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There is an increasing interest for the profound and engaging 
links recently discovered between Number Theory and Physics 
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Natural questions

• Given an arithmetic sequence {Sn }, does exist a quantum
         mechanics system which has this sequence as a spectrum? 

• Is the Hamiltonian of  such a system unique?



Our attention is on one-dimensional and one-body 
Hamiltonians of  the form
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H =
p
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+ V (x)



Equivalently, on tridiagonal Hamiltonians of  the form

������������������
v1 -1 0 0 0 0 0 0
-1 v2 -1 0 0 0 0 0
0 -1 v3 -1 0 0 0 0
0 0 -1 v4 -1 0 0 0
0 0 0 -1 v5 -1 0 0
0 0 0 0 -1 vk -1 0
0 0 0 0 0 -1 vm -1
0 0 0 0 0 0 -1 vn



Equivalently, on tridiagonal Hamiltonians of  the form
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Why one-body Hamiltonians?
• These Hamiltonians possess discrete spectrum

• Many-body Hamiltonians on the other hands, have
     dense spectrum



But, we can use nevertheless many-body Hamiltonians 
to encode interesting number sequences!

• Instead of  using energy levels, use wave functions!

ni
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In this Letter we set up a suggestive number theory interpretation of a quantum ladder system made ofN
coupled chains of spin 1=2. Using the hard-core boson representation and a leg-Hamiltonian made of a
magnetic field and a hopping term, we can associate to the spins σa the prime numbers pa so that the chains
become quantum registers for square-free integers. The rung Hamiltonian involves permutation terms
between next-neighbor chains and a coprime repulsive interaction. The system has various phases; in
particular, there is one whose ground state is a coherent superposition of the first N prime numbers. We
also discuss the realization of such a model in terms of an open quantum system with a dissipative Lindblad
dynamics.
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Introduction.—The aim of this Letter is to point out some
interesting connections between quantum many-body sys-
tems and number theory, in particular, prime numbers.
Prime numbers are the building blocks of arithmetics and,
arguably, one of the pillars of the entire mathematics [1,2].
Their nature has two fascinating but opposite features [3]: If
their appearance in the sequence of natural numbers is
rather unpredictable, their coarse-graining properties [e.g.,
their total number πðxÞ less than x] can be captured instead
rather efficiently by simple statistical considerations [4–8].
In particular, the scaling of the kth prime is particularly
plain:

pk ≃ k log k: ð1Þ

Equally fascinating is the connection between prime
numbers and quantum mechanics: Prime numbers, for
instance, were the main concern of Shor’s algorithm,
one of the first quantum computing algorithms [9].
Moreover, the scaling behavior (1) permits one to show
the existence of a single-particle one-dimensional quantum
mechanical potential VðxÞ with eigenvalues given just by
the prime numbers and, therefore, permits one to address
the primality test of a natural number in terms of a quantum
scattering [10]. Such a potential VðxÞ can be determined
either semiclassically [10] or exactly, using in this case
methods of supersymmetric quantummechanics [11,12]. In
experimental setups of cold atom systems, VðxÞ could be
realized using a holographic trap [13].
Turning now our attention to quantum many-body

systems, for the dense nature of their spectra it is obviously
impossible to have energy levels given by prime numbers,
but we can have instead many-body ground state wave

functions expressed in terms of prime numbers. This is
what we are going to present below, where we consider a
quantum ladder system with a suggestive number theoretic
interpretation. We will see that such a system has a rich
spectrum of ground states and, in particular, there is one
whose wave function is given in terms of a highly coherent
superposition of prime number occupations. To the best of
our knowledge, this is the first time where a ground state of
this type has been constructed.
Quantum ladder systems, made of coupled one-

dimensional chains, have attracted considerable interest
in recent years as truly interpolating between one- and two-
dimensional systems [14–20]. In our case, we have N
coupled half-infinite chains of spins 1=2 subjected to a
magnetic field and a hopping term. As discussed below,
properly tuning these two interactions, we can put in
correspondence the spins with the prime numbers and
reformulate the spin-spin rung interaction in terms of
coprimality conditions (two integers are coprime if they
do not share common factors other than 1).
Degrees of freedom.—As it is well known, spin 1=2 can

be described by hard-core bosons: The mapping between
the Pauli matrices σa and the hard-core annihilation and
creation operators f and f† [f2 ¼ ðf†Þ2 ¼ 0] is provided
by σz ¼ f†f − 1=2; σþ ¼ f†; σ− ¼ f [21]. Hence, instead
of the spins, we can equivalently take as degrees of freedom
the hard-core boson operators fiðaÞ and f†i ðaÞ, where
the index i refers to the ith chain (i ¼ 1; 2;…;N ), while
a ¼ 1; 2;… to the vertical position along the half-infinite
chain (see Fig. 1). Since ½fiðaÞ&2 ¼ ½f†i ðaÞ&2 ¼ 0, the
occupation number of each vertical site in the ladder can
take only values f0; 1g. Let jvaci be the vacuum state, i.e.,
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Natural questions

• Given an arithmetic sequence {Sn }, does exist a quantum
         mechanics system which has this sequence as a spectrum? 

• Is the Hamiltonian of  such a system unique?



