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Fermion Action

To discretize the Dirac action, Wilson replaced the derivative with the symmetrized difference and included
appropriate gauge links to maintain gauge invariance

waw—A—w }iju Yo(x + ) — Ul(x — ) p(x — p) s

It is easy to see that one recovers the Dirac action in the limit a — 0 by Taylor expanding the U,, and ¢ (x + 1)
in powers of the lattice spacing a. Keeping only the leading term in a

S BO0l (14 180406+ )+ -.) (900 +aw'(0) +..) -
(1= iagAu(x — @) +...) (b(x) — &b’ (x) +...) ]
= Mwmm+§ﬁ+mwm
+igih (X) 7, [Au +—( 0% A+ (0uA) 0 + A0%) + . JU(X)

which, to O(az), is the kinetic part of the standard continuum Dirac action in Euclidean space-time. Thus one
arrives at the simplest (called “naive”) lattice action for fermions

S = mg S E0R0) + o 30 B0 [Ua00v(+ B — ULGx - apix — )]

> POMy (UL (y)
X
where the interaction matrix M" is

1 , .
MYIUL = mady + o= > [1uUn(Ddij— — UL = 1), 6j4]
2a <
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The Euclidean ~ matrices are hermitian, v,, = 7:2, and satisfy {~,,, v, } = 26,. . Non-relativistic

representation
. 0 ic o /0 _ o |/
v = _ig 0 3 V4 = 0o -/ ) V5 = /I 0

which is related to Bjorken and Drell conventions as follows: i = ivhp, 74 = 73, 75 = 73p. In this
representation ~1, 3 are pure imaginary, while ~2, v4, s are real.
The Taylor expansion showed that the discretization errors start at O(a?). For another simple illustration
consider the inverse of the free-field propagator m +i/a3> , v, sin(p.a). Set P = 0 and rotate to Minkowski
space (ps — IE, i.e. sinpsa — isinhEa). Then, using the forward propagator (upper two components of ~4),
gives

n7§°’ea = sinhEa

for the relation between the pole mass and the energy. This shows that, even in the free field case, the
continuum relation E(B = 0) = mis violated by corrections that are O(a?).
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Symmetries of Fermion Action

The invariance group of the fermion action under rotations in space and time is the hypercubic group. Full
Euclidean invariance will be recovered only in the continuum limit. The action is invariant under translations by
aandunder P, C,and 7.

The naive action szM)’(\)’,wy has the following global symmetry:

P(x) = @%y(x)
Px) = Px)e

where 0 is a continuous parameter. This symmetry is related to baryon number conservation and leads to a
conserved vector current. For mg = 0 the action is also invariant under

w(x) = €7y(x)
D) = Dx)es

It turns out that while the naive fermion action preserves chiral symmetry it also has the notorious fermion
doubling problem. The chiral charges of these extra fermions are such as to exactly cancel the anomaly. In fact
the analysis of S" lead to a no-go theorem by Nielsen-Ninomiya that states that it is not possible to define a
local, translationally invariant, hermitian lattice action that preserves chiral symmetry and does not have
doublers.
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Comments regarding fermion simulations

Generalization of stochastic evolution of path integrals for Bosons to Fermions involves significant new
problems.

@ The fundamental difference is the minus signs arising from the antisymmetry of fermions.

@ The evolution operator e~ #* filters out the lowest state and therefore the symmetric state and not the
antisymmetric unless a projection to the antisymmetric space is made.

Exact projection is done by writing the path integral in terms of Grassmann variables and integrating out
the fermion fields resulting in the fermion determinant (see Lecture 1).

@ The price is a non-local action, which has complicated dynamical quark simulations for two decades.
= set DetM = 1, a simplification used in the past known as quenched approximation.

