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Hagedorn transitions in exact ‘U (5[ ) S-matrix
theories with arbitrary spins

Scattering Theory in 2D

Integrability -> Factorised S-matrices that satisfy:
» YBE

» Unitarity

0ssing symmetry

_ Sine-Gordon 2> s =% Sausage 2 s=1

Factorised scattering Doublet soliton-antisoliton Triplet of solitons

S-matrix prop. to R-matrix of spin Y2 x /2 R-matrix of spin 1 x 1

Why not try higher spin s ¢



Factorised scattering of (iso-)spin s particles

Uy(sus) symmetry g2 — q=>2

Mg =

ql/2 — q-1/2

Ji,, I3 =3, [I4,,I_| =[23;5),

2 particle S-matrix:

S(A) =0 (P Z 179 P{ﬂ) o !
J=0

/1

gauge permutator g-Projectors

Case g =1 infroduced in Aladim, Martins 1994




g-Projectors

J
PLI™™E N (s s s, | J, Mg (J, Ms, s s, ma)q

49 mimo
M=—J

» g-Clebsch-Gordan

(s,m1;s,mo|J, M)q = f(J) . q2s= @I+ /44 s(ma—mi)/2

—v(2s+J+1)/2
X A{[s + ma|l[s — mq]![s + ma]l[s — ma|!|J + M]![J — M]!}1/2 Z(_l)yq =
D, = [Wl2s—J—v)l[s—my —v|l[s+mg—V|![J —5+m +V|l[J]—5—ms+ 1

2J + 1]4([J])2[2s — J]! }1/2

i) = { 25+ J + 1!




Rapidity functions & prefactor

inh |y(tkm — 0)]
inh [y(ikm + 0)]

J=0,1---,2s.

x| N

Unitarity: S0(0)Se(—0) =1

2s

Crossing: Sy(im — ) = H

sinh [y(¢(k + 1)7 — 0)]
sinh [y(tkm 4 0)]

So(6)

& | sinh [y(ink + 6)] (v sinh [y(in(k + €) — 6)] sinh [y (i (k — €) — 6)] \
o(6) = H _sinh [v(irk — 0)] (H sinh [y(iw(k + £) 4+ 0)] sinh [y(im(k — £)k + 0)] )J




More on prefactor

When s is infeger the prefactor greatly symplifies

17 sinh [y(8 + i2m)] o “r sinh [y(0 — i(2m — 1)7)]
so®) = 11 5 MO —izmr) > Sul0) = I 5 (0 + i(2m — 1))

When s is half-integer it gives rise to the infinite T' product

So(0) = ﬁ {}Siﬂh V(0 + imm)| T [1 —y(m—1) + %] T [1 — ym — @]

17T TC
Rl e)RL: ™ (i — 9)] }

m=1

X
H '(0) R ™ (i)
In both cases the integral representation holds

© Jksinh(mks)sinh k(s — 5-
SSS<9) _ exp/ ( ) ( )ezkﬁ

o K sinh 72% sinh 7k




Examples

» s='%: Sine-Gordon

» s=]: Sausage

» 5=3/2:
11 _ 12_@ 21 _ 93 13 (O)( 1) 22_52\/53/51(0)
u=h SR = Ep e T Gy ST g)E BT T (g)E)
g _ (1512900 G h gu_ OEDED) g 50D
B (203) ZT@E) T WE)e) T (1))
32 _ $253(0) G4l _ 515253 23 _ (0) f1 32 _ Ss2.f2
Y MEE) T E@E) T 1)@E) TP (1)©@)(B)

(n) = 2sinh [y(0 —imn)], s, =2 Sinh(imm/)

fi = 2cosh [v(20 — im)] + SEL 2— fo = 92 cosh [y(20 — im)] + 55 — 25 — 4
S5 S1° S1




Thermodynamic Bethe Ansatz

» Bethe Yang equation
6iRmsinth-I-( j|{9}) .
T(O;1{6:))mi Z Szt (81 — 0;)Spama (62 — 6;) - - Syt (Oar — 65)

» String hypothesis

A;?Oaz)\(-")qtg(n—l—l—Qoz), a=1,2--,n

J

1
we restrict to the simpler case v = N

Diagonalisation in ferms of Bethe Ansatz of XXZ higher spin chains [Kulish Reshetikhin]
®» Thermodynamic limit and intergal eqs. for densities of centers of strings ¢ and &
®» Minimisation of free energy and TBA

on(0) + G,(0) = S,omcoshd — v, Z Kumx0n(0) K, (0) = ZLM d% In $,,,,(6)

m=0



TBA equations: free energy & scaling fct.

Pseudoenergies

~ ~

€o(0) :log@, €,(0) :log@, n=1,...,N—1, en(0) zlogU—N
00 On ON
: _ 1 Incidence maitrix
Universal kernel p(0) = SY—;
N
€n(0) = 0 omL coshf — Z Ly p % log (14 e~) (0)
m=0
Free energy
T @)
% — /OO % cosh 0 In (1 + 6_60(9)) db




TBA graph: not a Dynkin diagram
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Finite size vacuum energy of the mirror theory Ey(T') = e

Dimensionless parameter 7 = m/T  measures the size

Scaling function

c(r) = 3m / rcosh(0)Ly(0)do lim ¢(r) = ¢ — 24Amin

2 r—0
T 00




Plateaux or not plateaux?
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Figure 3: The functions Ly(#) for spin s = 1/2 (left) and s = 1 (right) with v = 1/7, for different
values of r. One can see that for smaller values of r the plateau starts to form.




Behaviour for various s
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Figure 5: Left: the vacuum energy Fy(r) as it approaches the singular point 7* = 0.21628(2);
right: the kernel Ly(0) at different values of r. Both were obtained for s = 5/2 and N = 12.




Crifical temperature
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Figure 6: Value of the singular point r*, for different values of spin and coupling constant v = 1/N.
The values are computed with precision to the 6th decimal digit. The r*-axis is log-scaled.




Hagedorn transition ¢ PAOPI
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Figure 7: Examples of fitting for s = 3/2 and N =4 (left) and N = 5 (right). 0o -
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