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Introduction

● The goal of hadron collider physics program (Tevatron, LHC) is to discover and study 

physics beyond the Standard Model in the  mass range 100 GeV - few TeV 

● To produce that heavy final states, we require rare short-distance processes where both 

protons disintegrate and all momenta transfers are large. These processes can be 

understood using factorization and asymptotic freedom.

● A major role in  such an understanding  is played by parton-parton scattering that is 

described by  perturbative QCD.

                                           

In particle  physics, we deduce information about the SM Lagrangian by comparing  properties of hadrons, 
produced in collider processes,  with theoretical predictions  obtained  using quark and gluon degrees of 
freedom. This mismatch leads to differences between partonic and hadronic cross sections.
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There is no theory of power corrections and even  the exponent              cannot be predicted from first 
principles for a given process or observable. 

p > 0
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Numerically, such corrections cannot be large but linear           power corrections may still be relevant for 
``standard-candle’’ processes  and  for studies  of high-precision observables (strong coupling constant, 
mass of the top quarks and of EW bosons etc.). 
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We will study  linear power corrections within the renormalon model where perturbatively-induced Landau 
singularity in the running QCD coupling constant is the only source of non-perturbative effects. 

Within this model, linear power correction to a process X can be easily computed provided that the linear term in 
the expansion of the NLO QCD corrections to the cross section of this  process in the  small gluon mass is known. 

This set up has been extensively used  for processes which do not contain gluons at leading order, i.e. non-
abelian vertices are not allowed through NLO QCD.  I will discuss an example (top quark pair production in quark 
collisions ) where this requirement can be lifted although processes with on-shell gluons at tree level are still 
beyond reach. 

Linear gluon-mass corrections are special because they are none-analytic.   They only arise from the emission of 
real and virtual gluons with energies comparable to their masses.  But if  the masses are small, the gluons are soft.  
Hence,  to find a systematic way to compute linear corrections, we need to understand soft-gluon emissions. 
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Our goal is to understand how linear dependences of partonic NLO QCD cross sections and observables  on the 
tiny gluon mass     arise.  

Calculation of NLO QCD cross sections requires well-defined ingredients such as real and virtual matrix 
elements, phase space parametrization and an infra-red safe observable;  all these quantities depend 
on the gluon mass and we need to understand their  (soft) expansions through next-to-leading power. 

<latexit sha1_base64="Z4lrplePxedGQmI5iN1tlpsRIIs="></latexit>

d�NLO = d�LO + ↵s ��(�)
<latexit sha1_base64="FEdxE5m0d1yBZOpab3cNVR4t4Ks="></latexit>

��(�) ⇡ ��(0) + ���0 +O(�2).

The leading term is independent of the gluon mass; the linear term is the first correction. To compute it,  
we need to understand  next-to-leading terms in the soft expansion.  
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I will focus on the single top production first and then discuss some other examples. 
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It follows from Burnett-Kroll-Low theorem that next-to-leading soft corrections to the real-emission contribution  
can be computed in a process-independent manner.  The BKL theorem exposes the dependence of the 
amplitude on the soft-gluon momentum (up to “hidden” dependencies in the leading term caused by momentum 
non-conservation).
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Figure 1: Leading order and the relevant real emission contributions to a single top

production process. The blob on the “heavy” line represents the function N. We emphasise

that there is no colour transfer from the light quark line to the heavy quark line, see text

for details.

It is also explained in ref. [8] that one can only obtain O(�) contributions to the cross

section of the process eq. (2.2) if the gluon g(k) is soft. However, since the leading term in

the soft expansion corresponds to O(�0), the first sub-leading term in the soft expansion is

required. Such term can be obtained in a process-independent way using the LBK theorem

[11, 12], as we now explain.

We write the amplitude extracting the strong coupling constant, the colour factor and

the gluon polarisation vector. It reads

Areal = gsT
a
ij✏µM

µ
, (2.3)

where a, i, j are the gluon, top-quark and b-quark colour indices and ✏ is the gluon polari-

sation vector. The reduced amplitude M
µ reads

M
µ = ū(qt)�

µ /
q
t
+ /k +mt

dt
N(qt + k, pb, qd, ...)u(pb)

+ ū(qt)N(qt, pb � k, qd, ...)
/pb

� /k

db
�
µ
u(pb) +M

µ
reg(qt, pb, qd, ..|k),

(2.4)

where dt = (qt + k)2 � m
2
t = 2qtk + �

2 and db = (pb � k)2 = �2pbk + �
2. The three

terms on the right-hand side of eq. (2.4) describe contributions where a gluon is emitted
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o↵ an external top-quark line, an external b-quark line and, finally, o↵ any internal part

of the “heavy” line of the process, respectively. They are illustrated in Fig. 1. In the soft

k ⇠ � ! 0 limit, the first two terms in eq. (2.4) scale as 1/� whereas the third term scales

as �0. Hence, to compute the amplitude through sub-leading terms in the soft expansion,

M
µ
reg(qt, pb, qd, ..|k) is required.

The matrix function N, which can be understood as a Green’s function of a Born-like

process eq. (2.1) with amputated t and b lines, can be used to write the amplitude for the

elastic no-emission process u(pu) + b(pb) ! d(pd) + t(pt) +X(pX)

A0 = �ij ū(pt)N(pt, pb, pd, ..)u(pb). (2.5)

We note that we always assume that the energy-momentum conservation condition has

been used to express the function N in eqs. (2.4, 2.5) through a unique set of momenta.

In general, diagrams where gluons are only emitted from the external t and b legs

are not gauge invariant on their own; this fact can be used to determine the amplitude

M
µ
reg(qt, pb, qd, ..|k) [11, 12]. To this end, we compute the scalar product of Mµ with kµ

and demand that the result vanishes, as required by current conservation. We then find

0 = ūtN(qt + k, pb, qd, ...)ub � ūtN(qt, pb � k, qd, ...)ub + kµM
µ
reg(qt, pb, qd, . . . |k), (2.6)

where, for ease of notation, we do not display the arguments of the external spinors, i.e.

ūt(qt) ) ūt and ub(pb) ) ub. We will employ this notation through the end of this section.

We solve eq. (2.6) to zeroth order in the gluon momentum k by expanding the function

N and the function M
µ
reg in Taylor series in k. Neglecting terms of order k2, we find

0 = k
µ
ūt


@N(qt, pb, qd, ...)

@q
µ
t

+
@N(qt, pb, qd, ...)

@p
µ
b

�
ub + kµM

µ
ext

(qt, pb, qd, . . . |k = 0). (2.7)

This equation should hold for any k; therefore

M
µ
ext

(qt, pb, qd, ...|k = 0) = �ūt


@N(qt, pb, qd, ...)

@qtµ
+

@N(qt, pb, qd, ...)

@pbµ

�
ub. (2.8)

To proceed further, we simplify the expressions for diagrams where the gluon is emitted

o↵ the external lines. We write

ūt�
µ /
q
t
+ /k +mt

dt
= ūt

2qµt + k
µ + �

µ⌫
k⌫

dt
= ūt [J

µ
t + Sµ

t ] , (2.9)

where �
µ⌫ = 1

2
[�µ, �⌫ ] and we introduced spin-independent and spin-dependent currents

J
µ
t =

2qt + k
µ

dt
, Sµ

t =
�
µ⌫
k⌫

dt
, (2.10)

which describe the gluon emission o↵ the top quark. Similarly,

/pb
� /k

db
�
µ
ub =

2pµb � k
µ + �

µ⌫
k⌫

db
ub =

⇥
J
µ
b + Sµ

b

⇤
ub, (2.11)
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where

J
µ
b =

2pµb � k
µ

db
, Sµ

b =
�
µ⌫
k⌫

db
. (2.12)

We can use these results to write the amplitude for a single gluon emission through

the first sub-leading terms in the soft expansion. We find

M
µ = J

µ
t ūtN(qt + k, pb, qd, ..)ub + J

µ
b ūtN(qt, pb � k, qd, ..)ub

+ ūt
⇥
Sµ
t N(qt, pb, qd, ..) +N(qt, pb, qd, ..)S

µ
b

⇤
ub

� ūt


@N(qt, pb, qd, ...)

@qtµ
+

@N(qt, pb, qd, ...)

@pbµ

�
ub.

(2.13)

We can further simplify this expression by expanding the first two terms to first sub-

leading order in k and combining them with the last two terms in the above formula. We

find

M
µ = J

µ
ūtN(qt, pb, qd, ..)ub + ūt(L

µN(qt, pb, qd, ..))ub

+ ūt
⇥
Sµ
t N(qt, pb, qd, ..) +N(qt, pb, qd, ..)S

µ
b

⇤
ub.

(2.14)

In writing eq. (2.14) we introduced the notation

J
µ = J

µ
t + J

µ
b , L

µ = L
µ
t � L

µ
b , (2.15)

with

L
µ
t = J

µ
t k

⌫ @

@q⌫t
�

@

@q
µ
t

(2.16)

and

L
µ
b = J

µ
b k

⌫ @

@p⌫b

+
@

@p
µ
b

. (2.17)

Eq. (2.14) gives the desired result as it expresses the amplitude that describes the

emission of a single soft gluon through an elastic amplitude and its derivatives. Further

simplifications occur if we square the amplitude and sum over the polarisations of the

external particles. To see this, we write the conjugate amplitude

M
µ,+ = J

µ
ūbN̄ut + ūb(L

µN̄)ut � ūb

⇥
N̄Sµ

t + Sµ
b N̄

⇤
ut, (2.18)

(where for ease of notation we have dropped the arguments of N), and use it to compute

the squared amplitude summed over polarisations of the external particles through the first

sub-leading term in the soft expansion. We obtain

|M|
2 = �gµ⌫M

µ
M

⌫,+ = �J
µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.19)

+ JµTr
⇣
[Sµ

t , /qt
]N/pb

N̄
⌘
+ JµTr

⇣
(/qt +mt)N[/pb,S

µ
b ]N̄

⌘
,

where

FLO(qt, pb, qd, ...) = Tr
h
(/qt +mt)N/pb

N̄
i
. (2.20)
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t ūtN(qt + k, pb, qd, ..)ub + J

µ
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µN(qt, pb, qd, ..))ub

+ ūt
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o↵ an external top-quark line, an external b-quark line and, finally, o↵ any internal part

of the “heavy” line of the process, respectively. They are illustrated in Fig. 1. In the soft

k ⇠ � ! 0 limit, the first two terms in eq. (2.4) scale as 1/� whereas the third term scales

as �0. Hence, to compute the amplitude through sub-leading terms in the soft expansion,

M
µ
reg(qt, pb, qd, ..|k) is required.

The matrix function N, which can be understood as a Green’s function of a Born-like

process eq. (2.1) with amputated t and b lines, can be used to write the amplitude for the

elastic no-emission process u(pu) + b(pb) ! d(pd) + t(pt) +X(pX)

A0 = �ij ū(pt)N(pt, pb, pd, ..)u(pb). (2.5)

We note that we always assume that the energy-momentum conservation condition has

been used to express the function N in eqs. (2.4, 2.5) through a unique set of momenta.

In general, diagrams where gluons are only emitted from the external t and b legs

are not gauge invariant on their own; this fact can be used to determine the amplitude

M
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reg(qt, pb, qd, ..|k) [11, 12]. To this end, we compute the scalar product of Mµ with kµ

and demand that the result vanishes, as required by current conservation. We then find

0 = ūtN(qt + k, pb, qd, ...)ub � ūtN(qt, pb � k, qd, ...)ub + kµM
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where, for ease of notation, we do not display the arguments of the external spinors, i.e.

ūt(qt) ) ūt and ub(pb) ) ub. We will employ this notation through the end of this section.

We solve eq. (2.6) to zeroth order in the gluon momentum k by expanding the function
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reg in Taylor series in k. Neglecting terms of order k2, we find
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To proceed further, we simplify the expressions for diagrams where the gluon is emitted

o↵ the external lines. We write

ūt�
µ /
q
t
+ /k +mt
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= ūt

2qµt + k
µ + �
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dt
= ūt [J

µ
t + Sµ

t ] , (2.9)

where �
µ⌫ = 1

2
[�µ, �⌫ ] and we introduced spin-independent and spin-dependent currents

J
µ
t =

2qt + k
µ

dt
, Sµ

t =
�
µ⌫
k⌫

dt
, (2.10)

which describe the gluon emission o↵ the top quark. Similarly,

/pb
� /k

db
�
µ
ub =

2pµb � k
µ + �

µ⌫
k⌫

db
ub =

⇥
J
µ
b + Sµ

b

⇤
ub, (2.11)
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where

J
µ
b =

2pµb � k
µ

db
, Sµ

b =
�
µ⌫
k⌫

db
. (2.12)

We can use these results to write the amplitude for a single gluon emission through

the first sub-leading terms in the soft expansion. We find

M
µ = J

µ
t ūtN(qt + k, pb, qd, ..)ub + J

µ
b ūtN(qt, pb � k, qd, ..)ub

+ ūt
⇥
Sµ
t N(qt, pb, qd, ..) +N(qt, pb, qd, ..)S

µ
b

⇤
ub

� ūt


@N(qt, pb, qd, ...)