@ In addition relativistic fermions suffer from the so called fermion doubling problem

@ In non-relativistic systems with two-body potentials one makes use of the Hubbard-Stratonovich
transformation to integrate the quadratic potential terms.
The problem of the sign of the resulting fermion determinant still remains hindering simulation of many
fermion systems - the notorious fermion problem.
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Doubling of “naive” fermions

In addition to the fermion sign problem we also encounter the so called doubling of fermions.
Consider the simplest discretization of the Dirac equation

s - Ay [,m;(,,,w(n) . é >~ (P v U (myin + 8,) = (0 + 3,) v, U;(n)w(n))]
n I
[ [m@(x)w(x) + o 3 (B0t + igaA)(1 ++a0,)0x) — BT + a0, (1 - ’ga“ﬂ)‘“x))]
I3
N / d*x(x) [m + 9. (0 + igAu)] p(x).

To see the problem associated with S we consider the associated Hamiltonian in one space-dimension for
the free massless theory i.e. U, = 1and m = 0.

Hnaive azn "Z'\ﬁ w(n+1)7:¢)(n71)

2al

coNTINUUN E;nnc(

Momentum space: /(1) = S ke
a

N fHnaive _ Ei,ﬁ 1/);’)'071 sin(aka) b
a
in(k ka)?
Ek:iy k=0 4 g (1 ,%+...),

Although Ej has the correct dispersion relation for k — 0 it has an o
extra node at the Brillouin zone — for every physical mode k there

is a degenerate unphysical mode Z — k. In the partition function

these count equally and lead to a factor 0f 2 over-counting. °
Furthermore since v = "‘% the lattice mixes right and left moving
modes.
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Fermion doubling and chiral symmetry
The naive action:

. - - i kp/
S;awe =Dy = Zu}k(mq + izvuwyl}u
k H

leads to the inverse of the free field propagator S~'(p) = mg + % 22, Vu sinkua.

It has 2* = 16 zeros within the Brillouin cell in the limit mq — 0.

The doubling problem is general and intimately related to simultaneously preserving chiral symmetry. The
inclusion of the gauge fields does not solve the doubling problem.

Defining the momentum range of the Brillouin cell to be (—=/a, /4], the zeros lie at p, = 0 and 7/a.
This proliferation holds under very general conditions specified by the Nielsen-Ninomiya or no-go theorem.
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Fermion doubling and chiral symmetry
The naive action:

. - - i kp/
S — Dy = Zwk(mq + izyuw%ﬁu
k M

leads to the inverse of the free field propagator S~'(p) = mg + g 22, Vu sinkua.

It has 2* = 16 zeros within the Brillouin cell in the limit mq — 0.

The doubling problem is general and intimately related to simultaneously preserving chiral symmetry. The
inclusion of the gauge fields does not solve the doubling problem.

Defining the momentum range of the Brillouin cell to be (—=/a, /4], the zeros lie at p, = 0 and 7/a.
This proliferation holds under very general conditions specified by the Nielsen-Ninomiya or no-go theorem.
Let us investigate the properties of these extra zero modes under chiral transformations:

Define a set of 16 4-vectors MM* = {(0,0,0,0), (x/a,0,0,0), ..., (r/a,x/a,«/a, /a)} with

A= {1...16}, and consider the expansion of the massless propagator about these points. Then

_ i . i . i .
S 1(p,m:O) = ;Zm‘ sinp,a = 527“ sm(I'IA—t-k)Ha: ;Z’yu Sﬁsmk“a
" Iz "

— Y. sink,a,
aZW Iz
N

where S/ = {+1, —1} depending on whether the 1 component of N* is {0, 7/a} and 5,, = Yav, Y},

Ya = Hu(’y,l,’%)nﬂ and m, are {0, 1} depending on whether the momentum expansion in the v direction is
about 0 or 7w/ a.

Now, 55 = YavsY) = S7S5S5S5vs = X s, with XA = +.

