The A expansion corresponds to the weak-field expansion, and the first collinear interaction
appears in O ().

A collinear loop can only be connected by purely-collinear vertices, which are power-suppressed in gravity. Thus,
. . . . 2
adding a collinear loop always brings suppression of at least O (A”).

i) In the purely-soft sector, that is in the Lagrangian terms containing only soft but no collinear fields, there are also no
leading power interactions. Here, the weak-field expansion agrees with the 22 expansion, corresponding to an
expansion in soft momenta k ~ A2, Purely-soft interaction vertices thus start at O()\Z).

A soft loop is scaleless, unless it is directly connected to the external soft graviton by a purely-soft interaction vertex,
due to the multipole expansion in soft-collinear vertices. Since purely-soft interactions are power-suppressed in gravity

by a factor of >\2, adding a soft loop yields a suppression of at least O(AZ),
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