@qtµ
+

@N(qt, pb, qd, ...)

@pbµ

�
ub.

(2.13)

We can further simplify this expression by expanding the first two terms to first sub-

leading order in k and combining them with the last two terms in the above formula. We

find

M
µ = J

µ
ūtN(qt, pb, qd, ..)ub + ūt(L

µN(qt, pb, qd, ..))ub

+ ūt
⇥
Sµ
t N(qt, pb, qd, ..) +N(qt, pb, qd, ..)S

µ
b

⇤
ub.

(2.14)

In writing eq. (2.14) we introduced the notation

J
µ = J

µ
t + J

µ
b , L

µ = L
µ
t � L

µ
b , (2.15)

with

L
µ
t = J

µ
t k

⌫ @

@q⌫t
�

@

@q
µ
t

(2.16)

and

L
µ
b = J

µ
b k

⌫ @

@p⌫b

+
@

@p
µ
b

. (2.17)

Eq. (2.14) gives the desired result as it expresses the amplitude that describes the

emission of a single soft gluon through an elastic amplitude and its derivatives. Further

simplifications occur if we square the amplitude and sum over the polarisations of the

external particles. To see this, we write the conjugate amplitude

M
µ,+ = J

µ
ūbN̄ut + ūb(L

µN̄)ut � ūb

⇥
N̄Sµ

t + Sµ
b N̄

⇤
ut, (2.18)

(where for ease of notation we have dropped the arguments of N), and use it to compute

the squared amplitude summed over polarisations of the external particles through the first

sub-leading term in the soft expansion. We obtain

|M|
2 = �gµ⌫M

µ
M

⌫,+ = �J
µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.19)

+ JµTr
⇣
[Sµ

t , /qt
]N/pb

N̄
⌘
+ JµTr

⇣
(/qt +mt)N[/pb,S

µ
b ]N̄

⌘
,

where

FLO(qt, pb, qd, ...) = Tr
h
(/qt +mt)N/pb

N̄
i
. (2.20)
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Figure 1: Leading order and the relevant real emission contributions to a single top

production process. The blob on the “heavy” line represents the function N. We emphasise

that there is no colour transfer from the light quark line to the heavy quark line, see text

for details.

It is also explained in ref. [8] that one can only obtain O(�) contributions to the cross

section of the process eq. (2.2) if the gluon g(k) is soft. However, since the leading term in

the soft expansion corresponds to O(�0), the first sub-leading term in the soft expansion is

required. Such term can be obtained in a process-independent way using the LBK theorem

[11, 12], as we now explain.

We write the amplitude extracting the strong coupling constant, the colour factor and

the gluon polarisation vector. It reads

Areal = gsT
a
ij✏µM

µ
, (2.3)

where a, i, j are the gluon, top-quark and b-quark colour indices and ✏ is the gluon polari-

sation vector. The reduced amplitude M
µ reads

M
µ = ū(qt)�

µ /
q
t
+ /k +mt

dt
N(qt + k, pb, qd, ...)u(pb)

+ ū(qt)N(qt, pb � k, qd, ...)
/pb

� /k

db
�
µ
u(pb) +M

µ
reg(qt, pb, qd, ..|k),

(2.4)

where dt = (qt + k)2 � m
2
t = 2qtk + �

2 and db = (pb � k)2 = �2pbk + �
2. The three

terms on the right-hand side of eq. (2.4) describe contributions where a gluon is emitted
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kµM
µ = 0

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

<latexit sha1_base64="Ob9SagxyZdbzKOU4YdWEfVGUb2U="></latexit>

+ O(k)
<latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>.



 Kirill Melnikov                                                                                                                                                                Power corrections to collider processes6

A similar analysis can be performed for the virtual corrections.  We split diagrams into groups according to how 
many times a virtual gluon couples to external lines.  The expansion is then constructed similar to the real-
emission case; in fact, very similar functions and their derivatives appear. 
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Figure 2: Loop contributions to single top production that need to be considered. We

emphasise that there is no colour transfer from the light quark line to the heavy quark line,

see text for details.

We write

Avirt = g
2

sCF �ijMvirt, (3.1)

where i, j are the colour indices of the top quark and the bottom quark. We note that the

one-loop corrections to the “heavy” line can be written as the sum of four contributions

(see Fig. 2)

Mvirt =
X

i2{a,b,c,d}

M
(i)
virt

, (3.2)

where

M
(a)
virt

=

Z
d4k

(2⇡)4
�i

k2 � �2

"
ūt�

↵
(/pt + /k +mt)

dt
N(pt + k, pb + k, ..)

(/pb + /k)

db
�↵ub

#
,

M
(b)
virt

=

Z
d4k

(2⇡)4
�i

k2 � �2

"
ūt�↵

(/pt + /k +mt)

dt
N↵

1g(pt + k, pb, .., |� k)ub

#
,

M
(c)
virt

=

Z
d4k

(2⇡)4
�i

k2 � �2

"
ūtN

↵
1g(pt, pb + k, .., |k)

(/pb + /k)

db
�↵ub

#
,

M
(d)
virt

=

Z
d4k

(2⇡)4
�ig↵�

k2 � �2

h
ūtN

↵�
2g (pt, pb, ..|k,�k)ub

i
.

(3.3)

By a slight abuse of notation, we use db = (pb+k)2 in this section, and we continue to denote

the external spinors as ūt = ūt(pt) and ub = ub(pb). The quantities N(pt + k, pb + k, ..),

N↵
1g(pt+k, pb, .., |�k) andN↵

2g(pt+k, pb, .., |k,�k) are functions that contribute to processes
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where the corresponding number of gluons7 (from zero to two) are emitted. We note that

these functions do not include contributions where gluons are emitted from the external (t

and b) legs; for this reason all of them have smooth k ! 0 limits. To compute the O(�)

contribution to the di↵erential cross section only the k ⇠ � integration region is relevant;

as a result, all these functions can be expanded in Taylor series at small k.

A simple power counting suggests that M
(d)
virt

cannot provide an O(�) contribution

and therefore can be neglected, the function N1g is needed at k = 0 and the function N is

needed through linear terms in k. Hence, we can write

N(pt + k, pb + k, ...) = N(pt, pb, ...) + kµD
µ
pN(pt, pb, ...) +O(k2), (3.4)

where

D
µ
p =

@

@pt,µ
+

@

@pb,µ
. (3.5)

The function N1g needs to be known at k = 0. Following the discussion of the real

emission contribution (cf. eq. (2.8)), we find

ūtN
↵
1g(pt, pb, ..|k = 0)ub = �ūtD

↵
pNub. (3.6)

Eqs. (3.4, 3.6) are su�cient to write an approximate expression for the virtual correc-

tions. The manipulations are nearly identical to what has been discussed in the context of

the real emission contribution in the previous section. We obtain

ūt�
↵
(/pt + /k +mt)

dt
= ūt (J

↵
t + S↵

t ) , (3.7)

and
(/pb + /k)

db
�
↵
ub = (J↵

b � S↵
b )ub, (3.8)

where

J
↵
t =

2p↵t + k
↵

dt
, S↵

t =
�
↵�

k�

dt
, (3.9)

and

J
↵
b =

2p↵b + k
↵

db
, S↵

b =
�
↵�

k�

db
. (3.10)

Using these expressions and keeping only those terms that can provide linear power

corrections, we find

Mvirt =

Z
d4k

(2⇡)4
�i

k2 � �2

"
J
↵
t Jb,↵ ūt (N(pt, pb, ..) + k

µ
Dp,µN(pt, pb, ..))ub

� J
↵
t ūtN(pt, pb, ..)Sb,↵ub + J

↵
b ūtSt,↵N(pt, pb, ..)ub � (J↵

t + J
↵
b )ūtDp,↵Nub

#
.

(3.11)

7
Of course, these “gluons” are no di↵erent from photons since no non-Abelian interactions need to be

considered.
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t ūtN(pt, pb, ..)Sb,↵ub + J

↵
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Similar to the case of the real emission corrections, the dependence on the loop momentum

has been made explicit so that the integration over k becomes possible. However, it is

beneficial to compute the correction to the matrix element squared before integrating over

k. We find

�virt[MM
+] =

Z
d4k

(2⇡)4
�i

k2 � �2

"
2J↵

t Jb,↵FLO

+ J
↵
t Jb,↵k

µ Tr
h
(/pt +mt)(Dp,µN)/pbN̄+ (/pt +mt)N/pb

(Dp,µ)N̄
i

� (J↵
t + J

↵
b )Tr

h
(/pt +mt)(Dp,↵N)/pbN̄+ (/pt +mt)N/pb

(Dp,↵N̄)
i

+ J
↵
b Tr

h
[/pt,St,↵]N/pb

N̄
i
� J

↵
t Tr

h
(/pt +mt)N[S↵

b , /pb
]N̄

i #
,

(3.12)

where M = M0 + Mvirt. We can further simplify this expression following the steps

already discussed in the context of the real emission contribution. Indeed, using

[/pt,S
↵
t ] =

✓
J
↵
t k

⌫ @

@pt,⌫
�

@

@pt,↵

◆
/pt

= L
↵
t /pt

,

[/pb,S
↵
b ] =

✓
J
↵
b k

⌫ @

@pb,⌫
�

@

@pb,↵

◆
/pb

= L
↵
b /pb

,

(3.13)

we arrive at

�[MM
+]virt =

Z
d4k

(2⇡)4
�i

k2 � �2

"
2J↵

t Jb,↵FLO

+ J
↵
t Jb,↵k

µ Tr
h
(/pt +mt)(Dp,µN)/pbN̄+ (/pt +mt)N/pb

(Dp,µN̄)
i

� (J↵
t + J

↵
b )Tr

h
(/pt +mt)(Dp,↵N)/pbN̄+ (/pt +mt)N/pb

(Dp,↵N̄)
i

+ J
↵
b Tr

h
(Lt,↵/pt

)N/pb
N̄
i
+ J

↵
t Tr

h
(/pt +mt)N(Lb,↵/pb

)N̄
i #

.

(3.14)

To simplify this expression further, we take the terms J↵
(t,b)k

µ
@/@p

µ
t,b from L

↵
t,b and combine

them with the similar terms in the second line of eq. (3.14). We finally obtain

�[MM
+]virt =

Z
d4k

(2⇡)4
�i

k2 � �2

"
2J↵

t Jb,↵FLO

+ J
↵
t Jb,↵k

µ
Dp,µFLO � (J↵

t + J
↵
b )Dp,↵FLO

+ J
↵
t Tr

h
(Dp,↵/pt

)N/pb
N̄
i
+ J

↵
b Tr

h
(/pt +mt)N(Dp,↵/pb

)N̄
i #

.

(3.15)

The loop momentum k in the above expression is contained in the currents J
µ
t,b and

also appears explicitly in a few terms. Hence, it becomes possible to integrate over k. The
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The dependence on the loop momentum is (again) clearly exposed and the integration over loop momentum  
can be performed in a process-independent manner.
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However, integration of the real-emission contribution involves the phase space that depends on the soft-gluon 
momentum.   One can  factorize  this dependence in the  phase space with (linear) power accuracy by redefining 
momenta of hard particles.  Once this is done, it becomes possible to integrate over the gluon momentum in a 
process-independent way with (next-to-leading) power-like accuracy.

Born phase space with 

the redefined momenta

Factorized dependence on the gluon momentumPhase space with

the original momenta

u d

b

X

t

u d

b

X

t

k

u d

b

X

t

k

u d

b

X

t

k

Figure 1: Leading order and the relevant real emission contributions to a single top

production process. The blob on the “heavy” line represents the function N. We emphasise

that there is no colour transfer from the light quark line to the heavy quark line, see text

for details.

