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Tri-Critical Ising  

V(φ) = g2φ2 + g4φ4 + φ6

• Landau-Ginzburg effective description: 

• Merging of three different phases

[G. Mussardo et al, J. Phys. Stat. ’08] 
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Spin models & other realisations

• Spin 1 quantum Blume-Capel model 

• Strong interacting Rydberg atoms

• Majorana fermions on a lattice

• Staggered fermionic chains

No 1D Quantum physical realization (related proposals)

[Slagle et al  PRB ’21] 
[Oreg et al PRL ’19] 

[Franz et al PRB ’16] 
[Essler et al PRB ’17] 
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Hybrid Josephson Junctions

V(φ) ≃ − Δ [( T
4

+
T2

16 ) cos φ +
T2

64
cos 2φ + …]

One JJ is not enough…

• The Josephson potential contains higher harmonics 

(φ = φ↑ − φ↓)

SC↑

SC↓ Δeiφ↓

Δeiφ↑

T(Vg)

Vg
Semiconducting 


substrate
V(φ) = − Δ 1 − T sin2(φ/2)

• The semiconductor sustains also multiple Cooper pairs coherent 

     tunneling processes 

[Benakker PRL 1991] 

• Josephson effect: Cooper pair tunneling through the normal region

V(φ) = − EJ cos(φ) = −
EJ

2 (eiφ↑e−iφ↓ + H . c)

• We target the local potential

V(φ) = μ1 cos φ + μ2 cos (2φ) + μ3 cos (3φ)

[N̂j , ei φ̂j′￼] = − δj,j′￼
ei φ̂j

T = T(Vg) ∈ [0,1]

• Local degrees of freedom: Cooper pairs on the SC islands

[C. Marcus et al. Nat. Phys. 2018] 
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Local potential: Triple JJs element

3 Parameters:


• Transparencies 


• Flux  
{T1 = T3, T2}

{Φ1 = Φ2 ≡ Φ}

Δeiφ↑

Tunable transparencies

T1, T3

Δeiφ↓

SC↑

SC↓

Φ1 Φ2

• 2 Loops: 2 magnetic fluxes  and Φ1 Φ2

• Two E-shaped SC islands: 3 junctions T1, T2, T3

φ → − φ ℤ2 − symmetrye−iΦ1 e+iΦ2

• Aharanov-Bohm phases

Δeiφ↑

(φ = φ↑ − φ↓)
Vloc(φ) = V(1)(φ − Φ1) + V(2)(φ) + V(3)(φ + Φ2)

• Local potential
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Semiclassical analysis

T1T2

Φ

T2 = 0.6

• Three-dimensional parameter space

III

I

II

• Order parameter: sin (φmin)

We need to promote the phase difference to a field  φ → φ(x)



Ladder construction [N̂j,x , ei φ̂j′￼,x′￼] = − δj,j′￼
δx,x′￼

ei φ̂j,x

+Φ +Φ −Φ −Φ +Φ +Φ −Φ −Φ

j = ↑ , ↓

H =
L

∑
x=0

Vloc (φ↑,x − φ↓,x)



Ladder construction

• Standard Josephson junction along the leg

[N̂j,x , ei φ̂j′￼,x′￼] = − δj,j′￼
δx,x′￼

ei φ̂j,x

EJ

+Φ +Φ −Φ −Φ +Φ +Φ −Φ −Φ

j = ↑ , ↓

H =
L

∑
x=0

Vloc (φ↑,x − φ↓,x) −EJ ∑
j=↑↓

cos (φj,x − φj,x+1)