Fibonacci numbers

}{ nF =1, 1, 2, 3, 5, 8, 13, 21, 34, 55,…
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Fibonacci numbers

}{ nF =1, 1, 2, 3, 5, 8, 13, 21, 34, 55,…
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• Unfortunately, it does not exist a quantum system 
which has the Fibonacci numbers as spectrum…

• The reason is that their sequence grows too fast

• Similarly, it does not exist a quantum Schroedinger 
Hamiltonian with a spectrum given, for instance, by 
the Mersenne numbers or the perfect numbers 

12 -= n
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n
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Bound on the growth of  eigenvalues

• For a one-dimensional Hamiltonian of  the form
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H =
p
2

2m
+ V (x)

the sequence of  energy eigenvalues must satisfy
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Eratosthenes sieve



It does not exist a close formula for the n-th prime number

However their scaling law is captured by this simple formula 
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pn ' n log n

Hence, there must exist a quantum Hamiltonian that has 
the primes as eigenvalues!  



Counting the Primes

⇡(x) : gives the number of  primes less or equal to x
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Prime Number Theorem: Riemann

R(x) =
1X

n=1

µ(n)

n
Li(x1/n)

⇡(x) ' R(x)
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Prime Number Theorem: Riemann

R(x) =
1X

n=1

µ(n)

n
Li(x1/n)

⇡(x) ' R(x)

µ(n) =

8
<

:

1 if n is squarefreewith an even number of prime factors
�1 if n is squarefeeewith an odd number of prime factors
0 if n has a squared prime factor





“The music of  the primes”



Prime Number Theorem: Riemann

R(x) =
1X

n=1

µ(n)

n
Li(x1/n)

⇡(x) = R(x)�
X

⇢

R(x⇢)

ρ: non-trivial zeros of  the ζ(z) Riemann function in the critical strip
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Climbing the staircase
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| ⇡(x)� li(x) |< 1

8⇡

p
x log x
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8x > 2657



• On a large scale, primes have extremely smooth distribution

… …

n < pk < 2n

pk+1 < 2pk



• On a small scale, however, primes have highly unpredictable 
and irregular behavior

Example: Gap between the primes

1. Many (infinite?) twins of  primes
(11,13) (17,19) (41,43) (347,349)… …

2.  Arbitrarily large interval without a single prime!!

(1012 + 1)! + n , n = 2, 3, . . . 1012 + 1



Inverse problems

how to find the potential V(x) ?

Given an admissible sequence of  numbers nS ,

• Semi-classical method

• Dressing method (solitonic equations)



Quantum experiment





Primality test

E = ~!N





Semi-classical potential
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p(x) dx =

I p
E � V (x) dx = n ~

This formula can be inverted, i.e.once the energy levels En
are assigned, we can find the potential V(x) !



Semi-classical potential
                             GM, (1995)
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x(V ) =
~p
2m

Z V

E0

dE

!(E)
p
V � E

,
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En ! pn
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pn = ⇡�1(n)
<latexit sha1_base64="rzRPZ8OjoFyf26iTQjT8NDsz3EI=">AAACB3icdZDNSsNAFIUn9a/Wv6pLQQaL4KKURNuqC6HoxmUFWwtNCJPJpB06mYSZiVBCdm58FTcuFHHrK7jzbZy0FVT0wMDHufdy5x4vZlQq0/wwCnPzC4tLxeXSyura+kZ5c6sro0Rg0sERi0TPQ5IwyklHUcVILxYEhR4jN97oIq/f3BIhacSv1TgmTogGnAYUI6Utt7xrV8/sqh0IhFMrS6fg8yz1Y5dnmVuumLXTXEdwCs0czLplWg1o1cyJKmCmtlt+t/0IJyHhCjMkZd8yY+WkSCiKGclKdiJJjPAIDUhfI0chkU46uSOD+9rxYRAJ/biCE/f7RIpCKcehpztDpIbydy03/6r1ExWcOCnlcaIIx9NFQcKgimAeCvSpIFixsQaEBdV/hXiIdBRKR1fSIXxdCv+H7mHNatYaV/VK63wWRxHsgD1wACxwDFrgErRBB2BwBx7AE3g27o1H48V4nbYWjNnMNvgh4+0T5NaaCg==</latexit>

=
1
dn
dpn



Semi-classical potential
                             GM, (1995)
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µ(n)

n

E 1�n
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For prime numbers…
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Abstract
We report the experimental realization of the prime number quantum potential VN(x), de!ned as the potential entering the single-
particle Schrödinger Hamiltonian with eigenvalues given by the !rst N prime numbers. Using computer-generated holography, we
create light intensity pro!les suitable to optically trap ultracold atoms in these potentials for different N values. As a further applica-
tion, we also implement a potential whose spectrum is given by the lucky numbers, a sequence of integers generated by a different
sieve than the familiar Eratosthenes’s sieve used for the primes. Our results pave the way toward the realization of quantum poten-
tials with arbitrary sequences of integers as energy levels and show, in perspective, the possibility to set up quantum systems for
arithmetic manipulations or mathematical tests involving prime numbers.