It is also explained in ref. [8] that one can only obtain O(�) contributions to the cross

section of the process eq. (2.2) if the gluon g(k) is soft. However, since the leading term in

the soft expansion corresponds to O(�0), the first sub-leading term in the soft expansion is

required. Such term can be obtained in a process-independent way using the LBK theorem

[11, 12], as we now explain.

We write the amplitude extracting the strong coupling constant, the colour factor and

the gluon polarisation vector. It reads

Areal = gsT
a
ij✏µM

µ
, (2.3)

where a, i, j are the gluon, top-quark and b-quark colour indices and ✏ is the gluon polari-

sation vector. The reduced amplitude M
µ reads

M
µ = ū(qt)�

µ /
q
t
+ /k +mt

dt
N(qt + k, pb, qd, ...)u(pb)

+ ū(qt)N(qt, pb � k, qd, ...)
/pb

� /k

db
�
µ
u(pb) +M

µ
reg(qt, pb, qd, ..|k),

(2.4)

where dt = (qt + k)2 � m
2
t = 2qtk + �

2 and db = (pb � k)2 = �2pbk + �
2. The three

terms on the right-hand side of eq. (2.4) describe contributions where a gluon is emitted

– 4 –

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

Since

[Sµ
t , /qt

] = �L
µ
t /qt

= �L
µ
/qt
, [/pb,S

µ
b ] = L

µ
b /pb

= �L
µ
/pb
, (2.21)

we find

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)

� JµTr
h
(/qt +mt)N/pb

L
µN̄

i
� JµTr

h
(/qt +mt)(L

µN)/pbN̄
i

(2.22)

� JµTr
⇣
(Lµ(/qt +mt))N/pb

N̄
⌘
� JµTr

⇣
(/qt +mt)N(Lµ

/pb
)N̄

⌘
.

Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
2 = �J

µ
JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
ptk

ptpd
pd,

qd = pd �
ptk

ptpd
pd.

(2.24)

We note that through O(k2), q2t = p
2
t = m

2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k

qt + qd + k + pX = pt + pd + pX . (2.25)

The Jacobians of the respective transformations read

det

����
@q

µ
t

@p⌫t

���� = 1 +
kpd

ptpd
+O(k2),

det

����
@q

µ
d

@p⌫d

���� = 1� 3
kpt

ptpd
+O(k2).

(2.26)

Also, we find

�(q2d) = �(p2d)

✓
1 + 2

ptk

ptpd
+O(k2)

◆
. (2.27)

The above formulae can be used to re-write the partonic phase space as follows

dLips(pu, pb; qd, qt, pX , k)

= dLips(pu, pb; pd, pt, pX)
d4k

(2⇡)3
�+(k

2
� �

2)⇥


1 +

kpd

ptpd
�

ptk

ptpd

�
+O(k2).

(2.28)

– 7 –

Original momenta Redefined  momenta

(no dependence on ! )    

<latexit sha1_base64="DLPeJaErhAJIXap/ppvfFjmaL8w=">AAAB6XicbVBNS0JBFJ1nX/b6slq2GZKg1WOe+ny+RSS1aWmRJqjIvHGeDs77YGZeIOI/aNOiiLb+mPZton/TqCEVHbhwOOde7r3HTziTCqFPI7Oyura+kd00t7Z3dvdy+wcNGaeC0DqJeSyaPpaUs4jWFVOcNhNBcehzeucPL2f+3T0VksXRrRoltBPifsQCRrDS0s0QdnN5ZCHPKblFiCzbQahY0sTzKoWyB20LzZE/fzPPkumHWevm3tu9mKQhjRThWMqWjRLVGWOhGOF0YrZTSRNMhrhPW5pGOKSyM55fOoEnWunBIBa6IgXn6s+JMQ6lHIW+7gyxGsi/3kz8z2ulKqh0xixKUkUjslgUpByqGM7ehj0mKFF8pAkmgulbIRlggYnS4ZjzELyy61bc5cuzECqOY5eWSqNg2WXLuUb56gVYIAuOwDE4BTZwQRVcgRqoAwIC8ACewLMxNB6NF+N10ZoxvmcOwS8Y0y8kZpD+</latexit>

k

<latexit sha1_base64="7QpeM0pHPRcJ9A+jokEwHOkS6Uo=">AAAB6HicbVDLSgMxFM34rPVVdalIsAgupMxIZzrdFd24bME+oB1KJk3b2ExmSDJCGbp05caFIm79in6HO7/BnzDtSFHxkMDhnHu59x4/YlQq0/wwlpZXVtfWMxvZza3tnd3c3n5DhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv7oauY374iQNOQ3ahwRL0ADTvsUI6Wl2nk3lzcLZtHWD86IY7nllBQdE1oFc4585Wha+7w/nla7ufdOL8RxQLjCDEnZtsxIeQkSimJGJtlOLEmE8AgNSFtTjgIivWS+6ASeaqUH+6HQnys4V392JCiQchz4ujJAaij/ejPxP68dq77rJZRHsSIcp4P6MYMqhLOrYY8KghUba4KwoHpXiIdIIKx0Ntl5CGWnVHJLi5N1CGXXtq3iQmlcFCynYNd0GpcgRQYcghNwBixQAhVwDaqgDjAg4AE8gWfj1ng0XozXtHTJ+O45AL9gvH0B4riQ7Q==</latexit>,

<latexit sha1_base64="DLPeJaErhAJIXap/ppvfFjmaL8w=">AAAB6XicbVBNS0JBFJ1nX/b6slq2GZKg1WOe+ny+RSS1aWmRJqjIvHGeDs77YGZeIOI/aNOiiLb+mPZton/TqCEVHbhwOOde7r3HTziTCqFPI7Oyura+kd00t7Z3dvdy+wcNGaeC0DqJeSyaPpaUs4jWFVOcNhNBcehzeucPL2f+3T0VksXRrRoltBPifsQCRrDS0s0QdnN5ZCHPKblFiCzbQahY0sTzKoWyB20LzZE/fzPPkumHWevm3tu9mKQhjRThWMqWjRLVGWOhGOF0YrZTSRNMhrhPW5pGOKSyM55fOoEnWunBIBa6IgXn6s+JMQ6lHIW+7gyxGsi/3kz8z2ulKqh0xixKUkUjslgUpByqGM7ehj0mKFF8pAkmgulbIRlggYnS4ZjzELyy61bc5cuzECqOY5eWSqNg2WXLuUb56gVYIAuOwDE4BTZwQRVcgRqoAwIC8ACewLMxNB6NF+N10ZoxvmcOwS8Y0y8kZpD+</latexit>

k



 Kirill Melnikov                                                                                                                                                                Power corrections to collider processes8

To recap: using BKL theorem, the momenta mapping and the phase-space factorization, we compute            
contributions due to real and virtual gluon emissions for an arbitrary process of a single-top-production type.

We note that the above expression should also include an upper bound on the integration

over the momentum k which depends on the other momenta. However, such a bound

plays no role for the extraction of O(�) contributions which arise exclusively from the low

integration boundary for the momentum k.

The rest of the calculation is straightforward. We use eq. (2.28) for the phase space

together with the expression for the matrix element squared given in eq. (2.23). We then

use the momenta mapping of eq. (2.24) in eq. (2.23), expand the matrix element squared

through the first sub-leading terms in k and integrate over k to extract the O(�) terms.

Although the above procedure is straightforward, we point out that care is required

when expanding the inverse top propagator dt = 2qtk+�
2 since it also has to be expressed

through pt, expanded in k ⇠ � and then integrated. For dt we obtain

dt = 2qtk + k
2 = 2ptk � k

2 + 2
(ptk)(pdk)

ptpd
, (2.29)

and
1

dt
=

1

2ptk

✓
1 +

k
2

2ptk
�

pdk

ptpd
+O(k2)

◆
. (2.30)

On the contrary, the expansion of 1/db is simple since the momentum pb is not subject to

momentum mapping.

Upon combining the approximate expressions for the matrix element squared and the

phase space, the dependence on the gluon momentum becomes explicit through the required

order in the soft expansion. The corresponding integrals over k are given in Appendix A.

Finally, putting everything together, we find the following result for the O(�) correction

to the real-emission contribution to the di↵erential cross section6
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(2.31)

As we will see later, we do not need to compute the derivatives of the leading order ampli-

tude squared explicitly because, as it turns out, all such terms get cancelled once the virtual

corrections and the renormalisation terms are added to the real emission contribution.

3 Virtual corrections

Similar to the case of the real emission corrections discussed in the previous section, the

O(�) contributions to the virtual corrections can only arise from the region of soft k ⇠ �

loop momenta. Our goal, therefore, is to construct the soft expansion of the one-loop virtual

corrections to the generic single top production processes u(pu)+b(pb) ! d(pd)+ t(pt)+X.

We focus on the corrections to the “heavy” quark line and we remind the reader that, thanks

to colour conservation, one-loop diagrams where gluons are exchanged between “light” and

“heavy” quark lines do not contribute to the cross section at this perturbative order.

6
The operator T� which appears in eq. (2.31) extracts the O(�) contribution from a quantity it acts

upon.
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Making use of the fact that Lµ is a linear di↵erential operator, we combine the last

four terms to obtain a derivative of the leading order function FLO. The final result reads

|M|
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JµFLO(qt, pb, qd, ...)� JµL

µ
FLO(qt, pb, qd, ...). (2.23)

In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
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d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon
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The above formulae can be used to re-write the partonic phase space as follows
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In order to obtain the O(�) contribution to the cross section of a generic single top

production process due to the real gluon emission, we need to integrate eq. (2.23) over the

phase space of the final state particles. It was pointed out in ref. [8] that the relevant inte-

gration can be performed in a process-independent manner provided that an approximate

momentum mapping, that factorises integration over the gluon momentum, is performed.

To construct such a mapping, we redefine the momenta of the top quark and of the

outgoing massless quark as follows

qt = pt � k +
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pd,

qd = pd �
ptk
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We note that through O(k2), q2t = p
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2
t and q

2

d = p
2

d = 0. Furthermore, when written

in terms of pt and pd, the final state four-momentum loses its dependence on the gluon

momentum k
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◆
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The above formulae can be used to re-write the partonic phase space as follows
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Figure 1: Leading order and the relevant real emission contributions to a single top

production process. The blob on the “heavy” line represents the function N. We emphasise

that there is no colour transfer from the light quark line to the heavy quark line, see text

for details.

It is also explained in ref. [8] that one can only obtain O(�) contributions to the cross

section of the process eq. (2.2) if the gluon g(k) is soft. However, since the leading term in

the soft expansion corresponds to O(�0), the first sub-leading term in the soft expansion is

required. Such term can be obtained in a process-independent way using the LBK theorem

[11, 12], as we now explain.
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, (2.3)
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+ ū(qt)N(qt, pb � k, qd, ...)
/pb

� /k

db
�
µ
u(pb) +M

µ
reg(qt, pb, qd, ..|k),
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where dt = (qt + k)2 � m
2
t = 2qtk + �

2 and db = (pb � k)2 = �2pbk + �
2. The three

terms on the right-hand side of eq. (2.4) describe contributions where a gluon is emitted
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needed integrals are given in Appendix A. Finally, putting everything together, we obtain
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where we have introduced the notation dLipsLO = dLips(pu, pb; pd, pt, pX).

4 Renormalisation contributions

The above result for the virtual corrections has to be supplemented with the renormalisation

contributions. Two of them (the wave function renormalisation of the external top quark

and the top quark mass counter-term in the pole-mass scheme) provide O(�) corrections

to the cross section.

The two renormalisation constants can be computed using standard methods and read

Zm = 1 +
CF g

2
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For the purpose of our discussion only the O(�) contributions to Z2 and Zm are relevant.

It is straightforward to add the wave function renormalisation contribution to the

virtual corrections. The mass counter-term, on the other hand, is only relevant for the

internal top quark lines. Since the relation between the bare mass m0 and the pole mass

mt is given by m0 = Zmmt, we find

1

/pt
�m0

=
1

/pt
�mt � (Zm � 1)mt

⇡
1

/pt
�mt

+ (Zm � 1)mt
@

@mt

1

/pt
�mt

(4.2)

where

T� [(Zm � 1)]mt =
CF↵s

2⇡
⇡�. (4.3)

Putting everything together, we find the following result for the renormalisation con-

tributions to the cross section

T� [�ren] =
↵sCF
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(4.4)

5 Redefining the mass

It is well known that the use of the pole quark mass in physical predictions is one of the

sources of linear power corrections. Such corrections are artificial and can be removed by
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5 Redefining the mass

It is well known that the use of the pole quark mass in physical predictions is one of the

sources of linear power corrections. Such corrections are artificial and can be removed by
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Real and virtual corrections is not the whole story. In principle, when massive particles are involved, linear power 
corrections arise because of the renormalization (the mass and the wave-function), in the on-shell  scheme. 

