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Defects

Local operators are not enough

* Jo distinguish groups with same algebra but different global structure

* Jo characterise phase of matter

* Strings and Branes

Some Examples:

 Boundaries (space-time ends on them)
* |nterfaces (for instance between different phases)
* Line defects: for example Wilson lines

* Topological Defects (non-invertible symmetries)



Defects

Extended objects that break part of the translational symmetry

Localised on submanifolds of the spacetime

p=dimension of defect space-time, q=d-p is the codimension

The stress energy tensor is no longer conserved:

0, T" = D" §1 (%) DY = displacement operator
protected dimension p+1

We mainly focus on conformal field theories

Conformal group is broken:  SO(d+1,1) — SO(d+ 1 —p,1) x SO(q)

New non-trivial correlators: one-point functions

Localised contribution to anomalies: i.e. defect Weyl anomalies |



Correlators in defect CFTs

Bulk correlators:
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(Bulk) Weyl Anomaly

 QFT on curved space-time

* Suppose the action invariant under Weyl rescaling (classical) ¢, — 2w (®) 9w
5wS:—/ ddx\/g(SwT“M:O T ", =0
Ma

2 oW

* Effective action is not invariant: Weyl anomaly (quantum effect) (T#) =

V9 09w

d

(A — [(_)5—1aMEd +3° cnlnl

(4r)>
anomaly coefficients //< curvature invariants

“central charges”

e Bulk anomalies absent in odd dimensions



(Bulk) Weyl Anomaly

' 2 dimensions:
,i [Zamolodchikov, 1986] C

TH, = R C = Virasoro central charge Cuv 2 Cir (T@)T0O) = 7

, 4 dimensions: Cardy, 1988] |

1 Quv Z Uir [Komargodski, Schwimmer, 201 1]
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Defect Weyl Anomaly

* |n the presence of a p-dimensional defect:

w = =3 [ dteygogu ) - 5 [ @uva (GauiT,) + 20X 0D )

* Defect-localised contribution to Weyl anomaly

TH, = TH + 0 (x )T,y D, T* = 6D (g D'

v

’ft . - tn bty st A U c "/‘
» For one-dimensional boundary is “trivial” 1" ,|s, = Ton K |
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Defect Weyl Anomaly

et! = g, X" XH*(Y,) embedding function
XH(Ya)
Gab = €5 €L guu (induced metric)

L= Dgep (second fundamental form)

. 1 4

’ [Schwimmer, Theisen, 2008] |
bUV > bIR

ILL _ o 2 Cl,b i ‘.
T M‘EQ — (b R dlﬂ dQW ab) [Jensen, O’Bannon, 2015]

d2
1
< 2 >O< |$J_|d

For three-dimensional boundaries  [Herzog, Huang, Jensen, 2015 - 2017] |
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4d DefeCt Weyl Anomaly [Chalabi, Herzog, O’Bannon, Robinson, JS; JHEP 2022]

* Full Weyl anomaly for p=4 dimensional defects and codimension g>1

+ dsWainy W + dgW iy W' + dyWijra W™ 4 dgWo5, W "
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Related to two-pomt function of displacement operator Related to one-point function of the stress tensor



Defect Weyl Anomalies and Correlators

* |nsertions of the displacement operator generate perturbation of the defect’s shape

* This produces a variation in the effective action (at the second order)
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 We Taylor expand and take only the term that diverges logarithmically
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Defect Anomalies and Correlators
* |nsertions of the stress-tensor produce (bulk) metric perturbation

* This also implies variation in the anomaly contribution

1 1
0gW = 9 /ddm (T*) 0y =— 5g/ddx\/§ <Tuu> — 9 /Ul%j (T*) 09

log e

* At first order only one term contributes

d 1
by [ 'y (T, =1e2s [ d'y 50" 060
24 n E4

O

i * Averaged null-energy condition / du (T,,)v"v” >0 Implies a constraint J. )
' [Jensen, O’Bannon, Robinson, Rodgers, 2018] — i 0
' [Chalabi, O’Bannon, Herzog, Robinson, JS, JHEP 2022]
. * Null geodesics: t = lu, 11 = lucos, r5 = fusini T =4 :
o0 (411 (¢
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Defect Anomalies and Entanglement Entropy