Keywords: quantum devices, Schrödinger Hamiltonian, optical traps, prime numbers

Signi!cance Statement:
Prime numbers are the building block of mathematics and their intriguing properties have been an endless subject of investigation
and wonder. The approach pursued here is to regard them as energy levels of a quantum system. To this aim, we devise and
experimentally implement the quantum potential of a Schrödinger Hamiltonian having the !rst N primes as eigenvalues. We also
experimentally realize a quantum potential with a spectrum given by the !rst N lucky numbers, a sequence that can be considered
as the “cousin” of the sequence of the primes. Being able to encode interesting sequences of integers in a quantum potential opens
the possibility of addressing purely mathematical questions of number theory through quantum experiments.

Introduction
Mathematics is a gold mine of surprises, starting from its very ba-
sic branch: arithmetic. Consider as major examples the sets of the
natural numbers

N = {1, 2, 3, 4, 5, . . .} (1)

and of the prime numbers

P = {2, 3, 5, 7, 11, . . .}. (2)

While the pattern of natural numbers is obvious, since no matter
which one you pick, it is straightforward to determine what the
next one is, the answer is instead highly nontrivial for the set of
prime numbers, whose intriguing and sometimes apparently er-
ratic properties never ceased to intrigue mathematicians, physi-
cists, scientists, and curious people in general (1–9).

The sequences of natural and prime numbers are mathemati-
cal objects: one could say that they are the mathematical objects
par excellence, being at the roots of arithmetic and therefore at the
roots of entire mathematics. However, a useful point of view—

particularly relevant for computational purposes—is to see them
as quantities that emerge from physical operations performed in
the physical world. The rationale is to have a physical system, an
abacus, on which one performs the desired operations acting on
the elements of certain sequences of integers. Since ultimately all
aspects of the world around us can be explained using quantum
mechanics, we would like to have a quantum abacus, i.e. a quan-
tum system with energy levels related in a controllable way to
sequences of integers.

Given the role played by prime numbers in many problems,
from factorization of integers to celebrated conjectures of math-
ematics such as the Riemann hypothesis (10–12) or the Goldbach
conjecture (13), it is desirable to !nd new ways in which prime
numbers emerge from the experimental control of a quantum
system. This is particularly important in view of several theoreti-
cal proposals to tackle problems from number theory using quan-
tum mechanics ideas: prominent examples include Shor’s algo-
rithm (14), the factorization of large integers (15, 16), the computa-
tion of prime number functions by employing the so-called quan-
tum prime state (17, 18), primality tests (19, 20), and attempts to
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SUSY Quantum Mechanics

V1(x) ! V2(x) ! V3(x) ! · · ·
E = {E1, E2, E3, . . . , En}



Exact potential for the first 20 primes (up to 71) as calculated for the grant proposal:

Typical physical parameters are as follows: assuming a the diffraction-limited resolution of 1 mm, the long 
dimension of the trap is 64 mm and the typical distance between the peaks is ~3 mm. This is OK but perhaps a 
bit close to the diffraction limit. In future simulations I can increase this, so it is not a fundamental problem.

Here is the exact potential for the first 45 primes (up to 197):
I think it is possible to reproduce this with the SLM, if a bit at the
limit. There are more peaks than in the previous case, and the 
physical trap size can be increased accordingly, i.e. to 
~128 mm, to accommodate them.
If the number of primes is increased further, the profile
becomes more complicated, with small peaks interspersed
between large peaks. I think it would be difficult to reproduce
that. So above 45 we should move to approximated potentials.

V(x)

x

Quantum potential relative to the first 45 primes



Chebychev potentials for the first 300 primes (up to 1987):

n=40
Potential                                       Eigenvalues and primes              Discrepancy                                       

This Chebychev-approximated potential can be realised by the SLM, as it is no more complicated than the 
approximated potentials for the first 150 primes. 
So in conclusion, I think I can realise the exact potentials up to the first 45 primes, and the approximated 
potentials for hundreds of primes. 

Quantum potential relative to the first 150 primes
approximated by the first 35 Chebychev polys



Chebychev potentials for the first 150 primes (up to 863)
for different number n of the Chebychev polynomials used in the approximation:

n=30
Potential                                       Eigenvalues and primes             Difference eigenvalue - prime                                     

n=35



Parametric resonance
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Parametric resonance
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ċk = �i (M(t))km cm
<latexit sha1_base64="hBWCo1nOrSbBI4ws+0ljTtnug2Y="></latexit>

M(t) =

0

BBB@

W11 W12 ei!12t · · ·
W21 ei!21t W22 · · ·

W33 · · ·
...

...
. . .

1

CCCA

������

500 1000 1500 2000 2500

0.2

0.4

0.6

0.8

1.0



• Goldbach conjecture

• Factorization

• ….

New perspectives on a series of  problems…

• Lucky numbers



Integer Factorization
(GM, Trombettoni)



Integer Factorization by Quantum Measurements

G. Mussardo1, 2 and A. Trombettoni3, 2

1SISSA, Via Bonomea 265, I-34136 Trieste, Italy.
2INFN, Sezione di Trieste, Via Valerio 2, I-34127 Trieste, Italy

3Dipartimento di Fisica, Universitá di Trieste, Strada Costiera 11, I-34151 Trieste, Italy