It is an interesting technical question how to “change the mass” in a  general process, i.e. without using  explicit 
form of matrix elements.  This can be done by performing momenta redefinitions in the leading order cross section.
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sources of linear power corrections. Such corrections are artificial and can be removed by
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Putting everything together, we finally find the change of the cross section due to the

mass shift
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6 The final result for the cross section

We now collect all the relevant formulae. We begin with the NLO cross section expressed

through the pole mass and write it in terms of the short-distance mass
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where
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employing one of the many short-distance mass schemes [17–21] instead; we will refer to

masses in such schemes as m̃t. Hence, we need to derive a formula that provides a change

in the cross section due to the change of the top quark mass.

To do this, it is important to recognise that such a dependence arises for two distinct

reasons: 1) the implicit dependence of the energies of the final state particles on mt and

2) the explicit dependence of the matrix element squared on this parameter.

The explicit dependence is computed by writing mt = m̃t + �mt in the function FLO.

The corresponding change in the leading order cross section reads
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To compute the change in the cross section caused by the implicit dependence of the

energies of the final state particles on mt, we redefine the momenta of the top quark and

another final state particle that we take to be the outgoing down quark, and write

pd = (1 + )p̃d, pt = p̃t � p̃d. (5.2)

It follows that
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Following the discussion of the momenta mapping of the real emission contribution in

Section 2 and adjusting it where necessary, we find
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Finally, expanding the leading order amplitude squared we obtain the change of the cross

section due to the implicit mass change

��
impl

mass =

Z
dLips (pu, pb, p̃d, p̃t, pX)


+ p̃

µ
d

✓
@

@p̃
µ
d

�
@

@p̃
µ
t

◆�
FLO(p̃t, p̃d, . . .)

= �

Z
dLips (pu, pb, pd, pt, pX)

�m
2
t

2pdpt


1 + p

µ
d

✓
@

@p
µ
d

�
@

@p
µ
t

◆�
FLO(pt, pd, . . .),

(5.7)

where in the last step we have re-labelled the momenta p̃t ) pt and p̃d ) pd. Although

short-distance masses can be defined in many di↵erent ways [17–21], they should not con-

tain a linear O(�) term. Hence, for our purposes, it su�ces to write

mt = m̃t
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It is also well-motivated to expect that we need to “undo” the on-shell mass renormalization and express 
physical quantities in terms of short-distance masses which are free of linear power corrections.
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Combining four different contributions: real, virtual, renormalization and the mass redefinition, we observe 
that cross sections for arbitrary single-top-like production processes are free of linear power corrections.

QCD emissions of real and virtual gluons off the upper (massless) line do not induce 
linear power corrections; hence focusing on the massive line is sufficient.
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We note that the above expression should also include an upper bound on the integration

over the momentum k which depends on the other momenta. However, such a bound

plays no role for the extraction of O(�) contributions which arise exclusively from the low

integration boundary for the momentum k.

The rest of the calculation is straightforward. We use eq. (2.28) for the phase space

together with the expression for the matrix element squared given in eq. (2.23). We then

use the momenta mapping of eq. (2.24) in eq. (2.23), expand the matrix element squared

through the first sub-leading terms in k and integrate over k to extract the O(�) terms.

Although the above procedure is straightforward, we point out that care is required

when expanding the inverse top propagator dt = 2qtk+�
2 since it also has to be expressed

through pt, expanded in k ⇠ � and then integrated. For dt we obtain

dt = 2qtk + k
2 = 2ptk � k

2 + 2
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On the contrary, the expansion of 1/db is simple since the momentum pb is not subject to

momentum mapping.

Upon combining the approximate expressions for the matrix element squared and the

phase space, the dependence on the gluon momentum becomes explicit through the required

order in the soft expansion. The corresponding integrals over k are given in Appendix A.

Finally, putting everything together, we find the following result for the O(�) correction

to the real-emission contribution to the di↵erential cross section6
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As we will see later, we do not need to compute the derivatives of the leading order ampli-

tude squared explicitly because, as it turns out, all such terms get cancelled once the virtual

corrections and the renormalisation terms are added to the real emission contribution.

3 Virtual corrections

Similar to the case of the real emission corrections discussed in the previous section, the

O(�) contributions to the virtual corrections can only arise from the region of soft k ⇠ �

loop momenta. Our goal, therefore, is to construct the soft expansion of the one-loop virtual

corrections to the generic single top production processes u(pu)+b(pb) ! d(pd)+ t(pt)+X.

We focus on the corrections to the “heavy” quark line and we remind the reader that, thanks

to colour conservation, one-loop diagrams where gluons are exchanged between “light” and

“heavy” quark lines do not contribute to the cross section at this perturbative order.

6
The operator T� which appears in eq. (2.31) extracts the O(�) contribution from a quantity it acts

upon.
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where we have introduced the notation dLipsLO = dLips(pu, pb; pd, pt, pX).

4 Renormalisation contributions

The above result for the virtual corrections has to be supplemented with the renormalisation

contributions. Two of them (the wave function renormalisation of the external top quark

and the top quark mass counter-term in the pole-mass scheme) provide O(�) corrections

to the cross section.

The two renormalisation constants can be computed using standard methods and read
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For the purpose of our discussion only the O(�) contributions to Z2 and Zm are relevant.

It is straightforward to add the wave function renormalisation contribution to the

virtual corrections. The mass counter-term, on the other hand, is only relevant for the

internal top quark lines. Since the relation between the bare mass m0 and the pole mass

mt is given by m0 = Zmmt, we find
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Putting everything together, we find the following result for the renormalisation con-

tributions to the cross section

T� [�ren] =
↵sCF

2⇡

⇡�

mt

Z
dLipsLO

"
3

2
FLO +mtTr


(/pt +mt)

@N

@mt
/pb
N̄

�

+mtTr


(/pt +mt)N/pb

@N̄

@mt

� #
.

(4.4)

5 Redefining the mass

It is well known that the use of the pole quark mass in physical predictions is one of the

sources of linear power corrections. Such corrections are artificial and can be removed by
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Using the above results for the individual contributions, we obtain
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This result implies that O(⇤QCD) corrections to processes where single top quarks are
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One then deals with this external line in the same way as one deals with internal lines in
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Similar results should hold for many other (abelian) processes. In particular, we find that for processes with 
massless coloured particles unrestricted loop and phase space integrals over gluon momenta do not induce 
linear power corrections; in fact, I have used this fact already when discussing the contribution of the “massless 
quark line” in single top production. 

A more interesting question is to use the same approach to discuss power corrections to process where highly 
virtual gluons appear in Born matrix elements,  i.e. to top quark pair production in quark-anti-quark annihilation. 

A required contribution of the three-gluon vertex will get reconstructed when  the BKL theorem is applied.  A 
dipole-like structure emerges, similar to the eikonal function but with next-to-soft accuracy.
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where ⇢̂q,j = /pj+mj is the density matrix associated with the quark j. A similar calculation

for an anti-quark gives
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where ⇢̂q̄,j = /pj � mj . Since

[⇢̂j ,S
µ
j ] = Lµ

j ⇢̂j , (2.26)

regardless of whether the density matrix refers to a quark or an anti-quark, we observe

that eqs. (2.24-2.25) combine with the last term of eq. (2.20) into
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We emphasise that the di↵erential operator Lµ
j in the above equation does act on all pj-

dependent terms in F ij
LO

without any restrictions.

We conclude that the amplitude squared that describes the emission of soft gluons in

the process ? !
P
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fi(pi)+X(pX) with subleading accuracy in k can be written as follows
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and it is understood that the di↵erential operator Lµ
i does not act on the eikonal currents

Jµ
i but only on the colour-correlated matrix element F ij

LO
.

Finally, we note that, for processes with some particles in the initial state, |Areal|
2 can

be obtained from our result by crossing. To this end, to describe an initial-state (anti)-

particle i, one starts with eq. (2.28) and inverts the corresponding momentum pi ! �pi in

the definitions of Ji, Di, Li and di. In addition, one needs to set ⌘i = �1 if i is an initial-

state quark and ⌘i = 1 if i is an initial-state anti-quark. This completes the discussion of

the real-emission part.
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A connection to fermion bubble resummation is peculiar: there are fermion bubble contributions that are related 
to the Landau pole and there are other fermion bubble contributions that set the scale of the coupling constant 
in  the hard process. To have everything right, when derivatives with respect to hard momenta are computed as 
required by the BKL theorem,  the strong coupling constant will have to be  differentiated too.

q

q̄

t

t̄

(a)

q

q̄

t

t̄

(b)

Figure 3: (a) Leading order diagram and (b) Nf -dependent vacuum polarisation contri-

bution to qq̄ ! tt̄ process.

3 Connection to the large-Nf limit of QCD

There is an important di↵erence between the calculation that we just described and tradi-

tional applications of the renormalon calculus. This di↵erence is related to the fact that,

in the current case, virtual gluons appear already in the tree-level diagrams. This leads

to the appearance of perturbative corrections that scale as O(↵s(Q)Nf ) where Q is the

hard scale of the process, and Nf is the number of massless fermions. These corrections

are peculiar because the relation between renormalon calculus and calculations where the

gluon is assigned a small but non-vanishing mass is derived by considering the Nf ! �1

limit; in this limit the behaviour of the O(↵s(Q)Nf ) corrections needs to be clarified.

To explain the origin of these corrections, we focus on an example where a top quark

pair is produced in the collision of a massless quark and an anti-quark. At leading order,

there is just one diagram that contributes to this process, it is shown in Fig. 3a. The one-

loop corrections include the vacuum polarisation diagram shown in Fig. 3b which, together

with O(Nf ) contribution to the strong coupling renormalisation constant, combine to fix

the scale of ↵s in the leading order amplitude to the hard scale Q2 = (pq + pq̄)2. Moreover,

if we choose the so-called V -scheme to renormalise the strong coupling constant, we can

absorb the entire Nf -dependent vacuum polarisation contribution into the strong coupling

constant [34, 35]. The leading order matrix element then reads

|M
0
i =

i4⇡↵s,V (Q)

Q2
[v̄(pq̄)�

µT au(pq)] [ūt(pt)T
a�µvt̄(pt̄)] . (3.1)

We now discuss what happens at NNLO and, as an example, we consider an emission

of a soft gluon in diagrams with the vacuum polarisation insertions. These diagrams are

shown in Fig. 4. The important feature of all these diagrams is that they are hard, in the

sense that the k ! 0 limit does not induce additional singularities in the Nf -dependent

parts of the diagrams. Therefore, these diagrams can then be studied following the proof

of the LBK theorem.

It is then straightforward to show that all diagrams similar to the ones displayed in

Fig. 4 can indeed be obtained from the LBK theorem provided that |M0i is chosen as

in eq. (3.1). Interestingly, this implies that when the structure-dependent radiation is
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Figure 4: Examples of contributions to qq̄ ! tt̄ which are proportional to O(gs↵s(Q)Nf ).

computed by di↵erentiating the tree-level amplitude as in eq. (2.13), the derivative of the

strong coupling constant in eq. (3.1) also needs to be calculated. However, beyond that,

there seem to be no additional implications for the computation of linear power corrections

related to the presence of o↵-shell gluons in the leading order matrix elements. It is very

plausible that this result generalises also to higher orders both within and beyond the

large-Nf resummation framework; we will, however, leave an all-orders investigation of

this factorisation to future work.

4 Cancellation of O(�) contributions to the total cross section

In the previous section we computed the next-to-leading soft terms in the radiative cor-

rections to a process involving an arbitrary number of external quarks, anti-quarks and

colour-neutral particles, caused by the production or exchange of a soft massive gluon.

This allows us to calculate the expansion of the cross section in the gluon mass � including

O(�) terms. The question that we would like to answer in this section is whether such

terms are present in the total cross section of the qq̄ ! tt̄ process.

According to the analysis in the previous section, two types of terms appear in the sum

of the real and virtual contributions. First, there are terms that depend on a particular

colour-correlated amplitude squared F ij
LO

. We will refer to such contributions as “dipole”.

Second, there are terms which depend on the leading order amplitude squared FLO mul-

tiplied by the Casimir operator CF . We will refer to such terms as “monopole”. We will

show that the cancellation of the O(�) terms takes place individually for each of the dipole

and monopole terms, and therefore it is convenient to study them separately.

