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Study of class of Brick Wall quantum circuits that are
integrable, `free fermionic’ and possess a global 
fermionic symmetry and that derive from factorizable 
particle scattering in perturbed superconformal field theory



Context: quantum dynamics 
on a quantum computer



Context: quantum dynamics

Time evolution implemented using a brick wall type 
quantum circuit:

figures from 
arXiv:2208.00576



Google Quantum AI and collaborators, arXiv:2306.09333

Context: quantum dynamics



Integrable quantum circuits

If the 2-qubit `brick’ satisfies 
a Yang-Baxter Equation (YBE) 
the Floquet dynamics given 
by the quantum circuit is 
integrable 

Gritsev, Polkolnikov, 2017
Vanicat, Zadnik, Prosen, 2018 
Miao, Gritsev, Kurlov, 2022
Maruyoshi et al, 2022
…



Integrable quantum circuits 
– fundamental symmetries

Reading qubit states as 
   |0> → |↑>,    |1> → |↓>
natural symmetry is SU(2), as in the XXX chain 
or U(1) as in an XXZ chain

Reading qubit states as 
   |0> → |b>,    |1> → |f>
natural symmetry is fermionic
• do we have a solution of YBE with fermionic symmetry?



S-matrices in integrable 1+1D qft
Early 1990’s: study of factorizable S-matrices in 
integrable massive 1+1D qft arising from a relevant 
perturbation of a CFT.

Example: E8 structured 
scattering theory for Ising 
CFT with magnetic perturbation [Zamolodchikov, 1989] 

Clue: for integrable perturbation, 2-body S-matrices 
satisfy a YBE à provide `integrable’ 2-qubit gate

Year 6 - 1989



S-matrices in integrable 1+1D qft

Factorizable S-matrices with fermionic symmetry arise 
for perturbations of Superconformal Field Theories 
that preserve integrability and supersymmetry
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The modular invariant partition functions of two-dimensional minimal superconforrnal theories are obtained by extending a 
systematic method developed for conformal theories. They are classified in three infinite series and a few exceptional cases 
and labelled by simply laced Lie algebras. 

In  a recent paper  [1] (hereafter referred as I), a systematic method  has been developed which yields 
modular  invariant part i t ion functions of two-dimensional  minimal conformal  invariant  theories with 
central charge c < 1 [2,3]. There are strong indications that this is a complete classification, where each 
solution is labelled by a pair  of  simply laced Lie algebras. Superconformal  minimal  theories [4] are 
invariant under  a larger class of  local t ransformations satisfying a pair  of  superconformal  
N e v e u - S c h w a r z - R a m o n d  algebras and have c < 3- 

The tricritical Ising model  in two dimensions is an example of  the simplest superconformal  theory [4]; 
since it has e = ~ it is also a minimal conformal  theory. Amazingly,  it provides a realiZation of  N = 1 
supersymmetry in nature. 

In  this letter we obtain modular  invariant part i t ion functions for superconformal  theories by  extending 
the methods in I. The two mathematical  problems are very similar and we shall see that  superconformal  
solutions are made  by the same building blocks as the conformal  one. 

The modular  invariance problem has been settled in ref. [5] and two simpler solutions have been 
obtained. The unitari ty condit ion for representations of  the superconformal  algebra constrains the values 
of c < -32 to the discrete series [4] 

c = ~ [ 1 - 8 / m ( m + 2 ) ] ,  m = 3 , 4  . . . . .  (1) 

The values of the highest weights can be consistently constrained tO a finite set (the Kac  table): 

hrs= hm . . . .  +2-s--- {[(rn  + 2 ) r -  ms] 2 -  4 } / 8 m ( m  + 2) + ~ [ 1  - ( - ) r - ~ ] ,  

l<~r<~rn-1,  l ~ < s ~ < m + l .  (2) 

The superconformal  algebra and its representations split into two sectors, the Neveu -Schwarz  (NS) and 
R a m o n d  (R) sectors, which are selected by  ant iper iodic  or periodic bounda ry  condit ions on fermionic 
fields, respectively. In  eq. (2), the NS states have r - s even and the R states r - s odd. The  NS vacuum 
state has h = 0, i.e. r = s = 1, while the R " v a c u u m "  ,x has h = ~ c  and appears for even m only, at the 
self-symmetric point  of  the Kac  table (r,  s)  lm  =(3 ,½m+l)- 

A fundamental  domain  A is a set of independent  h values in each sector: ANS = {hrs [1 ~< s ~< r ~< rn - 1}, 
r - s  e v e n a n d  A R =  {hr~]l  <~s<~r- 1 fo r l~<r~<  [ ½ ( m -  1 ) ] a n d l  <%s<~r+ 1 f o r [ l ( m +  1)] <~r<~m- 1}. 

1 On leave of absence from Dipartimento di Fisica and INFN, Sezione di Firenze, Largo E. Fermi 2, 1-50125 Florence, Italy. 
,1 This is the state of lowest energy in the R sector and it is globally supersymmetric invariant. 

82 0370-2693/87/$03 .50  © Elsevier Science Publishers B.V. 
(Nor th-Hol land  Physics Publishing Division) 
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Susy in integrable 1+1D qft

Found in my 1990 paper:
 

• most general supersymmetric 2-body S-matrices 
satisfying (graded) YBE, with
 𝜶 – coupling strength
 𝜸 – log of particle mass ratio
 𝜽 – difference of particle rapidities 



Susy in 1+1D integrable qft

•                     matched with specific perturbed SCFT, 
later confirmed by TBA analysis
 

•                     satisfies `free fermion’ (or `matchgate’) 
property, as a consequence we can write

M. Moriconi, KjS - 1995



Brick Wall quantum circuit

• period n=2
• masses m1, m2, …
• rapidities 𝜃/2, - 𝜃/2,  ...
• PBC

Note that gate connecting sites 1, L has string of Z-operators
to enforce graded tensor product

Essler, Korepin, 1992



Brick Wall quantum circuits

Both E(𝜽) and H𝜸(𝜽) have free fermionic form, 
we obtained closed-form (but involved) expressions 
for their spectral structure



Spectral structure of H𝜸

• For 𝜸 =0 (equal masses) H𝜸 takes the form of a 
Kitaev chain Hamiltonian at criticality

• 1-particle dispersion relations for general 𝜶, 𝜸



Spectral structure of H𝜸

• H𝜸 found to be critical for all 𝜶, 𝜸; criticality 
protected by global fermionic symmetry

• Breaking the fermionic symmetry opens a gap 
a leads to topological phases (class BDI), 
similar to those in the Kitaev and SSH models



Brick wall circuits - OBC

• Open BC require boundary 
terms that respect the 
fermionic symmetry
        M. Moriconi, KjS - 1996

• For unequal masses, OBC circuit needs 2L layers
• OBC avoids need for global parity operators

M. Moriconi, KjS - 1996



Quantum (quench) dynamics

• Highly structured circuits 
offer large degree of analy-
tical control to study quench 
dynamics, build-up of 
Entanglement Entropy, etc

• Straightforward to 
implement on quantum 
hardware

Build-up of Rényi Entropy (RE) for 
L=4 OBC circuit on |0000>, 𝜶=1.2, 𝜸=20
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