Quantum algorithms are at the heart of the ongoing e↵orts to use quantum mechanics to solve
computational problems unsolvable on ordinary classical computers1–3. Their common feature is the
use of genuine quantum properties such as entanglement and superposition of states4. Among the
known quantum algorithms, a special role is played by the Shor algorithm5,6, i.e. a polynomial-time
quantum algorithm for integer factorization, with far reaching potential applications in several fields,
such as cryptography7. For an integer N of the order of 2n, i.e. with n digits, the Shor algorithm permits
its factorization in (order of) n steps. This results in an exponential gain in computational e�ciency
with respect to the best known classical algorithms. Here we present a di↵erent algorithm for integer
factorization based on another genuine quantum property: quantum measurement8–10. In this new
scheme, the factorization of the integer N is achieved in a number of steps equal to the number of its
prime factors, referred to as k– e.g., if N is the product of two primes, two quantum measurements are
enough, regardless of the number of digits n of the number N . Since k is the lower bound to the number
of operations one can do to factorize a general integer, then one sees that a quantum mechanical setup
can saturate such a bound. Once established this, we discuss how the algorithm can physically be
ran. We argue that one needs a single-purpose device where quantum measurements of an observable
with assigned spectrum can be performed. The preparation from scratch of this device requires the
solution, once for all and not for each factorization operation, of ⇠ 2n di↵erential equations, a task
that with a quantum computer can be accomplished in n steps.

Introduction. Recent progress in the implementation of quantum devices has led to the experimental demonstration
of some instances of quantum advantage. This happens when a specific computational problem may be solved faster
and more e�ciently on quantum processors rather than a classical computer13. To achieve this goal the quantum
processor must have an architecture made at least of several tens of qubits and long enough decoherence times.
A notable example, from a historical and conceptual point of view, of a clear quantum advantage is provided by

the Shor algorithm5,6. This algorithm indicates how to solve e�ciently on a quantum computer the long-standing
problem of finding the prime factors of an integer number N . Assuming that such a number N is of order 2n, the
Shor algorithm exploits in an ingenious way the implementation of the discrete Fourier transform on n qubits. To
date, its validity has been shown with the factorization of a small numbers (the present computational bottleneck
being the quantum modular exponentiation). The factorization of the number, 15 = 3 ⇥ 5, was done using 7 qubits
with an NMR implementation of a quantum computer14. Similar demonstrations were performed using photonic15,16

and solid-state qubits17, while in 2012, with the n qubits control register replaced by a single qubit recycled n times,
it was achieved the factorization of the integer 21 = 3 ⇥ 718. Despite their simplicity, these examples nevertheless
provide a proof of principle realization of the algorithm.
In this paper we present a di↵erent route for integer factorization, based on an algorithm which exploits another

genuine quantum property: projective quantum measurement8–10. As it is well known from quantum mechanics axioms,
if a physical system is in a normalised state | i, a measurement of an observable Ô will yield one eigenvalue ↵ of its
spectrum with probability | h | ↵i |2, where |↵ i is the normalised eigenfunction corresponding to the eigenvalue ↵

Ô |↵ i = ↵ |↵ i . (1)

As a result of the measurement, the system state will change from | i to |↵ i. For problems related to number
theory, interesting spectra to consider are: (a) the natural numbers, corresponding to the Hamiltonian of an harmonic
oscillator9,10; (b) the primes11,12; and (c) the logarithm of the primes40–45. Employing such spectra, one may translate
number theory problems in quantum physical settings. As an example of this general philosophy, in this paper we
show that with a suitable choice of the operator Ô is possible to determine the prime factors of an integer number N
by making a finite set of quantum measurements.
The layout of this article is as follows: after a brief reminder on classical algorithms on primality and factorization

of integers, we present our quantum algorithm for the factorization problem. This algorithm is discussed in terms of
the familiar setting of Schrödinger Hamiltonian although, as shown in the Supplementary Materials, it also admits a
digital implementation. The computational costs of Shor’s and our algorithm are thoroughly discussed in the last part



Integer Factorization

Given an integer N, find its unique prime factorization
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N = p↵1
1 p↵2

2 · · · p↵k
k

(GM, Trombettoni)



Integer Factorization
(GM, Trombettoni)
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log N̂j = log
⇣
p↵1
1 · · · p↵j�1

j · · · p↵k
k

⌘

<latexit sha1_base64="pJCfmTqnUccXfhI+te0usFo8AsQ=">AAACA3icdVDLSgMxFM3UV62vUXe6CRZBEIbM0Dp2IRTduJIK9gFtGTJp2oZmJkOSEUopuPFX3LhQxK0/4c6/MX0IKnrgwuGce7n3njDhTGmEPqzMwuLS8kp2Nbe2vrG5ZW/v1JRIJaFVIriQjRAryllMq5ppThuJpDgKOa2Hg4uJX7+lUjER3+hhQtsR7sWsywjWRgrsPXgGW1z0YBJ48HhKW32s4VXgBXYeOa7n+whB5JRKJd8vzggq+NB10BR5MEclsN9bHUHSiMaacKxU00WJbo+w1IxwOs61UkUTTAa4R5uGxjiiqj2a/jCGh0bpwK6QpmINp+r3iRGOlBpGoemMsO6r395E/Mtrprp72h6xOEk1jclsUTflUAs4CQR2mKRE86EhmEhmboWkjyUm2sSWMyF8fQr/JzXPcU+c4nUhXz6fx5EF++AAHAEX+KAMLkEFVAEBd+ABPIFn6956tF6s11lrxprP7IIfsN4+ASTflfs=</latexit>

