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Andrea in Saclay : March 1986 – October 1988

8 papers on CFT’s, including two on a joint work with Claude
Itzykson and myself
on the classification of modular invariant partition functions
in minimal models and SU(2) WZW models,

but also on superconfl theories, energy-momentum tensor and
c-theorem in higher dims [A. Coste, D. Friedan, J. Latorre]



Fall-winter 85–86: Claude and I start to work on 2D CFT’s (one

year after visit of Ian Affleck and Natan Andrei). Exercises with free field

(bosonic or fermionic), modular invariance etc.

Then, three unexpected fortunate events (serendipity ?)



Fall-winter 85–86: Claude and I start to work on 2D CFT’s (one
year after visit of Ian Affleck and Natan Andrei). Exercises with free field
(bosonic or fermionic), modular invariance etc.

Then, three unexpected fortunate events (serendipity ?)

1st happy circumstance: John Cardy’s paper on modular in-
variance in minimal models (communicated to us by Bernard Derrida !).
Content of that crucial paper: Consider a “rational" CFT with Hilbert space
H = ⊕i,̄iZīiVi⊗ V̄̄i (operator content). Its partition function on a torus of mod-
ulus τ (aka aspect ratio τ = ω2/ω1)
(i) may be written in terms of characters χi(q) = tr Viq

L0−c/24

Z(q = e2πiτ) =∑
īi

Zīiχi(q)χī(q̄) ;

(ii) is modular invariant, i.e., invariant under PSL(2,Z) transformations of τ ;
(iii) must satisfy Zīi ∈ N, Z11 = 1 (unicity of vacuum).
(iv) Characters of minimal models of CFT,M(p, p′), form a finite-dimensional,
unitary, representation of PSL(2,Z).
Thus “diagonal" partition functions ∑i ∣χi(q)∣2 are modular invariant;
(v) but there also exist “non-diagonal" p.f., for example, that of the critical
3-state Potts model.



Cardy’s paper opens the way to a classification of CFT’s!. . .

We write a paper generalizing John’s observation: there exists
an infinie series of non diagonal modular invariants (called now
“D-even series") (submitted March 3)
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2nd happy circumstance: timely arrival of Andrea (March 86 !)

- Together, we realize that in minimal models M(p, p′), p and p′ coprimes,

you may construct modular invariants associated with divisors of p ⋅ p′.
- We find more and more physical modular invariants (now called E6,E7,Dodd,E8)

without seeing yet the pattern nor realizing that our list is complete!. . .



Cardy’s paper opens the way to a classification of CFT’s!. . .

We write a paper generalizing John’s observation: there exists
an infinie series of non diagonal modular invariants (called now
“D-even series") (submitted March 3)

2nd happy circumstance: timely arrival of Andrea (March 86 !)

- Together, we realize that in minimal models M(p, p′), p and p′ coprimes,

you may construct modular invariants associated with divisors of p ⋅ p′.
- We find more and more physical modular invariants (now called E6,E7,Dodd,E8)

without seeing yet the pattern nor realizing that our list is complete!. . .

3d happy circumstance: crucial discussion with Vincent Pasquier
who explains his construction of integrable lattice models based
on (simply-laced) A-D-E Dynkin diagrams! It matches our list
which is thus complete (but still conjectural!).
[Prior letter of V. Kac, mentioning a “very exceptional case" related to E6.]



In the mean time, (thanks to Andrea) we have extended our
discussion to the case of ŝu(2)k cft’s (aka WZW) [D. Gepner–E.

Witten,’86]

Competition ! Parallel works by D. Gepner, W. Nahm, D. Bernard, C.

Imbimbo and A.Schwimmer,. . .

Frantic writing of a paper (Sept 86)





Double conjecture:
– the “commutant": general form of Zij s.th. [S,Z] = [T,Z] = 0.
– the “physical" invariants Zij ≥ 0, Z11 = 1: ADE

Table of modular invariants of ŝl(2)k cft’s

with an analogous table for Virasoro minimal models



Andrea immediately extends the classification to modular invariants of mini-

mal superconformal theories



Then several months before full proof.
– D. Gepner and Z. Qiu (Jan. 87): commutant ✓
– CIZ 2 (also A. Kato) (May ’87): ADE ✓



Later (1999) simpler proof by T. Gannon



Why A-D-E ?
Several possible answers
– associated integrable lattice models [Pasquier]

built on graphs: largest e-value of adjacency matrix < 2

– N = 2 twisted superconf. theories [Lerche–Vafa–Warner, Martinec]

and their superpotential is a simple singularity, hence of ADE type [?]
– Boundary conds (Cardy’s equations) [Behrend–Pearce–Petkova-Z ’98]

coded by matrices (“nimreps" of fusion algebra) of eigenspectrum < 2

– . . .

Andrea and I : Scholarpedia . . .



After that, Andrea goes on to
– c-theorem, stress-energy tensor in higher dims, [D. Friedan, A. Coste,
J. Latorre ,...]

– QHE and W∞ symmetry [C.Trugenberger, G.Zemba, G.Dunne, I.Todorov, . . . ]

– topological insulators
– conformal bootstrap
– ⋮
– anomalies in cond mat



After that, Andrea goes on to
– c-theorem, stress-energy tensor in higher dims, [D. Friedan, A. Coste,
J. Latorre ,...]

– QHE and W∞ symmetry [C.Trugenberger, G.Zemba, G.Dunne, I.Todorov, . . . ]

– topological insulators
– conformal bootstrap
– ⋮
– anomalies in cond mat
plus two books



Happy days in Saclay . . .



. . . and elsewhere:
Cortona, Les Houches, Firenze and Paris (xxx), Santa Barbara. . .



Andrea, I have always admired your versatility, your equanimity,
. . .
and your big and warm smile !



Congratulations, AnDrEa
Many happy returns

and keep your curiosity
and your big smile . . .