—> the sixteen species break up into two sets of 8 with chiral charge +1, and render the theory anomaly-free.
Consequently, this “naive” discretization is phenomenologically not acceptable.
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Wilson Fermions

One way out of the no-go theorem is to give up chiral symmetry and add a second derivative [Wilson 1974]
In one-dimension the Wilson Hamiltonian is given

- Pn+1)—p(n—1) ra P(n+1) —2¢(n) +(n+1)
HW = azn:w[’ﬁz—ia - 57170 a2 :|
_ in(k ka) — 1
[ 1],
[;

with the energy spectrum

(sin(ak"fl))2 4 (g(cos(ka) - 1)>2

2
=9 :|:k<17%+~-~)

2r
& 4=
a

— the mode for k — Z becomes infinitely massive and decouples for a — a.
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Wilson action

The Wilson action in 4-dimensions is
-4, Z[ M=) Uy 450 41) 42, U ()| a5 (m+ %) vt

and has only one fermion in the continuum limit.
The Wilson action breaks chiral symmetry through the r-term which acts as a mass term together with the
non-zero value of m. Since this mass is not protected from renormalization we need to “fine tuned” to attain the
mass we are interested in. Wilson'’s fix for doublers comes with a high price tag — a hard breaking of chiral
symmetry at O(a).
— for given g and r we determine the input quark mass so that so that m,, = 0 or m, = 140 MeV.
Define the hopping parameter « as:

1

- 2ma+ 8r

and rescale the fermion fields «» — (2xa%)"/2y
Su = 5[ — 52 (F001 =3 )Uu et ) + 30+ (1 + L) |

where we have set r = 1.

where k. is the value of « for which m,, = 0.
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Wilson propagator
The free propagator in momentum space for Wilson fermions is

a
1 — 2s 3, (r cospya— iy, sinpua)

Se(p) = My, ' (p) =

Due to the dimension 5 operator (terms proportional to r) the 15 extra states at p,,a = 7 get masses of order
2r/a.
The operator M satisfies the following relations:

wMyvs = Mw,
wSEX, Y = Se(y.x),
Mi (k1) = Mw(—r,—r).

The first two state that the “hermiticity” property of M" is preserved. The second equation relates a quark
propagator from x — y to the antiquark propagator from y — x. This important identity, called hermiticity or s
invariance, leads to a significant simplification in numerical calculations. The adjoint in SI_ is with respect to the

spin and color indices at each site. The last relation shows that M" is not anti-hermitian due to the Wilson r
term.
The pole mass derived from the propagator is different from the bare mass and given by

m%®a = r(cosh Ea — 1) + sinh Ea.

This shows, as expected, that the discretization corrections in spectral quantities occur at O(a).
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Properties of Wilson fermions

@ The doublers are given a heavy mass, 2r/a, and decouple in the continuum limit.

@ Chiral symmetry is broken explicitly. The derivation of axial Ward identities, using the invariance under
the transformation v (x) — €754 (x), ¥ (x) = 1 (x)e~"75 have the generic form

988 950
a6 0 =g

For WF, the variation of the action under an axial transformation is

968
20 = OuA, —2mP + raX,

where X is an additional term coming from the variation of the Wilson r term.
—> in general, all relations based on axial WI will have corrections at order ra and involve mixing with
operators that would normally be absent due to the chiral symmetry.

@ The quark mass gets both additive and multiplicative renormalization.

@ The zero of the quark mass is set by «¢r. There are two ways to calculate «¢ at any given a.
(i) Assume the chiral relation M2 o mq, calculate the pion mass as a function of 1/2x, and extrapolate it
to zero. The value of x at which the pion becomes massless is, by definition, x.
(ii) Calculate the quark mass through the ratio (9, A,.(x)P(0))/{P(x)P(0)) (based on the axial Ward
identity) as a function of 1/2x and extrapolate to zero.
The two estimates can differ by corrections of O(a).
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Properties of Wilson fermions

@ The doublers are given a heavy mass, 2r/a, and decouple in the continuum limit.