Ladder construction

• Standard Josephson junction along the leg

[N̂j,x , ei φ̂j′￼,x′￼] = − δj,j′￼
δx,x′￼

ei φ̂j,x

• Charging energy  with respect to a backgroundEC

EJ

+Φ +Φ −Φ −Φ +Φ +Φ −Φ −Φ

j = ↑ , ↓

EC

H =
L

∑
x=0

Vloc (φ↑,x − φ↓,x) −EJ ∑
j=↑↓

cos (φj,x − φj,x+1) +EC ∑
j=↑↓

N2
j,x



Ladder construction

• Standard Josephson junction along the leg
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δx,x′￼

ei φ̂j,x

• Charging energy  with respect to a backgroundEC
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Bosonization - harmonic approximation
[Nj,x , eiφj′￼,x′￼] = − δj,j′￼δx,x′￼eiφj,x

L

∑
x=0

→
1
a ∫

L

x=0
dx

(φ↑,x + φ↓,x)
2

→ φc(x)

(φ↑,x − φ↓,x)
2

→ φs(x)

Nj,x → − a
∂xθj,x

π

H = ∑
q∈{c,s}

uq ∫
dx
2π [Kq (∂xφq)

2
+

1
Kq

(∂xθq)
2

]+

+∫ dx [μ1 cos ( 2φs) + μ2 cos (2 2φs) + μ3 cos (3 2φs)] .

2 Luttinger Liquids: charge/spin sector φc/s(x)

Effective potential

Kc/s = π
EJ

(2Ec ± V⊥)

uc/s = a EJ (2Ec ± V⊥)

Three-frequency 
SG model  

In the ‘spin’ sector

• Luttinger parameters

• The first three harmonics are relevant for  .Ks > 9/4
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(X1 − X1,c)D𝜅/𝜈-0.5 0.0 0.5

𝜉 SD−𝜅

0.0250.0500.0750.1000.125 𝜅 = 0.81(8)𝜈 = 1.0(1)
X1c = − 0.288

T1 sin(Φ)0.42 0.43 0.44 0.45 0.46 0.47 0.48

𝛽

0
18124

c−1

0
12
710

(a) (b)

(c)

(e)(d)
D = 600 D = 700
D = 800 D = 900
D = 1000

L = 10
L = 16
L = 20

• First order transition between I and II

[Rams et al PRL ’11] 

( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D = 600



T1 cos(Φ)-0.40 -0.35 -0.30 -0.25

T 1sin(Φ
)

0.00.10.20.30.40.50.6 b)

c)

III

II
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( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D = 600

The wavefunction is discontinuous
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(X1 − X1,c)D𝜅/𝜈-0.5 0.0 0.5

𝜉 SD−𝜅

0.0250.0500.0750.1000.125 𝜅 = 0.81(8)𝜈 = 1.0(1)
X1c = − 0.288

T1 sin(Φ)0.42 0.43 0.44 0.45 0.46 0.47 0.48

𝛽

0
18124

c−1

0
12
710

(a) (b)

(c)

(e)(d)
D = 600 D = 700
D = 800 D = 900
D = 1000

L = 10
L = 16
L = 20

( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D = 600

Phase-diagram from Tensor Networks (VUMPS)

• Order parameter:

̂J (2e)
⊥ (x) = sin ( 2 φ̂s(x))



T1 cos(Φ)-0.40 -0.35 -0.30 -0.25

T 1sin(Φ
)

0.00.10.20.30.40.50.6 b)

c)

III

II
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Continuous phase transition
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• Ising transition between I and II( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D ≤ 1000

Phase-diagram from Tensor Networks (VUMPS)

• Order parameter:

̂J (2e)
⊥ (x) = sin ( 2 φ̂s(x))

• Finite-entanglement scaling of the spin correlation length ξs

• At the critical point  ξs ∝ Dκ

[Tagliacozzo et al PRB ’08] 

[Pollmann et al PRL ’09] 

Ising phase transition νIS = 1
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• Ising transition between I and II( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D ≤ 1000
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• Finite-entanglement scaling of the spin correlation length ξs
[Tagliacozzo et al PRB ’08] 

[Pollmann et al PRL ’09] 

Ising phase transition νIS = 1

T1cos(Φ)−0.290 −0.288 −0.286

⟨J ⟂(2e) ⟩

0.00.10.20.30.40.50.6

log(|X1 − X1,c|)−9 −8 −7log(⟨J ⟂(2e) ⟩)
−0.9−0.8−0.7−0.6 𝛽 = 0.125(3)