* Contribution to EE of a spherical region with a centred defect T1,3

* In CFT for spherical regions we can use the CHM map

[Kobayashi, Nishioka, Sato, Watanabe, 2018]
[Jensen, O’Bannon, Robinson, Rodgers, 2018]

e Two contributions:

1) Free-energy L

2) Killing Energy

LS = — | b do | 1 —
% A, 3 ( d—1 2) Og (8 ) | o

[Chalabi, O’Bannon, Herzog, Robinson, JS; JHEP 2022] 1

| ' 1(d—5)(d—4) - L
Saz, = —4 |ax - ( ) )dg log (—)

E




5-dimensional probe branes in AdS

1 d(d —1)
[ — drd® | L., [ drd"yvg
167G / rdzyg (R Iz >+ br / rd’y\/g

* Holographic result from the generalised Willmore Energy (probe brane) [Graham, Reichert, 2017]

-+ For g>1 |

ay, | di | do ds3 d4 ds dg d7 | dg | dog d10 d11
L | | 1| 1 L 2 | _Gd [ o | o | —2 | —@D | _Gar)
4 q 4 4 3q 9q 3q 6q 3q
dia2 | d13 | di4 d1s d16 d17 d1g dig | doo | d21 d22 —
2 | 1] 2=q | 2(¢g+4) 2(2q+1) (7q+6) (g+6) 1| — 1 1 1 B
3q 2 3q 3q 3q 3q 39 2 4 2




M Oon Od o my d efe CtS [Bianchi, Chalabi, Prochazka, Robinson, JS; JHEP 2021]

see also [Giombi et all, 2021]

Co-dimension 2 operator which implements a flavour symmetry rotation @

Simplest case: U(1) rotation (g ;

In a Lagrangian theory it can be achieved by “gauging” the global

symmetry by coupling to an external potential

SHS—F/dde“AM A=adb

This is a pure gauge everywhere but at the or|g|n F., =21« 5 (x,y)
Anomaly Coeticients Tor the free scalar e E————
. d=4: d=6:
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b = 5 > 720 " 360

IR fixed point
UV fixed point

e (0,1) monodromy parameter

M
|
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Monodromy defects
- d— 2

§ = UV fixed point ——> _O—a(a)} — 9
=0 IR fixed point — _Oa(a)} — d;Q -

 The two choices are connected by an RG flow:

Sdef = )\/dd—% O_o(0)O" (o) A= A**)\  relevant deformation

ooy, d—2+2a

!cfl— log

d|o|

2.5 -
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. . A 4o |
(0-a(0)0-a(0)), — sy lol ¢ 4 e

defect a-theorem

 The Euler anomaly decreases
3 [Wang, 2021]

- — — 2 I r — 2 ﬁ
ay;, = 720(1 a)* (34 a —a”) 360(5 3a°)E

* Analogous discussion for fermions



“Research In Physics Is hard, so
you need to feel you are doing something epic”
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and Happy Birthday Andrea!



Higher-Derivative Theories with Boundaries

[Chalabi, Herzog, Ray, Robinson, JS, Stergiou; JHEP 2023]

* Theories with an higher number of derivatives such as:

S:/dd,’lﬁ¢ k¢ A¢:d_2k

* Dimension of the fields is lower ——————p Many relevant boundary deformations

* Violation of the unitarity bound A > a ; ° for scalars

Boundary Primaries: |
D O[> = A ‘O[> ]

Map |O1) = (Map) 710y, a, b = parallel directions

 We need to compute the “single-trace” boundary primaries

L3 ]
(k,q) _E : (k,9) p2j pg—2j
j=0

CID(k’Q)> =0 a = parallel directions



Higher-Derivative Theories with Boundaries

* The first few boundary primaries are

1 3
k. k. k.2 2 k.3 3

 For k=1 only 2 primaries:

Neumann (N) ®*:1) — 9 ¢ = (
5S<(bk:1) — E/dd—1x||(q)(1,0)5(1)(1,1) - @(1,1)5(1)(170)) <: u (N) 0
’ 2 Dirichlet (D) @ (k:0) — b =0

55(?@:2) — %/dd—lxn(q)(z,o)dcl)(zs) —_ @ sp22) 4 (225921 _ (I)(z,s)(sq)(z,o))