@ Chiral symmetry is broken explicitly. The derivation of axial Ward identities, using the invariance under
the transformation ¢ (x) — 9754 (x), ¥(x) = ¥(x)e~ "5 have the generic form

968 960
a6 0 =g

For WF, the variation of the action under an axial transformation is

88
o0 = OuA, —2mP + raX,

where X is an additional term coming from the variation of the Wilson r term.

= in general, all relations based on axial WI will have corrections at order ra and involve mixing with
operators that would normally be absent due to the chiral symmetry.

@ The quark mass gets both additive and multiplicative renormalization.

@ The zero of the quark mass is set by .. There are two ways to calculate « at any given a.

(i) Assume the chiral relation Mfr o My, calculate the pion mass as a function of 1/2x, and extrapolate it
to zero. The value of « at which the pion becomes massless is, by definition, r¢r.

(if) Calculate the quark mass through the ratio (9,,A,. (x)P(0))/{P(x)P(0)) (based on the axial Ward
identity) as a function of 1/2x and extrapolate to zero.

The two estimates can differ by corrections of O(a).

@ Calculation of the matrix element (0| T[A,. V,, V,]|0) shows that the Adler-Bell-Jackiw (ABJ) anomaly of
the singlet axial current is correctly reproduced in the continuum limit. An explicit 1-loop calculation
shows that while each of the extra 15 states contribute terms proportional to r, the total contribution from
all sixteen states is independent of r and equals the ABJ anomaly.
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Properties of Wilson fermions

@ The spin and flavor degrees of freedom are in one-to-one correspondence with continuum Dirac
fermions.
— the construction of interpolating field operators is straightforward, e.g. ¥ ys1 and ¢+ are
interpolating operators for pseudoscalar and vector mesons just as in the continuum.

@ The Wilson term changes the discretization errors to O(a).

@ Conserved Vector Current: The Wilson action is invariant under the global U(1) transformation
P(x) = e99(x), b(x) — P(x)e~ " — conserved Noether current:

AV, (n) = Vyu(n) = V(n = 1) = 0

V() = = 23— 3 ) V()4 ) + 250+ (1 + 30U () (n)

In many applications like decay constants one uses the local (flavor) currents defined by

Vu(x) = P(x)yu(x)
D)5y (X)

>

S

-
>

=
|

which are not conserved, and consequently have associated non-trivial renormalization factors Z, and
Z, which have to included when calculating matrix elements.
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Staggered fermions (SF) in a nutshell

The 16-fold doubling problem of the naive fermion action can be reduced to 4 by distributing the spin
components to the corners of the hypercube. The basic idea is to transform the fermion fields into a new
representation for which the naive fermion action is diagonal in the Dirac indices i.e. produce Np copies and
then keep one of these copies so that the degeneracy is reduced to 16 /Np.

@ @eever @eeeres @@ ) o

@ Transformation: 1(n) = v 752 v5° 744 x(n).

: Then e.g. the term ) (n)~22(n + uz2) becomes
Qe @ TS @ ®

i _ 1
: : : : : R 922 92 2 vt X (n + p2)
. ....... ° ....... .. ........ ° ....... . = (=1 R(Mx(n+ 2)

: : H H H = in general
é ....... . ....... 0- ........ . ....... 0 Y(n)ypp(n+ p) :1nu,(n)>2(n)x(n + p) with
: : : : : e (n) = (—1)Z0s ™

: H H H H @ Only partial lifting of the degeneracy: 16 — 4
@ O @ e o T @ leaving 4 “tastes” per physical flavor

Distribution of 2¢ degrees of freedom on d-dimensional @ Flavor symmetry is broken — mixing of tastes
lattice (d = 2)
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Staggered fermions (SF) in a nutshell