• Order parameter: ⟨ ̂J (2e)
⊥ ⟩ ∝ X1 − X1c

β

Ising phase transition βIS = 1/8



Lowest TM eigenvalue in the spin sector 

Transfer Matrix spectrum

First-Order (I-III) First-Order (I-II) Second-Order (I-II)
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Tricritical Ising point DMRG finite size simulation 

(Entanglement entropy)
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• Signature of Fibonacci operator τ

Niklas Tausendpfund

(Cologne)

Perspectives

• Scale up to 2D keeping a massless theory on the edge Topological phases in the bulk 

With


Fibonacci anyons[Franz et al PRB ’20] 

• Away from criticality: can we measure masses with spectroscopy techniques

• This opens the path for solid-state analog quantum simulations
• Hybrid Josephson junctions can be electrically tuned

• Ladder models offer the possibility of  engineering CFTs

• Ladder geometry and quantum field theory limit

• The central charge (heat transport!) can be used to distinguish them
• We can hope to achieve a tricritical Ising point Φ1

Φ2

Vg1

Vg3

[ArXiv 2310.18300] 
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• Ladder geometry and quantum field theory limit
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CUV = 1

CIR = 7/10

Spin models & other realisations

• Multi-frequency Sine-Gordon model

S = Sc=1[φ]+

+∫ dxdt (μ1 cos φ + μ2 cos (2φ) + μ3 cos (3φ))

[Mussardo et al. J. Phys. Stat. ’08] 
[Toth, J.Phys. A ’04] 

[Essler et al. PRB ’17] 

[Mussardo, Delfino ’97] 

• Spin 1 quantum Blume-Capel model 

• Strong interacting Rydberg atoms

• Majorana fermions on a lattice

• Staggered fermionic chains

No 1D Quantum physical realization (related proposals)

[Slagle et al  PRB ’21] 
[Oreg et al PRL ’19] 

[Franz et al PRB ’16] 

Quantum field theory

SC1 SC2

• Advances hybrid Superconductor/Semiconductor Junctions

[C. Marcus et al. Nat. Phys. 2018] 

• Coherence from superconductor

• Scalability and designing capability 

    from lithography

Gate Vg

• Control via electrostatic gate from 

    semiconductor

[Essler al PRB ’17] 

[Marcus’s Lab in Copenhagen] 

[PRB ’24] 



Model

Ĥ =
L

∑
x=0

EC ∑
j=↑↓

(ñj,x)
2

+ V⊥ñ↑,xñ↓,x + ngV⊥ (ñ↑,x + ñ↓,x)+

−EJ /2 ∑
j=↑↓

(Σ+
j,xΣ

−
j,x+1 + Σ−

j,xΣ+
j,x+1)+

+
μ1

2 (Σ−
↑,xΣ+

↓,x + Σ+
↑,xΣ

−
↓,x)+

+
μ2

2 ((Σ−
↑,x)2 (Σ+

↓,x)
2

+ (Σ+
↑,x)

2
(Σ−

↓,x)2)+

+
μ3

2 ((Σ−
↑,x)3 (Σ+

↓,x)
3

+ (Σ+
↑,x)

3
(Σ−

↓,x)3)

ĤJ = − EJ ∑
j=↑↓

L−1

∑
x=0

cos (φ̂j,x − φ̂j,x+1)

Vloc =
L

∑
x=0

μ1cos (φ̂↑,x − φ̂↓,x)+

+μ2cos (2 (φ̂↑,x − φ̂↓,x))+

+μ3 cos (3 (φ̂↑,x − φ̂↓,x))

Discrete charge-basis

        {ñj,x = Nj,x − ng}

Ec ≫ EJ

ñ < Nmax

Ks ≃ π
EJ

2 (Ec − V⊥)
>

9
4

We can add a rung-charging interaction!