= log p2 + log N̂2
<latexit sha1_base64="I+pDbEWiEo7Fnup+q699Ofzgf+0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKldeyu6MZlBfuAdiiZTKaNzSRDkimU0n9w40IRt/6PO//G9CGo6IELh3Pu5d57wpQzbRD6cHJr6xubW/ntws7u3v5B8fCopWWmCG0SyaXqhFhTzgRtGmY47aSK4iTktB2Orud+e0yVZlLcmUlKgwQPBIsZwcZKrd44kkb3iyXkemXfRwgit1ar+X51SVDFh56LFiiBFRr94nsvkiRLqDCEY627HkpNMMXKMMLprNDLNE0xGeEB7VoqcEJ1MF1cO4NnVolgLJUtYeBC/T4xxYnWkyS0nQk2Q/3bm4t/ed3MxJfBlIk0M1SQ5aI449BIOH8dRkxRYvjEEkwUs7dCMsQKE2MDKtgQvj6F/5NW2fUu3OptpVS/WsWRByfgFJwDD/igDm5AAzQBAffgATyBZ0c6j86L87pszTmrmWPwA87bJ2BSj7E=</latexit>...

<latexit sha1_base64="JRcZ0CFZ4ZV0ffom4wkcY0vchgg=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEQRgypXXsQii6cSUV7APaMmTStA2TmQxJRiiluPFX3LhQxK1f4c6/MX0IKnrgwuGce7n3niDhTGmEPqzMwuLS8kp2Nbe2vrG5ZW/v1JVIJaE1IriQzQAryllMa5ppTpuJpDgKOG0E4cXEb9xSqZiIb/QwoZ0I92PWYwRrI/n23hlsc9GHiR/C4yltD7CGV37o23nkuAXPQwgip1wue15pRlDRg66DpsiDOaq+/d7uCpJGNNaEY6VaLkp0Z4SlZoTTca6dKppgEuI+bRka44iqzmj6whgeGqULe0KaijWcqt8nRjhSahgFpjPCeqB+exPxL6+V6t5pZ8TiJNU0JrNFvZRDLeAkD9hlkhLNh4ZgIpm5FZIBlphok1rOhPD1Kfyf1AuOe+KUrov5yvk8jizYBwfgCLjAAxVwCaqgBgi4Aw/gCTxb99aj9WK9zloz1nxmF/yA9fYJfCuWQw==</latexit>

= log pk + log N̂k

<latexit sha1_base64="tbKl9EnNDhxv0AY9ivZRinqcnKU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEInkKibdVb0YvHCrYVmlI22027dLMJuxOhhv4SLx4U8epP8ea/cdNWUNEHA4/3ZpiZFySCa3DdD6uwtLyyulZcL21sbm2X7Z3dto5TRVmLxiJWtwHRTHDJWsBBsNtEMRIFgnWC8WXud+6Y0jyWNzBJWC8iQ8lDTgkYqW+XfcFC8KfYV3w4AqdvV1znPMcJnpN6Ttyq53o17DnuDBW0QLNvv/uDmKYRk0AF0brruQn0MqKAU8GmJT/VLCF0TIasa6gkEdO9bHb4FB8aZYDDWJmSgGfq94mMRFpPosB0RgRG+reXi3953RTCs17GZZICk3S+KEwFhhjnKeABV4yCmBhCqOLmVkxHRBEKJquSCeHrU/w/aR87Xt2pXVcrjYtFHEW0jw7QEfLQKWqgK9RELURRih7QE3q27q1H68V6nbcWrMXMHvoB6+0TBGmTWw==</latexit>

} k
times 

(Quantum) Degeneracy

<latexit sha1_base64="mPKKpkMkDjggmodQruMDA7JXccw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKldeyu6MaVVLAPaIeSSTNtbCYZkoxQhv6DGxeKuPV/3Pk3pg9BRQ9cOJxzL/feEyacaYPQh5NbWV1b38hvFra2d3b3ivsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDnz2/dUaSbFrZkkNIjxULCIEWys1OpxOYTX/WIJuV7Z9xGCyK3Var5fXRBU8aHnojlKYIlGv/jeG0iSxlQYwrHWXQ8lJsiwMoxwOi30Uk0TTMZ4SLuWChxTHWTza6fwxCoDGEllSxg4V79PZDjWehKHtjPGZqR/ezPxL6+bmug8yJhIUkMFWSyKUg6NhLPX4YApSgyfWIKJYvZWSEZYYWJsQAUbwten8H/SKrvemVu9qZTqF8s48uAIHINT4AEf1MEVaIAmIOAOPIAn8OxI59F5cV4XrTlnOXMIfsB5+wSd2I8x</latexit>

logN
<latexit sha1_base64="oI6auSxSiRvzBcLAxrfKUffTwGo=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEQRgypXXsQii6cSUV7APaMmTStA3NTIYkI5RS3Pgrblwo4tavcOffmE4rqOiBC4dz7uXee4KYM6UR+rAyC4tLyyvZ1dza+sbmlr29U1cikYTWiOBCNgOsKGcRrWmmOW3GkuIw4LQRDC+mfuOWSsVEdKNHMe2EuB+xHiNYG8m3985gm4s+jH0XHqe0PcAaXvmub+eR4xY8DyGInHK57HmlGUFFD7oOSpEHc1R9+73dFSQJaaQJx0q1XBTrzhhLzQink1w7UTTGZIj7tGVohEOqOuP0hQk8NEoX9oQ0FWmYqt8nxjhUahQGpjPEeqB+e1PxL6+V6N5pZ8yiONE0IrNFvYRDLeA0D9hlkhLNR4ZgIpm5FZIBlphok1rOhPD1Kfyf1AuOe+KUrov5yvk8jizYBwfgCLjAAxVwCaqgBgi4Aw/gCTxb99aj9WK9zloz1nxmF/yA9fYJyOaVzw==</latexit>

