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Integrable models are typically not “adiabatically connected”

to free theories:


- Hierarchy of multi-particle bound states

- weakly interacting bosons behave like fermions at low E

Is there an integrable model where elementary excitations 
can be understood as in Fermi liquid by simple (perturbative) 
dressing of elementary fermions?



Delta-function Bose gas

H = ∫ dx Φ†(x)[−∂2
x − μ] Φ(x) + c∫ dx (Φ†(x))2(Φ(x))2

[Φ(x, t), Φ†(y, t] = δ(x − y)

H =
N

∑
j=1

(−
∂2

∂x2
j

− μ) + 2c∑
i<j

δ(xi − xj)N-particle Hamiltonian:

2nd quantisation:

Lieb&Liniger ‘63

Consider the repulsive case c>0.

Local conservation laws: [Qn, Qm] = 0 = [H, Qn]

Smirnov, Davies & Korepin



H(∞) = − ∫
L

0
dx Ψ†(x)∂2

xΨ(x) Ψ†(x) = Φ†(x) eiπ ∫x
0 dz Φ†(z)Φ(z)

“Impenetrable limit” : equivalent to free fermionsc → ∞

{Ψ(x), Ψ†(y)} = δ(x − y)

Impenetrable bosons

2 sectors: periodic/anti-periodic bc’s for odd/even fermion #



What about ?c ≫ 1

There should be a description in terms of weakly interacting 
fermions: adiabatic continuity with  (dressing elementary 
fermions like in Fermi liquid)

c = ∞



Cheon-Shigehara model

interacting bosons interacting fermions

HCS(a, c) =
N

∑
j=1

[−
∂2

∂x2
j

− μ] + 2∑
i<j

[ c
2

−
1
a ] [δ(xj − xk − a) + δ(xj − xk + a)]

Cheon&Shigehara ‘98

a is a regulator that needs to be taken to zero.

No perturbative calculations possible.

(a→0: discontinuous wave-fns, continuous derivatives)

lim
a→0

ψCS(x1, …, xN) = ψLL(x1, …, xN)∏
j<k

sgn(xj − xk)

large c: looks like

strongly interacting bosons strongly interacting fermions

Hm.



H(a, c) =
N

∑
j=1

[−
∂2

∂x2
j

− μ] + 2∑
i<j

Va,c(xi − xj)

Va,c(x) =
2σ′￼′￼( x

a )
cx + 2σ( x

a )

lim
x→∞

σ(x) = 1 , lim
x→∞

x2σ′￼′￼(x) = 0.

σ(−x) = − σ(x) , σ′￼(0) > 0 , σ′￼(x ≠ 0) ≥ 0

Regularised interaction potential:

In the limit a➝0 this is equivalent to , but standard 
many-body perturbative calculations are possible!

HCS(a → 0,c)

A different dual fermion theory

 a smooth function s.t.σ(x)



Fermion spectral function at finite temperature

μ = 1 , c = 4 , β = 0.5 μ = 1 , c = 4 , β = 1

from fermion self-energy at order c−2

4

where the proper self energy, ⌃(!n, k), is defined as the
sum of all irreducible Feynman diagrams with two ampu-
tated legs [41]. The self energy encodes all information
about the thermodynamics of the system in the thermal
state as well as very relevant information about its dy-
namics. Indeed, it can be used to determine both the
free energy energy of the system and its and the spec-

tral function [42]. Specifically, the latter is expressed as
A(!, k) = �2Im(GR(!, k)), where the Fourier transform
of the retarded Green’s function GR(!, k) is obtained by
performing the analytic continuation i!n 7! ! + i0+ in
(26).
For the theory (22), considering contributions up to

O(�2), we find

⌃(!n, k) =
!n, k !n, k

!m, q

+
!n, k

!m2 , q2

!m3 , q3

!m1 , q1

!n, k
+

!n, k !n, k

!m1 , q1!m3 , q3

!m2 , q2

+O(�3) (27)

where the incoming and outgoing legs (dashed lines) are amputated [30].
Remarkably, evaluating these diagrams we find that, in analogy to what happens for (20), the 1/a divergences in the

second order contributions compensate and the final result does not require further regularization [30]. Specifically,
in the thermodynamic limit we have

⌃(!n, k) =� 2�(B +Ak2)� 2�2

T

Z
dq

2⇡
(B +Aq2)(k � q)2n(q)(1� n(q))