Ĥ⊥ = V⊥

L

∑
x=0

N̂↑,xN̂↓,x

We can restrict the local 

Hilbert space

We can define the local

(non-unitary) operator 


Es. Nmax = 2

eiφ̂j,x =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0 j,x

≡ Σ̂j,x

ĤC = EC ∑
j=↑↓

L

∑
x=0

(N̂j,x − ng)
2

Diagonal charging terms

Interaction

Hopping 

term

(dim (ℋj,x) = 2Nmax + 1)

[N̂j,x , eiφ̂j′￼,x′￼] = − δj,j′￼δx,x′￼eiφ̂j,x

Charge basis

e−iφ̂j,x =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0 j,x

≡ Σ̂†
j,x



(a) (c)

(b)

Staggered fluxes



Semiclassical analysis

T1T2

Φ

T2 = 0.6

• Three-dimensional parameter space

φ−π +π

V(φ)

φmin = π

φmin = φ0

φmin = 0

T1 cos(ϕ)

T 1
si

n(
ϕ)

• Landscape of minima
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(X1 − X1,c)D𝜅/𝜈-0.5 0.0 0.5

𝜉 SD−𝜅

0.0250.0500.0750.1000.125 𝜅 = 0.81(8)𝜈 = 1.0(1)
X1c = − 0.288

T1 sin(Φ)0.42 0.43 0.44 0.45 0.46 0.47 0.48

𝛽

0
18124

c−1

0
12
710

(a) (b)

(c)

(e)(d)
D = 600 D = 700
D = 800 D = 900
D = 1000

L = 10
L = 16
L = 20

( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D = 600

Phase-diagram from Tensor Networks (VUMPS)

T1 cos(Φ)-0.300 -0.295 -0.290 -0.285

𝜀

-0.75
-0.70
-0.65

T1 cos(Φ)-0.3004 -0.3001 -0.2998
𝜀

-0.549
-0.548
-0.547
-0.546
-0.545

T1 cos(Φ)-0.300 -0.295 -0.290 -0.285 -0.280

𝜀

-1.00
-0.95
-0.90
-0.85

(a) (b) (c)

• Hysteresis at the first order transitions

a)



T1 cos(Φ)-0.40 -0.35 -0.30 -0.25

T 1sin(Φ
)

0.00.10.20.30.40.50.6 b)

c)

III

II
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(X1 − X1,c)D𝜅/𝜈-0.5 0.0 0.5

𝜉 SD−𝜅

0.0250.0500.0750.1000.125 𝜅 = 0.81(8)𝜈 = 1.0(1)
X1c = − 0.288

T1 sin(Φ)0.42 0.43 0.44 0.45 0.46 0.47 0.48

𝛽

0
18124

c−1

0
12
710

(a) (b)

(c)

(e)(d)
D = 600 D = 700
D = 800 D = 900
D = 1000

L = 10
L = 16
L = 20

( Truncation local Hilbert space: , Bond-dimension  )Nj,x ≤ 8 D = 600

Phase-diagram from Tensor Networks (VUMPS)

T1 cos(Φ)-0.300 -0.295 -0.290 -0.285

𝜀

-0.75
-0.70
-0.65

T1 cos(Φ)-0.3004 -0.3001 -0.2998
𝜀

-0.549
-0.548
-0.547
-0.546
-0.545

T1 cos(Φ)-0.300 -0.295 -0.290 -0.285 -0.280

𝜀

-1.00
-0.95
-0.90
-0.85

(a) (b) (c)

• Hysteresis at the first order transitions

a)



T1 cos(Φ)-0.40 -0.35 -0.30 -0.25

T 1sin(Φ
)

0.00.10.20.30.40.50.6 b)

c)

III

II
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[Rams et al PRL ’11] 

ℱ (X1c, δ) ∼ |δ |Dν

χF (X1, δ) ∼ |X1 − X1c |Dν−2
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Central charge and entanglement entropy
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Fourier components of the local potential