In this respect, we note that, for processes with massive quarks, the cancellation of the

O(�) terms requires us to introduce the renormalisation of the quark mass parameter and

the wave function renormalisation. In addition, it is to be expected that the cancellation

requires us to express the cross section in terms of a mass parameter that is free of O(�)
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With these clarifications out of the way, we can repeat the steps discussed in the single top production case. 
We find that the  linear power correction cancels out in              ,and that one can arrange this cancellation to 
occur  within each color dipole. 
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The full correction can be written as
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where �
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2
t ) is the derivative of the �-function with respect to p

2
t . In order to handle

this derivative, we rewrite it as

�
0(p2t �m

2

t ) =
p
µ
d

2pdpt

@

@p
µ
t
�(p2t �m

2

t ) = ��(p2t �m
2

t )
@

@p
µ
t

p
µ
d

2pdpt

= �(p2t �m
2

t )


4

2pdpt
+

p
µ
d

2(pdpt)2
[�ptµ + pbµ]�

p
µ
d

2pdpt

@

@p
µ
t

�

= �(p2t �m
2

t )


3

2pdpt
�

p
µ
d

2pdpt

@

@p
µ
t

�
,

(7.6)

where we have integrated by parts, and we have assumed that in the phase space pd is

taken as the dependent momentum, i.e. pd = pu + pb � pX � pt. The remaining derivative

with respect to pt can be applied to the amplitude or to the delta-function �(p2d) in the

phase space. In the second case we get
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Thus, in eq. (7.5) we can replace
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with an understanding that the derivative acts only on the amplitude squared. Inserting

eq. (7.5) in the spinor trace, and including the phase space we get
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In case pd is treated as an independent variable we must replace

@
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µ
t
!
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t
�

@
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d

, (7.10)

and eq. (7.9) becomes equivalent to the sum of the renormalisation contributions of eq. (4.4)

and the mass shift of eq. (5.10).

8 Kinematic distributions

We will now study kinematic distributions in the single top production processes. We

consider an observable X that depends on the momentum of the top quark

OX =

Z
d� X(qt). (8.1)
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To compute the O(�) contribution to OX , we follow the same route that was discussed

in the previous sections. The di↵erence with respect to the case of the inclusive cross

section is the appearance of the observable X in the integrand in eq. (8.1). Remapping the

momenta, and expanding X in the gluon momentum k, which appears in the argument of

X as the result of such remapping, we obtain

X(qt) = X(pt) +
@X(pt)

@p
µ
t

✓
ptk

ptpd
p
µ
d � k

µ

◆
. (8.2)

To compute the O(�) contributions to OX it is convenient to combine the three terms

in eq. (8.2) as follows

T�[OX ] = T�[O
(1)

X ] + T�[O
(2)

X ], (8.3)

where
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k
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�
.

(8.4)

To compute T�[O
(1)

X ], we note that the observable X(pt) that appears there already

depends on the re-mapped momentum pt and, for this reason, it does not a↵ect the cal-

culations reported in the previous sections and the cancellation of O(�) terms. The only

subtlety is that the mass redefinition in eq. (5.7) produces an additional term because in

the current case the derivative there must also act on X. However, it is easy to see that this

new term is exactly compensated by the integral of the k-dependent term in the integrand

of T�[O
(1)

X ]. We conclude that

T�[O
(1)

X ] = 0. (8.5)

It remains to compute T�[O
(2)

X ]. Since the integrand is already proportional to k, we

need the matrix element squared and the phase space in the leading soft approximation.

We therefore find

T�[O
(2)

X ] = T�
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2

s
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d�LO
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�
, (8.6)

where the eikonal current J⌫ reads

J
⌫
⇡

p
⌫
t

ptk
�

p
⌫
b

pbk
. (8.7)

Using earlier discussions and the integrals presented in Appendix A, it is straightforward

to integrate this expression over k. We obtain

T� [OX ] = T�

h
O
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X

i
=
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where

l
µ = p

µ
t �

2m2
t

pbpt
p
µ
b . (8.9)
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momenta, and expanding X in the gluon momentum k, which appears in the argument of

X as the result of such remapping, we obtain
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To compute the O(�) contributions to OX it is convenient to combine the three terms

in eq. (8.2) as follows
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To compute T�[O
(1)

X ], we note that the observable X(pt) that appears there already

depends on the re-mapped momentum pt and, for this reason, it does not a↵ect the cal-

culations reported in the previous sections and the cancellation of O(�) terms. The only

subtlety is that the mass redefinition in eq. (5.7) produces an additional term because in

the current case the derivative there must also act on X. However, it is easy to see that this

new term is exactly compensated by the integral of the k-dependent term in the integrand

of T�[O
(1)

X ]. We conclude that

T�[O
(1)

X ] = 0. (8.5)

It remains to compute T�[O
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X ]. Since the integrand is already proportional to k, we

need the matrix element squared and the phase space in the leading soft approximation.
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where the eikonal current J⌫ reads
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Using earlier discussions and the integrals presented in Appendix A, it is straightforward
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“inclusive” cancellation leads to 

only need  the cross 

section in the leading 
soft  approximation 

momentum mapping induces 
changes in an observable

Making use of the “inclusive cancellations”, we derive a universal formula for the non-perturbative momentum 
shift.
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Although linear power corrections to inclusive cross sections  vanish,  linear power corrections to observables are known to 
exist.  Although such corrections were mostly discussed for shape variables in two-jet production in e+e- annihilation,  we 
can study them in more complex processes/kinematic situations using methods that I just discussed. 
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�
= 0, (5.13)
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d�(t̄q̄)

R (pt, ...)
@X(pt)

@pµt
�(t̄q̄)pµt

�
= 0. (5.14)

Linear shift in the observable distributions

We now combine the results derived for the individual dipoles and monopoles. It is easy to

see that for processes that have the same colour structure as qq̄ ! tt̄, we can express the

colour-correlated cross section through combinations of Casimir invariants and the leading

order cross section. We then find

d�a
LO = Ca d�LO, (5.15)

where coe�cients Ca are dipole-specific colour factors. They read

Ctt = C t̄t̄ = CF , Ctt̄ = CF � CA/2,

Ctq = C t̄q̄ = 2CF � CA/2, C t̄q = Ctq̄ = 2CF � CA,
(5.16)

Using these colour factors, we write the expression for the observable in the following

way
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Z
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2⇡

⇡�

mt
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!
@X(pt)
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#
, (5.17)

where the momenta la can be extracted from the results derived in the previous subsection,

lµa =

8
>>>>>>><

>>>>>>>:

�pµt , for (a) = (tt + t̄t̄),

2(ptpt̄)
�
(ptpt̄) pµt � m2

t pµt̄
�
/
�
(ptpt̄)

2
� m4

t

�
, for (a) = (tt̄),

2pµt � 2m2
t pµq /(ptpq), for (a) = (tq),

�2pµt + 2m2
t pµq̄ /(ptpq̄), for (a) = (tq̄),

0, for (a) = (t̄q) and (t̄q̄).

(5.18)

It is clear that the above result can be written as the shift in the argument of the

function X. We find

OX =

Z
d�LO X

 
pt +

↵s

2⇡

X

a

Ca �pt,a

!
, (5.19)

where

�pt,a =
⇡�

mt
la. (5.20)

In a similar fashion, one can derive the corresponding expressions for observables that

depend on the momentum of the anti-top. We provide the complete expressions in Ap-

pendix B.
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It is straightforward to apply the general  formula to compute the non-perturbative shifts in transverse momentum 
and rapidity of the final-state top quark.  In general, shifts are not large but they become enhanced close to the 
edges of allowed kinematic regions. 
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Figure 5: Plot of �NP [pt?] /pt? as function of ⌧ . The global factor of ↵s/(2⇡) ⇡�/mt has

been set to one.

6 Applications to simple kinematic distributions

In this section we compute the linear power corrections to three simple observables – the top

quark transverse momentum, the top quark rapidity and the tt̄ invariant mass – focusing on

the process qq̄ ! tt̄ with no additional colour-neutral particles in the final state. Complete

formulas for other processes e.g. qq̄ ! tt̄ + X and e+e� ! tt̄ + X are given in Appendix

B.

The well-known expressions for the top quark transverse momentum, its rapidity in

the partonic center-of-mass frame and the tt̄ invariant mass read

pt? =
q

pµt g?,µ⌫p⌫t , yt =
1

2
ln

pq̄pt
pqpt

, stt̄ = (pt + pt̄)
2, (6.1)

where

gµ⌫? =
pµq p⌫q̄ + pµq̄ p⌫q

pqpq̄
� gµ⌫ . (6.2)

Applying the formalism of Section 5 and defining ⌧ = 4m2
t /stt̄, we find

�NP [pt?]
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=
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mt
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, (6.3)
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
(3CA � 8CF ) ⌧ cosh2 yt � (CA � 2CF )

⌧(2 � ⌧)

4(1 � ⌧)
sinh (2yt)

�
, (6.4)

�NP [stt̄]

stt̄
=

↵s

2⇡

⇡�

mt


2CF (1 � ⌧) � CA ⌧ cosh (2yt) + (3CA � 8CF ) ⌧ sinh (2yt)

�
. (6.5)

Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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Figure 8: Non-perturbative shifts in top quark transverse momentum, lab-frame rapidity

and tt̄ invariant mass distributions at the Tevatron for the qq̄ ! tt̄ process. The center-of-

mass energy is set to
p

s = 1.8 TeV. The upper pane shows the leading order distribution.

The lower pane shows the ratio ��NP/d�LO = [d�LO(v + �vNP) � d�LO(v)]/d�LO for an

observable v a↵ected by a non-perturbative shift �vNP. See text for details.

7 Conclusions

In this paper we computed linear non-perturbative O(⇤QCD) corrections to top quark pair

production in hadron collisions under the assumption that qq̄ ! tt̄ is the dominant par-

tonic channel. Our starting point is the renormalon model. Traditionally, the renormalon

calculus is used to compute linear power corrections to processes without gluons at the tree

level, which is clearly not the case for the tt̄ production in hadron collisions. However, we

have argued that, for quark initiated partonic processes, i.e. for qq̄ ! tt̄, the renormalon

calculus is still applicable, because of the large virtuality of the gluon in the Born diagram.

We have shown how to compute the linear power corrections e�ciently using a gener-

alisation of the Low-Burnett-Kroll theorem to processes with colour charges. In this case,

the first subleading soft corrections can be written in terms of colour-correlated matrix

elements, in a form that exhibits the dipole structure typical of soft radiation. We have

further shown that, for inclusive total cross sections expressed through a short-distance
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been set to one.

6 Applications to simple kinematic distributions

In this section we compute the linear power corrections to three simple observables – the top

quark transverse momentum, the top quark rapidity and the tt̄ invariant mass – focusing on

the process qq̄ ! tt̄ with no additional colour-neutral particles in the final state. Complete

formulas for other processes e.g. qq̄ ! tt̄ + X and e+e� ! tt̄ + X are given in Appendix

B.

The well-known expressions for the top quark transverse momentum, its rapidity in

the partonic center-of-mass frame and the tt̄ invariant mass read

pt? =
q

pµt g?,µ⌫p⌫t , yt =
1

2
ln

pq̄pt
pqpt

, stt̄ = (pt + pt̄)
2, (6.1)

where

gµ⌫? =
pµq p⌫q̄ + pµq̄ p⌫q

pqpq̄
� gµ⌫ . (6.2)

Applying the formalism of Section 5 and defining ⌧ = 4m2
t /stt̄, we find

�NP [pt?]

pt?
=

↵s

2⇡

⇡�

mt

(2CF � CA⌧)

2(1 � ⌧)
, (6.3)

�NP [yt] =
↵s

2⇡

⇡�

mt


(3CA � 8CF ) ⌧ cosh2 yt � (CA � 2CF )

⌧(2 � ⌧)

4(1 � ⌧)
sinh (2yt)

�
, (6.4)

�NP [stt̄]

stt̄
=

↵s

2⇡

⇡�

mt


2CF (1 � ⌧) � CA ⌧ cosh (2yt) + (3CA � 8CF ) ⌧ sinh (2yt)

�
. (6.5)

Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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Results for Tevatron where quark annihilation channel dominates.

Hence, to visualise the shifts in yt and stt̄, we use two-dimensional plots in ⌧ and cos ✓, see

Figs. 6 - 7.

A peculiar feature of these shifts is that they induce forward-backward asymmetry

in tt̄ production. This is obvious from the presence of sinh(2yt) terms in eqs. (6.4, 6.5).