= log p1 + log N̂1



<latexit sha1_base64="zp5WUvUUrqjQ+5SJgzojDfg8i5M=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBEEYciU1rELoeimywr2Ae1QMmnahmYeJplCGfodblwo4taPceffmD4EFT1wL4dz7iU3x48FVxrjD2tldW19YzOzld3e2d3bzx0cNlSUSMrqNBKRbPlEMcFDVtdcC9aKJSOBL1jTH93M/OaYScWj8E5PYuYFZBDyPqdEG8mroitU7Tro3PRCN5fHtlNwXYwRtsvlsuuWFgQXXeTYeI48LFHr5t47vYgmAQs1FUSptoNj7aVEak4Fm2Y7iWIxoSMyYG1DQxIw5aXzo6fo1Cg91I+kqVCjufp9IyWBUpPAN5MB0UP125uJf3ntRPcvvZSHcaJZSBcP9ROBdIRmCaAel4xqMTGEUMnNrYgOiSRUm5yyJoSvn6L/SaNgOxd26baYr1wv48jAMZzAGTjgQgWqUIM6ULiHB3iCZ2tsPVov1utidMVa7hzBD1hvn+6bkEw=</latexit>

H = H1 +H2

Quantum Hamiltonians

<latexit sha1_base64="TEbKlLwUgwudYqPzNnuYHp+R14k="></latexit>

H1 =
1

2
p
2
x + V (x)

<latexit sha1_base64="RWgXQlHs7IM4uQjEtC9ZewhdskE="></latexit>

H2 =
1

2
p
2
y +W (x)

<latexit sha1_base64="XcdJagfQOSThLMaiFotwIntxH2c=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUi0rboQiiK4rGAf0MQwmU7boZNJmJkIJRTc+CtuXCji1p9w5984aSuo6IELh3Pu5d57gphRqWz7w5iZnZtfWMwt5ZdXVtfWzY3NhowSgUkdRywSrQBJwigndUUVI61YEBQGjDSDwXnmN2+JkDTi12oYEy9EPU67FCOlJd/cvvD5TVp09kfwFLqpy6IejP2BO8pD3yzY1kmGQzghlYzYJcd2ytCx7DEKYIqab767nQgnIeEKMyRl27Fj5aVIKIoZGeXdRJIY4QHqkbamHIVEeun4hxHc00oHdiOhiys4Vr9PpCiUchgGujNEqi9/e5n4l9dOVPfYSymPE0U4nizqJgyqCGaBwA4VBCs21ARhQfWtEPeRQFjp2PI6hK9P4f+kcWA5Fat8VSpUz6Zx5MAO2AVF4IAjUAWXoAbqAIM78ACewLNxbzwaL8brpHXGmM5sgR8w3j4BwF+WWg==</latexit>

E(1)
n = {log pk}

<latexit sha1_base64="TDPrV7U24okETzvuiM2fzhawFic=">AAACAnicdVBNS8NAEN3Urxq/qp7Ey2IR6qUkta16EIoieJIK1haaWDbbbbt0swm7G6GE4MW/4sWDIl79Fd78N27aCir6YODx3gwz87yQUaks68PIzMzOzS9kF82l5ZXVtdz6xrUMIoFJAwcsEC0PScIoJw1FFSOtUBDke4w0veFp6jdviZA04FdqFBLXR31OexQjpaVObuusw2/iQmkvgcfQiR0W9OEFdBITdnJ5q3iUYh9OSDUlVtm27Aq0i9YYeTBFvZN7d7oBjnzCFWZIyrZthcqNkVAUM5KYTiRJiPAQ9UlbU458It14/EICd7XShb1A6OIKjtXvEzHypRz5nu70kRrI314q/uW1I9U7dGPKw0gRjieLehGDKoBpHrBLBcGKjTRBWFB9K8QDJBBWOjVTh/D1KfyfXJeKdrVYuSznayfTOLJgG+yAArDBAaiBc1AHDYDBHXgAT+DZuDcejRfjddKaMaYzm+AHjLdPXWaVhQ==</latexit>

E(2)
n = {logN}

<latexit sha1_base64="roaQfM1qKi5JITiC8uN+lx9iRtE=">AAACCXicdZBPSwJBGMZn7Z/ZP6tjlyEJlER2Ta0OgRRBR4NMQU1mx1kdnJ1dZmYDWfbapa/SpUMRXfsG3fo2zboGFfXAwI/nfV/eeR/bZ1Qq0/wwUnPzC4tL6eXMyura+kZ2c+taeoHApIk95om2jSRhlJOmooqRti8Icm1GWvb4LK63bomQ1ONXauKTnouGnDoUI6Wtfhae9znsFk+6RQ03Yd4qRHAfJlwuRBnYz+bM0nGsA5hALQazYplWFVolc6ocmKnRz753Bx4OXMIVZkjKjmX6qhcioShmJMp0A0l8hMdoSDoaOXKJ7IXTSyK4p50BdDyhH1dw6n6fCJEr5cS1daeL1Ej+rsXmX7VOoJyjXki5HyjCcbLICRhUHoxjgQMqCFZsogFhQfVfIR4hgbDS4WV0CF+Xwv/hulyyaqXqZSVXP53FkQY7YBfkgQUOQR1cgAZoAgzuwAN4As/GvfFovBivSWvKmM1sgx8y3j4B0taXRg==</latexit>