The 16-fold doubling problem of the naive fermion action can be reduced to 4 by distributing the spin
components to the corners of the hypercube. The basic idea is to transform the fermion fields into a new
representation for which the naive fermion action is diagonal in the Dirac indices i.e. produce Np copies and
then keep one of these copies so that the degeneracy is reduced to 16/ Np.
Yo, @ Transformation: $(n) = ;73215374 x(n).
L ' toe Then e.g. the term ¥ (n)v24(n + p2) becomes
=no

. .
. . - ng Ny No N nqy no+1 ng n,
l XM 321271 21y 2 38t x (D p2)
= (=DM R(Mx(n+ p2)

i,(w_w,?,_k) (%)
. . TR IR = in general
: . x=na . \  xene P(n)yup(n+ H)M=1?7;L(")>Z(n)x(ﬂ + ) with
The staggered solutions x for a given momentum k are nu(n) = (—1)2”:‘ i
the sum or difference of 1, and 4= _. Thinning of the @ Only partial lifting of the degeneracy: 16 — 4
d.o.f corresponds to doubling the lattice spacing — the leaving 4 “tastes” per physical flavor

maximum momentum is 2% and therefore there are no @ Flavor symmetry is broken — mixing of tastes
spurious modes from the end of the Brillouin zone.

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Introduction to Lattice QCD February 2025 | GGI School 14/23



Staggered fermions

The action for staggered fermions:

(MM x(m)

Pt}

Ssr = My SR + 5 3 KO (U (9x(n+ ) — UL (x — ix(n — ) =

3
3

with the matrix MS given by
1
MS[Ulyy = mgdy, + 3 Z M [Unudxy—pn — U:Lu,u‘sx,yﬂt]'
m

The ~ matrices are replaced by the phases 7y, ..

The different spin components of x are decoupled as the phase factor 7, (n) depends only on the site index
and direction and do not have a spinor index.

= drop the spin index on x leaving only color degrees of freedom at each site.

This reduces the original 29-fold degeneracy of naive fermions by a factor of four.

@ The masstermin MS[U]n,m is hermitian, while the [J term is anti-hermitian, required to realize chiral
symmetry.

@ The SF action has translation invariance under shifts by 2a due to the phase factors 7,,(n). = in the
continuum limit, the 16 degrees of freedom reduce to 4 copies of Dirac fermions.

@ At finite a the gauge interactions break this flavor symmetry and the 16 degrees of freedom in the
hypercube are a mixture of spin and flavor. This is one of the major drawbacks of staggered fermions.
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Symanzik’s improvement program
A simple example: Consider the symmetric discretization of the derivative of f'(x)

f(x+a) — f(x —a)

o =1 (x)+aC®x) +ac®(x) + 0(d)

where due to the symmetrized discretization only odd powers of a appear.
Since f(x + a) = f(x) £ f'(x) + £ (x) £ &1 (x) + O(a*), we obtain C® = 11" (x).
For improvement of O(a®) we use

f(x+a)—f(x—a
e 9§ e 091100 = 1/(0) + 0(a)
where D®)[f] is a discretize expression of 7. Taking:

D(3)[f](x) _ f(x + 2a) — 2f(x + a);;azf(x —a) — f(x — 2a)

and c = —1@ the (&°)-term is eliminated.
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Symanzik’s improvement program
A simple example: Consider the symmetric discretization of the derivative of f'(x)

f(x+a) — f(x —a)

o =1 (x)+aC®x) +ac®(x) + 0(d)

where due to the symmetrized discretization only odd powers of a appear.
Since f(x + a) = f(x) £ f'(x) + £ (x) £ &1 (x) + O(a*), we obtain C® = 11" (x).
For improvement of O(a®) we use

f(x+a) — f(x — a)

2 + ca®DP[f(x) = f'(x) + O(a*)

where D®[f] is a discretize expression of £ . Taking:

(x +2a) — 2f(x + a) + 2f(x — a) — f(x — 2a)

D) = st

and ¢ = —{ the (&°)-term is eliminated.