Moreover, these yt-odd shifts are again enhanced in the threshold region. To see this, we

expand eq. (6.4) around threshold, ⌧ = 1, and find

lim
⌧!1

�NP[yt] = �
↵s

2⇡

⇡�

mt

(CA � 2CF )

2(1 � ⌧)
yt. (6.8)

Comparing this shift with the shift of pt? in the threshold region, we observe that the

relative shifts are, in fact, identical and determined by the same colour factors involving

both CF and CA,

lim
⌧!1

�NP[yt]

yt
= lim

⌧!1

�NP [pt?]

pt?
. (6.9)

In contrast to this, the relative shift for the tt̄ invariant mass in the threshold region is

constant and involves only the non-Abelian colour factor,

lim
⌧!1

�NP [stt̄]

stt̄
= �

↵sCA

2⇡

⇡�

mt
. (6.10)

In the opposite ⌧ = 0 limit which correspond to the high-energy regime, we note that,

while the shift in yt vanishes, the relative shifts of pt? and stt̄ are purely “Abelian” and

can be related to the shift in the mass redefinition as follows

�NP [mt]

mt
= lim

⌧!0

�NP [pt?]

pt?
=

1

2
lim
⌧!0

�NP [stt̄]

stt̄
=

↵sCF

2⇡

⇡�

mt
. (6.11)

We have also computed the non-perturbative shifts for basic top-quark kinematic dis-

tributions in the pp̄ ! tt̄ process at the Tevatron; the results are shown in Fig. 8. To

assign a numerical value to the product of ↵s and the gluon mass �, we assume that the

non-perturbative shift in the value of the top quark pole mass is 200 MeV [41–43]. Then,

using eq. (4.29) we obtain

↵s� =
0.4 GeV

CF
= 0.3 GeV. (6.12)

Furthermore, we employ the central value of the NNPDF31 lo as 0118 parton distribution

function [44], take mt = 172.5 GeV and set the factorisation and the renormalisation scales

to µF = µR = mt.8

We observe (c.f. Fig. 8) that non-perturbative corrections in pt? and stt̄ distributions

can be significant in the corresponding threshold regions. Although in pt? distribution

large e↵ects are confined to a region which ends about 5 GeV above the pt?-threshold,

for the tt̄ invariant mass distribution O(1%) e↵ects appear in a broader interval of the

invariant masses that extends to about 450 GeV. Non-perturbative corrections to the

rapidity distribution are small at central rapidities but become larger at |yt| > 1.5 where

the leading order rapidity distribution starts to decrease rapidly.
8
The numerical value of the top quark mass is chosen for the illustration purposes only. In principle,

as we mentioned several times in the text, we must use a short-distance top quark mass to ensure that

O(⇤QCD) corrections to the total cross section vanish.
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The second example that I want to discuss, is the calculation of power corrections to shape variables, such as 
the C-parameter and thrust,  in the 3-jet region.  Such power corrections are important for the extraction of the 
strong coupling constant from shape variables.

Shape variables  include sums over all final state partons. In the context of large-Nf calculation, we need to include fermions 
from the soft gluon splitting. 


The non-vanishing result only appears because of the dependence of the observable on the soft quark momenta; this allows 
us to discard virtual contributions, phase-space modifications and  next-to-soft corrections to matrix elements, and generalize 
the result to true QCD jets.

C = 3� 3
NX

ij

(pipj)2

(piq)(pjq)
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C({p̃}, l, l̄)� C({p̃}) =
3X

i=1

(p̃il)2

(p̃iq)(lq)
+ (l ! l̃)
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Since we cannot deal with on-shell gluons in Born diagrams, we consider production of two hard quarks and 
a hard photon  as a gluon  proxy.

for qq̄� final states, to the phenomenologically interesting case of QCD jets. In sec. 6.2 we

present phenomenological predictions for the C-parameter and the thrust distributions in

the three-jet region, and compare results for the C-parameter with the findings of ref. [29].

We conclude in sec. 7.

Before continuing, we note that several parts of this paper present complex calculations

that rely on the use of sophisticated analytic techniques. Although we believe that these

techniques are both interesting from a formal point of view and potentially useful for

calculations of other observables, their detailed presentation may obscure the main results

of the paper. For this reason, we would like to suggest an alternative way to read this

paper that avoids many technicalities, yet makes our main result and message clear.

A reader not interested in technicalities should begin with reading sec. 2 and the

beginning of sec. 3 up to eq. (3.3) and then move to eq. (3.19) where a remarkably simple

result for power corrections to the C-parameter in the three-jet region is shown. One then

continues with the reading of sec. 3.2 and, especially, sec. 3.2.1, where the phase space

parametrisation that clarifies the origin of the factorisation property is introduced. The

factorisation formula derived in sec. 3.2.1 is divergent and ill-defined. In section 3.2.2

a regularisation procedure is introduced that allows for the full analytic calculation of

the constant universal factor. Alternatively, one can study sec. 3.2.3, where a di↵erent

regularisation procedure is presented which, besides showing that the universal factor is

a constant, also explains how to write it as a finite integral that can be easily computed

numerically. Then, the reader should move to sec. 4 where sec. 4.1 illustrates how to

compute the observable-dependent coe�cient by expressing it as a finite integral, which is

easily evaluated numerically. In the subsequent section 4.1.1 this procedure is illustrated in

full detail using the C-parameter as an example. After that the reader can move to sec. 6

where phenomenological predictions in the three-jet region are discussed.

2 Generalities and linear power corrections to shape variables

Renormalons provide a robust framework for studying non-perturbative corrections to QCD

observables (see ref. [34] for a review). Linear power corrections O(⇤QCD/Q) arising from

renormalons can be computed in a rigorous way in the so called large-nf approximation,

i.e. in the limit where the number of light flavours is taken large and negative so that

↵s|nf | ⇡ 1. Working within this framework, in ref. [30] we have developed a formalism for

studying linear power corrections to e+e� shape variables in the three-jet region.5 In this

section, we briefly recall the main results of ref. [30] and set the stage for further analysis.

We are interested in linear power corrections to the cumulant ⌃ of a shape variable V .

We define the cumulant as

⌃(v) =
X

F

Z
d�F ✓(V (�F )� v), (2.1)

where F stands for a particular final state, �F denotes the phase-space point of the state

F and V (�F ) is the value of the shape variable at the point �F . We assume that the shape

5
We emphasise that “three-jet” refers to an abelian model where a hard final state gluon is replaced by

a photon.
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We will elaborate more on this point in sec. 4.1. For now, we just note that, as explained in

ref. [30], both the C-parameter and the thrust satisfy this condition [30]. If the separation

as in eq. (2.21) is possible, one can expand the second term on the r.h.s. in k using

eq. (2.12). In ref. [30] it was shown that no linear terms in � arise from an unrestricted

integral in the radiation variables at fixed underlying Born kinematics even if we multiply

the cross section by an expression linear in k. Thus, if we insert eq. (2.21) into eq. (2.20)

the second term does not lead to any linear power correction, and eq. (2.20) can be further

simplified by replacing

V ({p}, l, l̄)� V ({p̃}) ! V ({p̃}, l, l̄)� V ({p̃}). (2.22)

One then obtains

T�[⌃(v;�)] =

Z
d�b(�̃b)�(V ({p̃})� v)⇥


NT� [IV ({p̃},�)]

�
, (2.23)

where we have introduced

IV ({p̃},�) =

Z
[dk]

JµJ⌫

�2
✓

 
!max �

(kq)p
q2

!Z
[dl][dl̄](2⇡)4�(4)(k � l � l̄)

⇥ Tr
h
l̂�µˆ̄l�⌫

i ⇥
V ({p̃}, l, l̄)� V ({p̃})

⇤
.

(2.24)

Eqs. (2.23, 2.24) provide the starting point for the analytic investigations described in the

next section.

3 Power corrections to the C-parameter in the three-jet region

In this section, we obtain an analytic result for linear power corrections to the C-parameter

distribution in the three-jet region. We consider the process

�⇤(q) ! q(p1) + q̄(p2) + �(p3), (3.1)

and assume that all final-state particles are resolved. For a process with N massless final-

state particles with momenta p1,..,N , the C-parameter is given by

C = 3� 3
NX

i>j

(pipj)2

(piq)(pjq)
, (3.2)

where q =
PN

i=1 pi is the momentum of the decaying virtual photon. We need to apply

this formula to the case N = 5, with p4 = l and p5 = l̄. From eq. (3.2), it is easy to see

that the C-parameter satisfies the condition shown in eq. (2.21). To compute linear power

corrections to the cumulant, we can then use eqs. (2.23, 2.24).

As mentioned in the introduction, we use two di↵erent approaches to perform the

analytic computation. First, in sec. 3.1 we directly integrate eq. (2.23). Conceptually,

this way of obtaining linear power corrections is straightforward as it follows directly from
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It turns out that this integral can be written in a factorized form by choosing a particular order of integration.  
The so-called Milan factor emerges in a natural way and the relations between power corrections to different 
shape variables become exposed. 

lt. Since, according to eq. (3.28), lµ is proportional to lt, it is straightforward to do so. We

introduce the rescaled vector

l̃µ =
lµ

lt
=

pµ1
p
s
e⌘ +

pµ2
p
s
e�⌘ + nµ, (3.30)

where nµ = lµ?/lt, and find

[dl][dl̄](2⇡)4�(4)(k � l � l̄) =
1

8⇡2
d⌘d'

�2

(2kl̃)2
, lt =

�2

2(kl̃)
. (3.31)

Using eq. (3.31), we write the function IC given in eq. (3.26) in the following way

IunregC = WC ⇥ �F (p1, p2, l̃), (3.32)

where

WC = �3

Z
d⌘d'

2(2⇡)3
C̃↵�

l̃↵ l̃�

(l̃q)
, (3.33)

and

F (p1, p2, l̃) = 16⇡

Z
[dk]

JµJ⌫
�3

⇢
�2l̃µ l̃⌫

�8

(2kl̃)5
�

gµ⌫�6

2(2kl̃)3

�
. (3.34)

The function IC can be written as a product of two terms: one term, F , that is observable-

independent and involves the integration over the gluon momentum, and another term that

involves the integration over the rapidity and azimuthal angle of the quark with momentum

l and contains the dependence on the observable. As indicated in eq. (3.34), F may depend

upon p1, p2 and l̃. However, as we will show in the next section it is actually a constant.

We conclude this section by stressing that eqs. (3.32, 3.34) are ill-defined. However,

as we will explain below, it is possible to introduce a regularisation scheme that allows us

to compute F and IC in a relatively straightforward way. As we will show, the observable-

independent constant F can be associated with the Milan factor of refs. [16, 17].

3.2.1 The observable-independent factor F

We now discuss how to compute function F in eq. (3.34). We introduce a Sudakov

parametrisation of the gluon momentum k

kµ = mte
⌘k

pµ1
p
s
+mte

�⌘k
pµ2
p
s
+ kµ?, (3.35)

where we have defined kt = |k?| and mt =
p
k2t + �2. Using eq. (3.28) and eq. (3.35), it is

straightforward to obtain

kµ l̃
µ = mt ch(⌘kl)� kt cos('kl),

JµJ
µ = �

2(p1p2)

(p1k)(p2k)
= �

4

m2
t

, (Jµ l̃
µ)2 =

4 sh2(⌘kl)

m2
t

,
(3.36)
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A universal, observable-independent constant that turns 
out to be the (famous) Milan factor

Observable-dependent function

a simplified computation that only involves the emission of a single massless gluon by a

universal factor to correct for gluon splitting. It is clear that the above computation neither

explains the simplicity of the final result, nor its relation to the Milan-factor approach. In

order to find an explanation, we need to change the way we approach the integration in

eq. (2.23), as we discuss in what follows.

3.2 Factorised form of the power correction to the C-parameter

Similar to the previous section, our starting point is eq. (2.24) with V = C. However, at

variance with what we did before, we now remove the ✓-function that provides the upper

limit for the gluon energy and consider

IunregC ({p̃},�) =

Z
[dk]

JµJ⌫

�2

Z
[dl][dl̄](2⇡)4�(4)(k � l � l̄)

⇥Tr
h
l̂�µˆ̄l�⌫

i ⇥
C({p̃}, l, l̄)� C({p̃})

⇤
. (3.25)

As in the previous section, we will replace p̃i ! pi since there is no room for ambiguity.

We note that, since we removed the gluon energy cut-o↵, eq. (3.25) is ill-defined. In what

follows, we will introduce a suitable regularisation that, on the one hand, makes it finite

and, on the other hand, allows for its straightforward computation.