En = E(1)
n + E(2)

n



<latexit sha1_base64="zp5WUvUUrqjQ+5SJgzojDfg8i5M=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBEEYciU1rELoeimywr2Ae1QMmnahmYeJplCGfodblwo4taPceffmD4EFT1wL4dz7iU3x48FVxrjD2tldW19YzOzld3e2d3bzx0cNlSUSMrqNBKRbPlEMcFDVtdcC9aKJSOBL1jTH93M/OaYScWj8E5PYuYFZBDyPqdEG8mroitU7Tro3PRCN5fHtlNwXYwRtsvlsuuWFgQXXeTYeI48LFHr5t47vYgmAQs1FUSptoNj7aVEak4Fm2Y7iWIxoSMyYG1DQxIw5aXzo6fo1Cg91I+kqVCjufp9IyWBUpPAN5MB0UP125uJf3ntRPcvvZSHcaJZSBcP9ROBdIRmCaAel4xqMTGEUMnNrYgOiSRUm5yyJoSvn6L/SaNgOxd26baYr1wv48jAMZzAGTjgQgWqUIM6ULiHB3iCZ2tsPVov1utidMVa7hzBD1hvn+6bkEw=</latexit>

H = H1 +H2

Quantum Hamiltonians

<latexit sha1_base64="roaQfM1qKi5JITiC8uN+lx9iRtE=">AAACCXicdZBPSwJBGMZn7Z/ZP6tjlyEJlER2Ta0OgRRBR4NMQU1mx1kdnJ1dZmYDWfbapa/SpUMRXfsG3fo2zboGFfXAwI/nfV/eeR/bZ1Qq0/wwUnPzC4tL6eXMyura+kZ2c+taeoHApIk95om2jSRhlJOmooqRti8Icm1GWvb4LK63bomQ1ONXauKTnouGnDoUI6Wtfhae9znsFk+6RQ03Yd4qRHAfJlwuRBnYz+bM0nGsA5hALQazYplWFVolc6ocmKnRz753Bx4OXMIVZkjKjmX6qhcioShmJMp0A0l8hMdoSDoaOXKJ7IXTSyK4p50BdDyhH1dw6n6fCJEr5cS1daeL1Ej+rsXmX7VOoJyjXki5HyjCcbLICRhUHoxjgQMqCFZsogFhQfVfIR4hgbDS4WV0CF+Xwv/hulyyaqXqZSVXP53FkQY7YBfkgQUOQR1cgAZoAgzuwAN4As/GvfFovBivSWvKmM1sgx8y3j4B0taXRg==</latexit>

En = E(1)
n + E(2)

n

d(n) = # of  distinct prime factors
of  the integer number n



Initial state
<latexit sha1_base64="HX95uyOq0yGuhr66UB/rNrOP0uw="></latexit>

| i = | logNi =
kX

n=1

cn| log pni | log N̂ni

where the coefficients may also be regarded as random

It is however crucial that all of  them are different from 0 
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Figure 1: The graph associated to the various quantum measurements of Ĥ1 which pin down the di↵erent prime factors of N .
In the example shown in the figure, the number to factorize is N = 231 = 3 ⇥ 7 ⇥ 11. For simplicity, along the links of the
graph, we indicate the primes (rather than their logarithm) which are the outputs of the three stages A,B,C measurements of
Ĥ1. One gets a complete factorisation independently of the path associated to the chain of Ĥ1 measurements.

• A discussion on the preparation of the intial state is in the Supplementary Materials.

• If the multiplicity of the last factor, say pk, to be factorized is 1, then the last operation with the measurement
of Ĥ1 actually amounts to apply the identity operator. If the multiplicity of di↵erent from 1, i.e. ↵k > 1, then
↵k subsequent quantum measurements of Ĥ1 will produce each time with probability 1 the same eigenstate
| log pki.

• The successful implementation of the algorithm is guaranteed independently of the Ĥ1 outputs obtained at the
various stages of the algorithm. It is a all roads lead to Rome procedure. As shown in Figure 1, there are possible
branches resulting from successive measurements of Ĥ1. Imagine, for instance, that we want to factorize the
number N = 231, whose prime decomposition is given by N = 3⇥ 7⇥ 11. As a result of the first measurement,
we could have one of three possibie outputs: log 3, log 7 or log 11.

1. If the first output is log 3, the next integer to be factorized is Ñ3 = 77 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 7 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231. It is easy to see that the same conclusion will be reached if there is a di↵erent initial output.

2. If the first output is log 7, the next integer to be factorized is Ñ7 = 33 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231.