22 = (9} ~0)) ¢ = DD = 9,6 =0 0 = ¢ =0 220 = =0

n

| 2PV = (0 +30.0)) ¢ = ¢ = gp¢ =0 D2 = 9 =0 3D = 9,6 =0 |




Boundary RG flows
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Conclusion and Outlook

Summary

We discussed the defect Weyl anomalies up to 4-dimensional defects
Some of the anomaly coefficients are related to simple correlators in flat space-time
Examples and computation of anomaly coefficients in free and holographic theories

Characterisation of boundary condition for free-higher derivative theories

Outlook

To relate additional anomaly coefficient to more complicated correlators
Bounds on other anomaly coefficients
Bulk theories coupled to lower dimensional one like minimal models for p=2

Interacting higher-derivative theories with boundaries and defects”?



Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

* Find a basis of terms for the anomaly §_, W
Bi dw = Rw, Bsow = Row, Bs dw = K? 6w 5wW:/\/§[blBl+bng+bng+

[;)1 oW = [O(abf(ab ow + Elgl + d1 D1 + d2D2i| oW

Diow=KD, ow, Do 5w:Di5w



Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

» Find a basis of terms for the anomaly § W
Bi dw = Rw, Bsow = Row, Bs dw = K? 6w 5WW:/\/§[blBl+bng+bng+

Bl oW = [O(a,b[o(ab ow + Elgl + d1 D1 + ngg} oW

Diow=KD, ow, Do 5w:Di5w

* Impose Wess-Zumino consistency [4.,,0.,|W =0

(V)" 101(Vg Bidwz) — (1 > 2) =0 (vV3) " '61(v/G Bidws) — (1 4+ 2) =0
(vV3) '61(1/G Badws) — (1 45 2) ox [dw1 D7 dwa — (1 > 2)] (v7) 101(V/GD1dws) — (1 <+ 2) =0
(v§) 101 (Vg Bsdws) — (1 & 2) o K [dw1 D | dws — (1 <> 2)] (vV§) 161(v/GDabws) — (1 +2) =0



Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

* Find a basis of terms for the anomaly §_,W

Bi dw = Rw, Mw, BMW 0, W = /\/5 [615’1 +.Dpias. - bwissTt
Bl oW = a,bKab ow + Blgl + d1 D1 + ngg} oW

Diow=KD, ow, Do 5w:Di5w

* Impose Wess-Zumino consistency [4.,,0.,|W =0

(f)‘lél(f&éwg) (1+2)=0 (@—1 (VG Bidws) — (143 2) =0
‘ ) 101 (/G Babdws) — (1 <> 2) [5&)11)3_5&}2 — (1« 2)] (ﬁ) 01(v/gD16ws) — (1 <+ 2) =0
‘ 151 \/5[)’35602) — (1 < 2) x K [5W1DJ_6002 — (1 < 2)] (\/g) (\/_D25CU2) (1 < 2) =0




Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

* Find a basis of terms for the anomaly §_,W

By 6w — Row. BotoeTl3 g 5,1 = / Vi (015, + s e
Bl oW = [O(ab[o(ab ow + Blgl + di1 D1 + d2D2i| oW

Diow=KD, ow, Do 5w:Di5w

* Add all the possible counter-terms

5 5w(\/§Bl) —
WCT — Z/ﬁCZBZ —- 5w(\/562) X Di&w
1—=1
0w (/g B3) x KD | dw



Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

* Find a basis of terms for the anomaly §_,W
By b = Row. B W = [ V3 [baBy -+ el

Biow = [O(abf(ab ow + Elgl + P B + dzDg} oW

D Sor=KD | dw, Dy Stor=-D" jw

* Add all the possible counter-terms

5 5w(\/§Bl) —
WCT — Z/ﬁCZBZ —- 5w(\/582) X Di&w
1—=1
0w (v/GBs) x KD ow @



Algorithm for finding the Weyl Anomalies
The algorithm (p=2, g=1 example):