Improvement for QCD is done in an analogous way except than the determination of the coefficients is more
involved. Like in the simple example we start by identifying a continuum expression for the correction terms
ordering them according to their dimension. We write the associated effective action as

Sur = /d4x {Lo(x) +alqi(x) + & La(x) + .. } ,

where L, denotes the continuum QCD Lagrangian and the L’s, k > 1, are linear combinations of local
operators of dimension 4 + k.

There are three independent dimension-5 operators that have the symmetries of the lattice action. Two of these
can be absorbed in the original action resulting in a redefinition of the bare parameters.
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The Sheikholeslami-Wohlert (clover) Action
For the improved action we thus obtain

S = Suion + 83 0 FX) 3010 P ()90,

where IA—'W is a lattice representation of the gluon field tensor. The product of the gauge field variables around a
plaquette in the (11, v)-plane is equal to 1 + &2F,,,, + . . . in the classical continuum limit.

A symmetric definition of the lattice field tensor is hence given by

Fun0) = 5z {Qun(0) = Q)

v
=
with Q,,,, (x) being the sum of the plaquette loops: i
Quu(n) = Pu,u(n) + Po,—u(n) + Py~ (n) + Py, (n)

To achieve the desired improvement, the coefficient c,,, multiplying the O(a) counterterm in the improved action
should be chosen appropriately. The one-loop formula is

Co = 1+ 0.2659¢% + O(g").

One also has techniques to compute ¢, non-perturbatively using numerical simulations.

The advantages of the clover action is that it is local and leaves perturbation theory tractable. Adding the clover
term is only a ~ 15% overhead on Wilson fermion simulations.

However we need to also improve the operators.
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Twisted mass fermions
Consider the continuum action for two-degenerate flavors:

S= / A*XR() (1 Du[U] + Mo + iayss) X ()

The mass term can be written as mg + iuysts = M e 7573 with ov = tan ' (H’T‘O) and M? = mg + 2.
Perform axial transformation to the physical basis:

w(x) = €755 x(x), F(x) = K(x) &5 F

The mass term transforms as Me/(®~“)¥573 and if & = w we recover the Dirac action
S= [ d'x 5 (2. 0,10 + M) w(x)

= In the continuum the twisted mass action is equivalent to QCD but at finite a it provides an alternative
discrete formulation.
Advantages:

@ Automatic O(a) improvement at maximal twist

@ Only one parameter to tune like with Wilson fermions, namely we tune the PCAC mass at smallest p
value to zero

@ No additional operator improvement
Disadvantages:
@ Explicit chiral symmetry breaking like for all Wilson-type actions

@ Explicit breaking of isospin symmetry to O(a?). In practise only =° receives large O(a?) corrections
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Chiral actions
Chiral symmetry at non-zero lattice spacing is realized if the Ginsparg-Wilson relation is satisfied

Dvs + vsD = aDvsD.

This amounts to adding a contact term that vanishes in the continuum limit.
Using D we can define a chiral rotation which reduces to the continuum one as a — 0

W = ei9w5(1—go)w & = lzleie( —gD%)

leaving L(}, ) = 1Dy invariant.
Explicit construction of D is provided by:
@ Overlap operator:

1 A
Doy=—|1——2_| A=1-aD
» a[ \/ATA} aw

where Dy is the massless Wilson-Dirac operator.
The main drawback is that its expensive.

@ Domain wall operator is defined on a 5-D lattice:

Dpw (N1, $1: M2, S2) = sy 5, Dw (M M2)+38n1,ny Dows(S1; S2) L, J

where s;, s, denote the fifth direction. Dy is the 4-D Wilson
Dirac operator.