3. If the first output is log 11, the next integer to be factorized is Ñ11 = 21 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 7. Once this last measurement
is made, the next number is uniquely determined, thus arriving at the complete factorization of the number
N = 231.

The key feature of this algorithm is the projective quantum measurements of hermitian operators, such as the
Hamiltonians we have employed. This leads to an algorithm with the least possible number of operations, equal to k,
relative to the factorization of an integer made of k primes, see below for a discussion of this point.

Given that quantum mechanics is based on linear algebra while the mathematical problem relative to factorization
involves products, Hamiltonians with logarithm of the primes as spectrum are very natural to study and have been also
used before42–45. In more detail, a thermally isolated non-interacting Bose gas loaded in a one-dimensional potential

Branching tree paths
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Ĥ1. One gets a complete factorisation independently of the path associated to the chain of Ĥ1 measurements.
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of Ĥ1 actually amounts to apply the identity operator. If the multiplicity of di↵erent from 1, i.e. ↵k > 1, then
↵k subsequent quantum measurements of Ĥ1 will produce each time with probability 1 the same eigenstate
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• The successful implementation of the algorithm is guaranteed independently of the Ĥ1 outputs obtained at the
various stages of the algorithm. It is a all roads lead to Rome procedure. As shown in Figure 1, there are possible
branches resulting from successive measurements of Ĥ1. Imagine, for instance, that we want to factorize the
number N = 231, whose prime decomposition is given by N = 3⇥ 7⇥ 11. As a result of the first measurement,
we could have one of three possibie outputs: log 3, log 7 or log 11.

1. If the first output is log 3, the next integer to be factorized is Ñ3 = 77 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 7 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231. It is easy to see that the same conclusion will be reached if there is a di↵erent initial output.

2. If the first output is log 7, the next integer to be factorized is Ñ7 = 33 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231.

3. If the first output is log 11, the next integer to be factorized is Ñ11 = 21 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 7. Once this last measurement
is made, the next number is uniquely determined, thus arriving at the complete factorization of the number
N = 231.

The key feature of this algorithm is the projective quantum measurements of hermitian operators, such as the
Hamiltonians we have employed. This leads to an algorithm with the least possible number of operations, equal to k,
relative to the factorization of an integer made of k primes, see below for a discussion of this point.

Given that quantum mechanics is based on linear algebra while the mathematical problem relative to factorization
involves products, Hamiltonians with logarithm of the primes as spectrum are very natural to study and have been also
used before42–45. In more detail, a thermally isolated non-interacting Bose gas loaded in a one-dimensional potential
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Figure 1: The graph associated to the various quantum measurements of Ĥ1 which pin down the di↵erent prime factors of N .
In the example shown in the figure, the number to factorize is N = 231 = 3 ⇥ 7 ⇥ 11. For simplicity, along the links of the
graph, we indicate the primes (rather than their logarithm) which are the outputs of the three stages A,B,C measurements of
Ĥ1. One gets a complete factorisation independently of the path associated to the chain of Ĥ1 measurements.

• A discussion on the preparation of the intial state is in the Supplementary Materials.

• If the multiplicity of the last factor, say pk, to be factorized is 1, then the last operation with the measurement
of Ĥ1 actually amounts to apply the identity operator. If the multiplicity of di↵erent from 1, i.e. ↵k > 1, then
↵k subsequent quantum measurements of Ĥ1 will produce each time with probability 1 the same eigenstate
| log pki.

• The successful implementation of the algorithm is guaranteed independently of the Ĥ1 outputs obtained at the
various stages of the algorithm. It is a all roads lead to Rome procedure. As shown in Figure 1, there are possible
branches resulting from successive measurements of Ĥ1. Imagine, for instance, that we want to factorize the
number N = 231, whose prime decomposition is given by N = 3⇥ 7⇥ 11. As a result of the first measurement,
we could have one of three possibie outputs: log 3, log 7 or log 11.

1. If the first output is log 3, the next integer to be factorized is Ñ3 = 77 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 7 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231. It is easy to see that the same conclusion will be reached if there is a di↵erent initial output.

2. If the first output is log 7, the next integer to be factorized is Ñ7 = 33 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 11. Once this last measurement
is made, the next number is uniquely determined, thus arriving to the complete factorization of the number
N = 231.

3. If the first output is log 11, the next integer to be factorized is Ñ11 = 21 and the next measurement of H1

starting from the (log) of this number, can give, as output, either log 3 or log 7. Once this last measurement
is made, the next number is uniquely determined, thus arriving at the complete factorization of the number
N = 231.

The key feature of this algorithm is the projective quantum measurements of hermitian operators, such as the
Hamiltonians we have employed. This leads to an algorithm with the least possible number of operations, equal to k,
relative to the factorization of an integer made of k primes, see below for a discussion of this point.

Given that quantum mechanics is based on linear algebra while the mathematical problem relative to factorization
involves products, Hamiltonians with logarithm of the primes as spectrum are very natural to study and have been also
used before42–45. In more detail, a thermally isolated non-interacting Bose gas loaded in a one-dimensional potential
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Conclusions

• Interesting interplays between Number Theory & Physics

• Proof  of  principle: it is possible to realize in lab quantum mechanics
      potentials which encode interesting arithmetic sequences

• These realizations transform genuine mathematical questions 
     into quantum experiments

• These quantum abacuses provide an alternative way to 
      implement quantum algorithms 