* Find a basis of terms for the anomaly §_,W
By b = Row. B W = [ V3 [baBy -+ el

Biow = [O(abf(ab ow + Elgl + P B + dzDg} oW

D Sor=KD | dw, Dy Stor=-D" jw

* Add all the possible counter-terms

5 5w(\/§Bl) —
WCT — Z/ﬁCZBZ —- 5w(\/582) X Di&w
1—=1
0w (v/GBs) x KD ow @




Boundary Weyl Anomaly (g=1)

* We can specify our general result to g=1. We recover [Astaneh, Solodukhin, 2021]

+ b6Wabcd[o(aCf(bd + b7Wanbn[O(ac[O(Cb + bSWnachnabc)

* Also in this case, the term L is related to the displacement two-point function

2 ° © ]_ ° ]_ © ]_ o 1 o
T = —gRabK“CKCb 1 ZR Tr K2 — annTr K? + §WananK“b | 16[(2 Tr K2

o 1 o
+ KD W, b — §K Tr K°

 Boundary anomaly coefficients for 5d probe branes

as bl bz 53 b4 b5 bﬁ b7 bg
1 3 3 1 1
i | 1l g |l—3|g|[-1]2]-1]—3




Ad S / B C FT [Takayanagi, 2011]

[Fujita, Takayanagi, Tonni, 2011]

. Holographlc descrlptlon boundary N the space tlme

" S rav — T g "
5 167TGN/ \/— / \/_ o ) ULESN /J\/ld\/ﬁlC ‘,

Einstein equations + (Neumann) boundary condition
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e Conformal solutions
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Ad S/BC FT [Chalabi, Herzog, O’Bannon, Robinson, JS, 2021]

 (Half-)sphere free energy

L4 [ 14+ 2sin’6 L ]
SraV: t01 —
5 6Gn | sin? 6 - og<€>—|—

- 5 .,
24G' Ny sin® 6 |

' * Metric perturbation about AdS (back-reaction) -
e
ds? =22 (422 4 (14 23 60 (w) + 2109 (w) ) do? +

+ (5ab + exL]:C(Li)(u) + € azi]:c(bi)(u) + €3$?i~7:§2)(u)) dy“dyb} + O(e)

 Embedding for © '
, uo(z) =tanf + eBWMax | +2B@z? + BB 3 + O(e?)

 We can solve the system of equation order by order in €



Ad S/BC FT [Chalabi, Herzog, O’Bannon, Robinson, JS, 2021]

* Solution up to third order in metric perturbation

» Values of the anomaly coefficients EXACT in §

4 ~

2bs + bs = -
4705 4tanfd — 0 Gy

b 4 be — 1 13sinf — 3sin(30) — 40 cosf wL*

° 7_24((9—811190089)(Sinﬁ—ﬁcosﬁ) Gn
b3 1 13 —3cos(20) — 100 cot§ wL4% . L
— — 2by + bg = . 2
2 48 (1 —fcotd) (0 —sinfcosh) Gy

b + ! b3 = ! ! X |

> 1277 793312 (sin(260) — 26)4(0 cos 6 — sin ) "

« [12 (7963 + 169960% — 61446*) cos 6 — 24(5023 + 3607) cos(30)

+ 8(3719 + 46446%) cos(56) — 4699 cos(70) — 57 cos(96)
+ 246(—13933 4 14886°) sin 6 + 1446(6000° — 421) sin(30)
L’

AdS

Gn

+ 219680 sin(50) — 111316 sin(76) + 4290 sin(%))}



Scale vs Conformal Invariance

 Example of scale (and Lorentz invariant) but not conformal boundary conditions

dP%
_ 2z [T%* + 9,7
dt /t,z() x[ o ]
dD
o= A4 2y 2, T + Oy (x, )]
dt t,z=0
dK® d—2 a 2 ca bz t 2 ¢ty bt
— _/ d° “x [(23:' Ty — T 5b)T -I-@t(QZE Ty — X 5b)7' }
t,z=0

* |f we take the free and not supported bc in plate theory we have to set to zero the following

22 = (92 + 00)))9, o3 = (92 + (2 - 0)9,0))¢

« This gives T% = —9,7%° £ 0

 Boundary scale invariance requires 7, = 9“jq | i—0 conformal |
a — ‘_

i 20 non conformal
bt Ja

» |t is achieved by deforming the boundary action with ~ S..... = o / A e p 070, ¢