Before discussing the regularisation, we simplify eq. (3.25) by computing the trace and

inserting the definition of the C-parameter. We obtain

IunregC = �24

Z
[dk]

JµJ⌫
�2

Z
[dl][dl̄] (2⇡)4�(4)(k � l � l̄)C̃↵� l

↵l�

(lq)


�2lµl⌫ � gµ⌫

�2

2

�
, (3.26)

where we have dropped the arguments of IunregC to shorten the notation. To obtain

eq. (3.26), we have used l̄ = k � l and kµJµ = 0 to discard terms proportional to k

that originate from the trace. We have also defined a new rank-two tensor C̃↵� that reads

C̃↵� =
3X

i=1

p↵i p
�
i

(piq)
, (3.27)

and accounted for the fact that the contributions of the quark and the antiquark to the

C-parameter are equal.

To proceed further, we find it convenient to use p1,2 as the basis vectors and employ a

Sudakov parametrisation for l

lµ = lte
⌘ p

µ
1

p
s
+ lte

�⌘ p
µ
2

p
s
+ lµ?, [dl] =

d⌘ d2~l?
2(2⇡)3

, (3.28)

where s = 2(p1p2) and lt = |l?|. In terms of these variables, the quark-antiquark phase

space reads

[dl][dl̄](2⇡)4�(4)(k � l � l̄) = 2⇡[dl]�+
�
(k � l)2

�
=

1

8⇡2
d⌘ ltdltd'�

�
�2

� 2(kl)
�
, (3.29)

where ' is the azimuthal angle of ~l?. We would like to remove the �-function in the

above equation by integrating over the absolute value of the quark transverse momentum
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IC = � F ⇥WC

where s = 2(p1p2) and lt = |l?|. In terms of these variables, the quark-antiquark phase

space reads
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� 2(kl)
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where ' is the azimuthal angle of ~l?. We would like to remove the �-function in the

above equation by integrating over the absolute value of the quark transverse momentum

lt. Since, according to eq. (3.28), lµ is proportional to lt, it is straightforward to do so. We

introduce the rescaled vector

l̃µ =
lµ

lt
=

pµ1
p
s
e⌘ +

pµ2
p
s
e�⌘ + nµ, (3.30)

where nµ = lµ?/lt, and find

[dl][dl̄](2⇡)4�(4)(k � l � l̄) =
1

8⇡2
d⌘d'

�2

(2kl̃)2
, lt =
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. (3.31)

Using eq. (3.31), we write the function IC given in eq. (3.26) in the following way

IunregC = WC ⇥ �F (p1, p2, l̃), (3.32)

where

WC = �3

Z
d⌘d'

2(2⇡)3
C̃↵�

l̃↵ l̃�

(l̃q)
, (3.33)

and

F (p1, p2, l̃) = 16⇡

Z
[dk]

JµJ⌫
�3

⇢
�2l̃µ l̃⌫

�8

(2kl̃)5
�

gµ⌫�6

2(2kl̃)3

�
. (3.34)

The function IC can be written as a product of two terms: one term, F , that is observable-

independent and involves the integration over the gluon momentum, and another term that

involves the integration over the rapidity and azimuthal angle of the quark with momentum

l and contains the dependence on the observable. As indicated in eq. (3.34), F may depend

upon p1, p2 and l̃. However, as we will show in the next section it is actually a constant.

We conclude this section by stressing that eqs. (3.32, 3.34) are ill-defined. However,

as we will explain below, it is possible to introduce a regularisation scheme that allows us

to compute F and IC in a relatively straightforward way. As we will show, the observable-

independent constant F can be associated with the Milan factor of refs. [21, 22].

3.2.1 The observable-independent factor F

We now discuss how to compute function F in eq. (3.34). We introduce a Sudakov

parametrisation of the gluon momentum k

kµ = mte
⌘k

pµ1
p
s
+mte

�⌘k
pµ2
p
s
+ kµ?, (3.35)
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<latexit sha1_base64="mL7C3OxwomqZWHZuFm/p0bioppo=">AAAB6nicbVDLSgNBEOyNrxhfUY85OBgET2HXSzxGvHiMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF+nJv3HyOGhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqtx5QaR7LezNO0I/oQPKQM2qsdJf0vF6x7FbcGcgq8RakXCudfD0CQL1X/Oz2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx1JJI9R+Njt1Qs6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9bI3Ff/zOqkJL/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2BC85ZdXSfOi4rkV79amcQVz5KEEp3AOHlShBjdQhwYwGMATvMCrI5xn5815n7fmnMXMMfyB8/EDa+uPYA==</latexit><latexit sha1_base64="VTtyxruhyhRi6UXkhKFWznkqV1k=">AAAB6nicbVDLSgMxFL3js9ZX1WURg0VwVWbc6EaouHFZ0T6gHUomzbShmSQkGaEM9Q/cuFDErV+kK//G9LHQ1gMXDufcy733RIozY33/21taXlldW89t5De3tnd2C3v7dSNTTWiNSC51M8KGciZozTLLaVNpipOI00Y0uB77jQeqDZPi3g4VDRPcEyxmBFsn3alO0CmU/LI/AVokwYyUKsWjL/l4eVjtFD7bXUnShApLODamFfjKhhnWlhFOR/l2aqjCZIB7tOWowAk1YTY5dYROnNJFsdSuhEUT9fdEhhNjhknkOhNs+2beG4v/ea3UxhdhxoRKLRVkuihOObISjf9GXaYpsXzoCCaauVsR6WONiXXp5F0IwfzLi6R+Vg78cnDr0riCKXJQhGM4hQDOoQI3UIUaEOjBE7zAq8e9Z+/Ne5+2LnmzmQP4A+/jB3YTkCc=</latexit><latexit sha1_base64="VTtyxruhyhRi6UXkhKFWznkqV1k=">AAAB6nicbVDLSgMxFL3js9ZX1WURg0VwVWbc6EaouHFZ0T6gHUomzbShmSQkGaEM9Q/cuFDErV+kK//G9LHQ1gMXDufcy733RIozY33/21taXlldW89t5De3tnd2C3v7dSNTTWiNSC51M8KGciZozTLLaVNpipOI00Y0uB77jQeqDZPi3g4VDRPcEyxmBFsn3alO0CmU/LI/AVokwYyUKsWjL/l4eVjtFD7bXUnShApLODamFfjKhhnWlhFOR/l2aqjCZIB7tOWowAk1YTY5dYROnNJFsdSuhEUT9fdEhhNjhknkOhNs+2beG4v/ea3UxhdhxoRKLRVkuihOObISjf9GXaYpsXzoCCaauVsR6WONiXXp5F0IwfzLi6R+Vg78cnDr0riCKXJQhGM4hQDOoQI3UIUaEOjBE7zAq8e9Z+/Ne5+2LnmzmQP4A+/jB3YTkCc=</latexit><latexit sha1_base64="DSOTA8ibeaDBULvE/PQwzy49Ti0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WmJsLDEKksCF7C1zsGFv77K7Z0Iu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXplIYS+m3V1pb39jcKm9Xdnb39g+qh0dtk2SaY4snMtGdkBmUQmHLCiuxk2pkcSjxMRzfzPzHJ9RGJOrBTlIMYjZUIhKcWSfdp32/X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRVZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr372itcV3EUYYTOIVz8OESGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f/eSNkw==</latexit>

p2
<latexit sha1_base64="K2mFyIZxbtCO9GBzrWl4PMj2aAs=">AAAB6nicbVDLSgNBEOyNrxhfUY85OBgET2E3Fz1GvHiMaB6QLGF20psMmZ1dZmaFsAT8AS8eFPHqF+nJv3HyOGhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqtx5QaR7LezNO0I/oQPKQM2qsdJf0qr1i2a24M5BV4i1IuVY6+XoEgHqv+NntxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjqWSRqj9bHbqhJxZpU/CWNmShszU3xMZjbQeR4HtjKgZ6mVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsCF4yy+vkma14rkV79amcQVz5KEEp3AOHlxADW6gDg1gMIAneIFXRzjPzpvzPm/NOYuZY/gD5+MHbW+PYQ==</latexit><latexit sha1_base64="aEYLfM4pEthZwXa7Y6Xg1qLQ7W0=">AAAB6nicbVBNSwMxEJ2tX7V+VT0WMVgET2W3F70IFS8eK9oPaJeSTbNtaDZZkqxQlvoPvHhQxKu/SE/+G7NtD9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLrO/NYDVZpJcW/GMfUjPBAsZAQbK93FvWqvWHYr7hRomXhzUq6Vjr/k4+VRvVf87PYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2n01Mn6NQqfRRKZUsYNFV/T6Q40nocBbYzwmaoF71M/M/rJCa88FMm4sRQQWaLwoQjI1H2N+ozRYnhY0swUczeisgQK0yMTadgQ/AWX14mzWrFcyverU3jCmbIQwlO4Aw8OIca3EAdGkBgAE/wAq8Od56dN+d91ppz5jOH8AfOxw93l5Ao</latexit><latexit sha1_base64="aEYLfM4pEthZwXa7Y6Xg1qLQ7W0=">AAAB6nicbVBNSwMxEJ2tX7V+VT0WMVgET2W3F70IFS8eK9oPaJeSTbNtaDZZkqxQlvoPvHhQxKu/SE/+G7NtD9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLrO/NYDVZpJcW/GMfUjPBAsZAQbK93FvWqvWHYr7hRomXhzUq6Vjr/k4+VRvVf87PYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2n01Mn6NQqfRRKZUsYNFV/T6Q40nocBbYzwmaoF71M/M/rJCa88FMm4sRQQWaLwoQjI1H2N+ozRYnhY0swUczeisgQK0yMTadgQ/AWX14mzWrFcyverU3jCmbIQwlO4Aw8OIca3EAdGkBgAE/wAq8Od56dN+d91ppz5jOH8AfOxw93l5Ao</latexit><latexit sha1_base64="sPuSO74RfTRHXFzZ48vuQdaByoo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPFi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecZryIKYjJSLBKFrpIR3UB27Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItTZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UYXQe5UGmGXLHloiiTBBMy/5sMheYM5dQSyrSwtxI2ppoytOlUbAj+6svrpF2v+V7Nv/eqjZsijjKcwTlcgg9X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP9ojZQ=</latexit>

p3
<latexit sha1_base64="GES5W52X5Qsw9O86GNh/QXhG3X0=">AAAB6nicbVDLSgNBEOyNrxhfUY85OBgET2FXD3qMePEY0TwgWcLsZDYZMju7zPQKYQn4A148KOLVL9KTf+PkcdDEgoaiqpvuriCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDK8nfvOBayNidY+jhPsR7SsRCkbRSndJ97xbLLsVdwqyTLw5KVdLR1+PAFDrFj87vZilEVfIJDWm7bkJ+hnVKJjk40InNTyhbEj7vG2pohE3fjY9dUxOrNIjYaxtKSRT9fdERiNjRlFgOyOKA7PoTcT/vHaK4aWfCZWkyBWbLQpTSTAmk79JT2jOUI4soUwLeythA6opQ5tOwYbgLb68TBpnFc+teLc2jSuYIQ8lOIZT8OACqnADNagDgz48wQu8OtJ5dt6c91lrzpnPHMIfOB8/bvOPYg==</latexit><latexit sha1_base64="O/wc76Cu0du2igEBSnbYMLZFNqc=">AAAB6nicbVBNSwMxEJ2tX7V+VT0WMVgET2VXD3oRKl48VrQf0C4lm2bb0GyyJFmhLPUfePGgiFd/kZ78N6bbHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHg98ZsPVGkmxb0ZxdSPcF+wkBFsrHQXd8+6xbJbcTOgReLNSLlaOvySj5cHtW7xs9OTJImoMIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWypwRLWfZqeO0bFVeiiUypYwKFN/T6Q40noUBbYzwmag572J+J/XTkx44adMxImhgkwXhQlHRqLJ36jHFCWGjyzBRDF7KyIDrDAxNp2CDcGbf3mRNE4rnlvxbm0aVzBFHkpwBCfgwTlU4QZqUAcCfXiCF3h1uPPsvDnv09acM5vZhz9wPn4AeRuQKQ==</latexit><latexit sha1_base64="O/wc76Cu0du2igEBSnbYMLZFNqc=">AAAB6nicbVBNSwMxEJ2tX7V+VT0WMVgET2VXD3oRKl48VrQf0C4lm2bb0GyyJFmhLPUfePGgiFd/kZ78N6bbHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHg98ZsPVGkmxb0ZxdSPcF+wkBFsrHQXd8+6xbJbcTOgReLNSLlaOvySj5cHtW7xs9OTJImoMIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWypwRLWfZqeO0bFVeiiUypYwKFN/T6Q40noUBbYzwmag572J+J/XTkx44adMxImhgkwXhQlHRqLJ36jHFCWGjyzBRDF7KyIDrDAxNp2CDcGbf3mRNE4rnlvxbm0aVzBFHkpwBCfgwTlU4QZqUAcCfXiCF3h1uPPsvDnv09acM5vZhz9wPn4AeRuQKQ==</latexit><latexit sha1_base64="at0lB2CSN3GfIxHGHh2GaO+yBRM=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0n0oMeKF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSQ9q/7LtVr+bNQVaJX5AqFGj03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSH4yy+vktZFzfdq/r1Xrd8UcZThBE7hHHy4gjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzBwD7jZU=</latexit>