The link variables are define in 4-D as before and the Left',handed
operator Dpys act in the 5th direction. fermion

Left and right handed fermions live on the opposite

boundaries of the fifth dimension
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Computational costs

Algorithmic improvements

0.05 ——r—r——7
THops - years | 2o
| 2008
0.04 [ ) |
0.03 - i
I ' \ (my/meg)®
002 (m/meg* 4.
-
0.01 \
L T [} N
ol L ey
0 0.5
mps/my

* Mass preconditioner (Hasenbusch)
* Multiple time scales in the molecular
dynamics updates

Tflops Years
© o o o
A o @ =

(=]

1000 independent configurations for N=2 twisted

L=2.1 fm, a=0.087 fm

Lattice size: 243x40 lattice = number of d.o.f ~ 5x107,
dimension of fermion (sparse) matrix D ~ 107
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Improved gauge actions:Liischer-Weisz action

The leading order term in the expansion of all Wilson loops is O = >=,uv Fuv Flw and corrections begin at

0O(a%) = any lattice action written as a linear combination of Wilson loops will have the correct continuum limit
with corrections at O(a?).
There are three dimension 6 operators which in contin-

uous notation are: Also there are only 3 six-link loops that one can

draw on the lattice: Planar 1:56), twisted l:(ze) and

ol = ZTr(D“FWDMFW> , the L shaped £
e
o9 - > Tr(D“F,/pDuFVp> ,
v, p
of = 3 Tr(DuFWD,,F,,p> .
v, p L";’) L(z) L(z)

Thus, classical improvement of the lattice action, i.e. re-
moving the O(&?) term, can be achieved by taking a lin-

ear combination of the plaquette and these three six-link Loop r® ﬁ(ﬁ) fz(a) fée)
loops that have the expansion @ ]I 21,4 0 0
(6) | (6) ~(6) (6) EEG) 2 8 0 0
_ 4 @), () (6 6) ~(6) , .(6) (6 s
L =094 ol +P o)+ of +... C?e) 2 -3 & 5
L3 : —4 % 0 15

and Lischer and Weisz have shown an elegant way of
calculating the expansion coefficients r(9) Their results
are summarized in the Table.
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The Liischer-Weisz action
The lattice gauge action can be written as

6
Sg = —2{0(4)(g2) £9 43" (g% 46)}
9 i=1,3
in terms of the plaquette and the three 6-link loops with the renormalization condition:

c®(g?) + 8¢9 (¢?) + 8¢{¥(g?) + 16 (g?) = 1 so that in the continuum limit the action reduces to
F.v Fp /4. Tree level improvement can be obtained by the choice

¢ i20c® =0, =0 =0.

Choosing cgs) = 0 one finds
1
(6) (6) _
Gr % T

Quantum effects are included at one-loop needed to kill ©(a?) at all length scales. Liischer and Weisz derived
the 1-loop improved action which has leading correction at O(g*a*) and fixes

5 1
(g?) = 3t 0.2370¢%, ¢{¥(¢?) = 5 0.02521¢°
(%) = —0.00441¢%, (g?) =0.
for which the ¢; normalization condition is satisfied.

The bottom line on the Liischer-Weisz action is that since the coefficient cée) is small, the action, to a very good

approximation, can be improved by keeping just £™ and £56) as in the classical case. This 1-loop result can be
mean-field improved without much effort.
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Exercise: Conserved current for Wilson fermions

To derive the associated conserved current (for degenerate masses) we use the standard trick of calculating the
variation of the action

58 = & Z D) (v — NUL () (x + ) exp(i6(x) — i0(x + 1))

- ® Z (X + 1) (v + 1) UL ()9 (x) exp(i6(x + ) — i6(x))

X,p

which, to first order in 6, is

=2 [P0 = NU()$(x+ ) +

X,
- . 00
DOt @)y + 1) UL 0)] [ =]
Xp
The conserved current, obtained after integration by parts, is

Vi = %00 (v — NUL )X+ ) + DX + 1) (v + 1) UL ()9 (x) .

Vj is hermitian and reduces to the symmetrized version of the 1-link vector current for r = 0.
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