+ 2�2

Z
dq2
2⇡

dq3
2⇡

((k � q3)2 � (q2 � q3)2)2

i!n + q22 � q23 � q̄24 + µ
(n(q3)n(q̄4)� n(q2)n(q̄4)� n(q2)n(q3))

� i�2

Z
dq2
2⇡

p
2(i!n � k2 + µ) + (k � q2)2(k � q2)

2n(q2) , (28)

where we took the branch cut of the square root along the
positive real axis, we introduced the short-hand notation
q̄4 = k + q2 � q3, and defined

n(p) =
1

1 + e(p2�µ)/T
, (29)

A =

Z
dp

2⇡
n(p) = �

T 1/2Li1/2(�eµ/T )

2
p
⇡

, (30)

B =

Z
dp

2⇡
p2n(p) = �

T 3/2Li3/2(�eµ/T )

4
p
⇡

. (31)

To the best of our knowledge (28) is the first expression
ever presented for the self energy of the CS fermions at
the second order in � — where the interactions start to
generate a non-trivial imaginary part — and represents
the second main result of this Letter.

The non-trivial e↵ects of the interactions are best ap-
preciated by considering the spectral function: see Fig 1
for a representative example. We see that, because of
the interactions, the fermions created by  †

k
acquire a

finite life-time and the line ! = k2 � µ broadens. More-
over, both the mass and the chemical potential acquire
temperature dependent corrections. We remark that the
appearance of a finite lifetime is not in contradiction
with the integrability of the theory (22). Indeed, even

though the fermions created by  †

k
do coincide with the

integrability-protected stable quasiparticles of the system
for c = 1 [43], they di↵er from the latter for finite c.

We verified that the expression (28) passes two impor-
tant sanity checks. Firstly, the spectral function A(!, k)
fulfils the exact sum rule

R
d!/(2⇡)A(!, k) = 1. Sec-

FIG. 1. Spectral function of the CS gas A(!, q) for � =
2/c = 0.5 (left) and � = 1 (right) in an equilibrium state
at temperature T = 1 and chemical potential µ = 1. The
color scale is the same for both plots. The free fermion � = 0
spectral function is 2⇡�(! � q2 + µ).

Free fermion acquires finite life-time.



Conserved charges for weakly interacting fermions

Consider H = ∑
p

ϵ(p)ψ†
pψp +

β
L ∑

p4

V(p4)ψ†
p1

ψ†
p2

ψp3
ψp4

Q(n) = ∫ dxQ(n)(x) = ∑
p

pnψ†
pψp + ∑

p4

S(n)
1 (p4)ψ†

p1
ψ†

p2
ψp3

ψp4

Try to construct conserved charges order-by-order in β

+∑
p6

S(n)
2 (p6)ψ†

p1
ψ†

p2
ψ†

p3
ψp4

ψp5
ψp6

+ …

where  has an expansion in  starting at S(n)
k β βk

(only quartic interactions)



for any interaction potential!

Charges are generally non-local and become quasi-local only 
for special integrable !V(p4)

In the spinless fermion case we find at : 𝒪(β2)
1. Cheon-Shigehara model 


2. Calogero-Sutherland model.

Can determine  recursivelyS(n)
k

Precisely the known integrable models!

???



This construction is equivalent to H̃ = e−iSHeiS , S = ∑
n≥1

βnSn ,

H̃ = ∑
n≥1

∑
k1<…<kn

hn(k1, …, kn) ̂n(k1) ̂n(k2)…n(kn)

H̃
N

∏
j=1

c†(kj) |0⟩ = E(k)
N

∏
j=1

c†(kj) |0⟩

hn(k1, …, kn) = {
𝒪(βn−1) if H integrable
𝒪(β0) if H not integrable

Undo the unitary transformation: A(I) = eiSc†(k)e−iS , k =
2πI
L

fermionic creation operators for Bethe integers!

H
N

∏
j=1

A†(Ij) |0⟩ = E(I)
N

∏
j=1

A†(Ij) |0⟩ + 𝒪(c−n)



Summary

1. Duality that maps strongly interacting Bose gas to weakly 
interacting fermions.


2. Perturbative analysis now feasible.

3. Generalizations to multi-species Yang-Gaudin models possible.

4. Operator equivalences ?

5. “Perturbative” construction of conserved charges to higher 

orders  models with interesting “pre thermal” dynamics→