<latexit sha1_base64="TDIQQb0I+PyRCyHFwaMXYjL6ZbU="></latexit>

IC =
15

128⇡3q

s312
1� z3


1 + z3

2
K(c212)� (1� z1z2)E(c212)

� <latexit sha1_base64="zTgSmOcpEnBI4s+mp3Ap27CzQeU="></latexit>

c12 = cos
✓12
2

<latexit sha1_base64="0C/XMb0YOQ1AqPImEdI/J1opWhQ="></latexit>

qpi =
q2

2
(1� zi)

<latexit sha1_base64="byt6YhlleBNDkcAph/jU49FIIw4=">AAAB6HicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZXdOOyBfuANpTJdNKOnUzizEQooUtXblwo4tav6He48xv8CadpKb4OXDiccy/33uOGjEplmh9Gaml5ZXUtvZ7Z2Nza3snu7jVkEAlM6jhggWi5SBJGOakrqhhphYIg32Wk6Q4vp37zjghJA36tRiFxfNTn1KMYKS3VbrvZnJk3E8C/xJqTXOVwUvu8P5pUu9n3Ti/AkU+4wgxJ2bbMUDkxEopiRsaZTiRJiPAQ9UlbU458Ip04OXQMT7TSg14gdHEFE/X7RIx8KUe+qzt9pAbytzcV//PakfJKTkx5GCnC8WyRFzGoAjj9GvaoIFixkSYIC6pvhXiABMJKZ5NJQigXbbtkL17WIZRLhYJ1vlAaZ3mrmC/UdBoXYIY0OADH4BRYwAYVcAWqoA4wIOABPIFn48Z4NF6M11lrypjP7IMfMN6+AOv/kPA=</latexit>q
<latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>.

<latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>. <latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>.

<latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>.
<latexit sha1_base64="DHjNBUaApR+XTug/IZSNxSsLUQk=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwNcxI59GFWHTjsgXbCm0pmTRtYzMPkoxQhn6BGxeKuNWPce9G/BszHSkqHhI4nHMv997jx4wKaZqfWmFpeWV1rbiub2xube+UdvdaIko4Jk0csYhf+0gQRkPSlFQych1zggKfkbY/ucj89i3hgkbhlZzGpBegUUiHFCOppIbRL5VNw6zY6sGMOJZXzUnFMaFlmHOUz9700/j1Q6/3S+/dQYSTgIQSMyRExzJj2UsRlxQzMtO7iSAxwhM0Ih1FQxQQ0Uvni87gkVIGcBhx9UMJ5+rPjhQFQkwDX1UGSI7FXy8T//M6iRx6vZSGcSJJiPNBw4RBGcHsajignGDJpoogzKnaFeIx4ghLlY0+D6HquK7nLk5WIVQ927YqC6V1YliOYTfMcu0c5CiCA3AIjoEFXFADl6AOmgADAu7AA3jUbrR77Ul7zksL2nfPPvgF7eULWFeQhQ==</latexit>.

<latexit sha1_base64="7QpeM0pHPRcJ9A+jokEwHOkS6Uo=">AAAB6HicbVDLSgMxFM34rPVVdalIsAgupMxIZzrdFd24bME+oB1KJk3b2ExmSDJCGbp05caFIm79in6HO7/BnzDtSFHxkMDhnHu59x4/YlQq0/wwlpZXVtfWMxvZza3tnd3c3n5DhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv7oauY374iQNOQ3ahwRL0ADTvsUI6Wl2nk3lzcLZtHWD86IY7nllBQdE1oFc4585Wha+7w/nla7ufdOL8RxQLjCDEnZtsxIeQkSimJGJtlOLEmE8AgNSFtTjgIivWS+6ASeaqUH+6HQnys4V392JCiQchz4ujJAaij/ejPxP68dq77rJZRHsSIcp4P6MYMqhLOrYY8KghUba4KwoHpXiIdIIKx0Ntl5CGWnVHJLi5N1CGXXtq3iQmlcFCynYNd0GpcgRQYcghNwBixQAhVwDaqgDjAg4AE8gWfj1ng0XozXtHTJ+O45AL9gvH0B4riQ7Q==</latexit>,

We will elaborate more on this point in sec. 4.1. For now, we just note that, as explained in

ref. [30], both the C-parameter and the thrust satisfy this condition [30]. If the separation

as in eq. (2.21) is possible, one can expand the second term on the r.h.s. in k using

eq. (2.12). In ref. [30] it was shown that no linear terms in � arise from an unrestricted

integral in the radiation variables at fixed underlying Born kinematics even if we multiply

the cross section by an expression linear in k. Thus, if we insert eq. (2.21) into eq. (2.20)

the second term does not lead to any linear power correction, and eq. (2.20) can be further

simplified by replacing

V ({p}, l, l̄)� V ({p̃}) ! V ({p̃}, l, l̄)� V ({p̃}). (2.22)

One then obtains

T�[⌃(v;�)] =

Z
d�b(�̃b)�(V ({p̃})� v)⇥


NT� [IV ({p̃},�)]

�
, (2.23)

where we have introduced

IV ({p̃},�) =

Z
[dk]

JµJ⌫

�2
✓

 
!max �

(kq)p
q2

!Z
[dl][dl̄](2⇡)4�(4)(k � l � l̄)

⇥ Tr
h
l̂�µˆ̄l�⌫

i ⇥
V ({p̃}, l, l̄)� V ({p̃})

⇤
.

(2.24)

Eqs. (2.23, 2.24) provide the starting point for the analytic investigations described in the

next section.

3 Power corrections to the C-parameter in the three-jet region

In this section, we obtain an analytic result for linear power corrections to the C-parameter

distribution in the three-jet region. We consider the process

�⇤(q) ! q(p1) + q̄(p2) + �(p3), (3.1)

and assume that all final-state particles are resolved. For a process with N massless final-

state particles with momenta p1,..,N , the C-parameter is given by

C = 3� 3
NX

i>j

(pipj)2

(piq)(pjq)
, (3.2)

where q =
PN

i=1 pi is the momentum of the decaying virtual photon. We need to apply

this formula to the case N = 5, with p4 = l and p5 = l̄. From eq. (3.2), it is easy to see

that the C-parameter satisfies the condition shown in eq. (2.21). To compute linear power

corrections to the cumulant, we can then use eqs. (2.23, 2.24).

As mentioned in the introduction, we use two di↵erent approaches to perform the

analytic computation. First, in sec. 3.1 we directly integrate eq. (2.23). Conceptually,

this way of obtaining linear power corrections is straightforward as it follows directly from

– 9 –

We will elaborate more on this point in sec. 4.1. For now, we just note that, as explained in

ref. [30], both the C-parameter and the thrust satisfy this condition [30]. If the separation

as in eq. (2.21) is possible, one can expand the second term on the r.h.s. in k using
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Eqs. (2.23, 2.24) provide the starting point for the analytic investigations described in the
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, (3.2)

where q =
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i=1 pi is the momentum of the decaying virtual photon. We need to apply

this formula to the case N = 5, with p4 = l and p5 = l̄. From eq. (3.2), it is easy to see

that the C-parameter satisfies the condition shown in eq. (2.21). To compute linear power
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To summarise:

1) linear non-perturbative corrections                    may become relevant for collider physics thanks to a very high 
accuracy of perturbative calculations  and experimental measurements;


2)   there is no theory to calculate  such power corrections from first principles;


3)   nevertheless, for processes without on-shell gluons in Born diagrams they can be studied  within the 
renormalon model;   within this model, linear power corrections can be easily computed once linear dependence 
of NLO QCD corrections on infinitesimal gluon mass is known.  


5) such a  dependence can be derived  for arbitrary processes using Burnett-Kroll-Low theorem for next-to-soft 
emissions, its generalization to virtual corrections, and the momenta mappings that factorise the dependence of 
the phase space on soft gluon momentum with next-to-soft accuracy. 


6)  this approach can be used to prove cancellation of linear power corrections to arbitrary (abelian) processes at 
collliders without the need to compute the one-loop corrections / real emission contribiutions with the gluon 
mass exactly.


7) linear corrections to kinematic distributions can be efficiently calculated  using this method; such corrections 
are rather small in general but they can be relevant for, e.g., the top quark mass measurement and for the 
extraction of the strong coupling constant from shape variables.
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It is straightforward to apply the general  formula to compute the non-perturbative shifts in transverse momentum 
and rapidity of the final-state top quark. The shifts are not large although if the top quark mass is to be extracted 
from the transverse momentum distribution, it may be marginally relevant. 

Using the alternative procedure for the inclusion of the self-energy corrections in Sec-

tion 7 we immediately reach the same conclusion, except that the cancellation of the second

term of eq. (8.2) arises from the derivative term in eq. (7.9) by replacing FLO with X FLO,

so that the derivative that hits FLO there can now also act on X(pt).

The result of eq. (8.8) can be interpreted as a non-perturbative shift in the argument

of the observable X(pt). Indeed, we can write

OX =

Z
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
X(pt) +

↵sCF
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(8.10)

where
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⇡�

mt
l. (8.11)

As an example, suppose that X is a function of the transverse momentum distribution

of the top quark, such as, for example, a cut on the transverse momentum, or a product

of theta functions singling out a particular histogram bin. In this case

pt? =
q
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µ
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t |, (8.12)
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b g?,µ⌫ = 0, we find
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. (8.14)

It is interesting to point out that the relative non-perturbative shift in pt? and the

relative non-perturbative shift in the top quark mass coincide

�NP [ pt?]

pt?
=

�NP[mt]

mt
. (8.15)

Since the non-perturbative uncertainty in the top quark mass is estimated as 100�200 MeV

[1, 22, 23], we conclude that the non-perturbative shift in the top quark transverse mo-

mentum reads

�NP [ pt?] ⇡ (0.1� 0.2)
pt?
mt

GeV. (8.16)

The transverse momentum distribution of the t-channel single top production is peaked

around 50 GeV; for such momenta, the non-perturbative shift is very small, O(30�60) MeV.

Another observable to consider is the top quark rapidity distribution. In the partonic

center of mass frame, it reads

yt =
1

2
ln

pbpt

pupt
. (8.17)

An easy computation gives
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Figure 1: Leading order and the relevant real emission contributions to a single top

production process. The blob on the “heavy” line represents the function N. We emphasise

that there is no colour transfer from the light quark line to the heavy quark line, see text

for details.

It is also explained in ref. [8] that one can only obtain O(�) contributions to the cross

section of the process eq. (2.2) if the gluon g(k) is soft. However, since the leading term in

the soft expansion corresponds to O(�0), the first sub-leading term in the soft expansion is

required. Such term can be obtained in a process-independent way using the LBK theorem

[11, 12], as we now explain.

We write the amplitude extracting the strong coupling constant, the colour factor and

the gluon polarisation vector. It reads

Areal = gsT
a
ij✏µM

µ
, (2.3)

where a, i, j are the gluon, top-quark and b-quark colour indices and ✏ is the gluon polari-

sation vector. The reduced amplitude M
µ reads

M
µ = ū(qt)�

µ /
q
t
+ /k +mt

dt
N(qt + k, pb, qd, ...)u(pb)

+ ū(qt)N(qt, pb � k, qd, ...)
/pb

� /k

db
�
µ
u(pb) +M

µ
reg(qt, pb, qd, ..|k),

(2.4)

where dt = (qt + k)2 � m
2
t = 2qtk + �

2 and db = (pb � k)2 = �2pbk + �
2. The three

terms on the right-hand side of eq. (2.4) describe contributions where a gluon is emitted
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