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Lattice QCD Calculations in a Nutshell

1 _ _ .
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Simulation

e Markov chain Monte Carlo to generate ensembles of Part 1
gluon-field configurations via importance sampling

(0) = %37 O(Uh) with p(U) = Lexp(—S(U))

Production - quantity-specific

e Construction of hadron correlation functions on backgrofn%ﬂ' 2
field configurations:

(N, ") AuN(p; s))

Data analysis - post-processing k—%

e Statistical analysis, resampling, derived quantities
e Excited state contamination and stochastic errors Pﬂl’f 3

e Continuum and infinite volume extrapolation

()—('S, ts) OF (%ins ) tins)
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Part 1: Simulations summary
r's

In Lattice Gauge Theories, the expectation value of an observable is defined as
T~ 10 y
Q o

(0) = Z /' DIU]OU) exp(—S(V))
BEFTaE:

Computed via importance sampling and using Markov-chain Monte Carlo (MCMC) methods
N
(0) = % Yo 0OWU;)  wien pU) = %exp(—S(U))

Requires independent and identically distributed (lID) samples

QRIS '
0‘”0‘;";;; S ays b,
Q== M
g )
‘ ‘ e State-of-the-art: Hybrid Monte Carlo (HMC) algorithm
_ 1 2
(0) = < [D[U]D[p] O(U) exp(—p*/2 — S(U))
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Importance Sampling

1. Uniformly sampling
is effective for
approximately constant
functions...

21 23 2@ 2@

N 3. Importance sampling
measures more frequently
the regions that give more
contribution to the
integral, achieving faster
convergence

2. ... for more
complicated functions it
requires a huge number
of samples to reach
high precision and
accuracy

7(2) 2(V2(4)203)

4. ... however, when the
sampling distribution and
the function to integrate
have little overlap, it may
introduce bias!

o) o) 2@ 0)
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Markov-Chain Monte Carlo

A Markov-chain is a sequence of samples  ¢©@ — ¢® — ... 5 @ ... — W P(t) € Q « state space

whose probability of extraction is given by a transition probability T(¢ — ¢')

Properties:
e Markovian: T(¢p — ¢’) only depends on the current (¢) and future (¢') state
e Time-homogeneous: T(¢ — ¢') is constant along the chain, i.e. t-independent

e Probability density: /D¢’ Tp—¢')=1 and T(p — ¢')>=0

e Ergodic & Irreducible: T(¢p — ¢') >0 v¢,¢' € Q

A chain is completely specified by the starting distribution Py(¢©) and the transition probability T(¢ — ¢')
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Equilibrium distribution and detailed balance

Theorem: Given an ergodic Markov chain with transition probability T, the limit

IimP® = limT'P® =11 € Pqg

[—co {—x

exists, is unique, and is independent on P O Moreover, I1is the unique fixed point of the chain,
i.e. (TP)=P <P =11
Detailed Balance:
A sufficient (but not necessary) condition to define T is detailed balance
(¢HT@" — ¢) = P T($ — ¢)

Proof: Integrate on both sides over ¢ ——= TlI(¢') = (TII)(¢'), which is the fixed point!
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Metropolis-Hastings algorithm

A simple way to satisfy detailed balance is

, H@OPc(@” — ¢)
" I($)Pc(p — ¢7)

T(p — ¢') = Pc(p — ¢ )Pa(p — ¢’)  with  Pa(¢ — ¢’) = min

Algorithm:
1. A candidate ¢’is proposed from ¢ with probability Pc
2 ¢’ is accepted as the next step in the chain with probability P4
3. If¢is rejected, then ¢ remains the next element, i.e. it is repeated in the chain
4

Repeat 1.-3. for all points in the configuration (sweep) and iterate.

Note: if Pc(¢p — ¢') = Pc(¢p’ — ¢) (symmetrical proposal), then Pa(¢ — ¢’) = min [l, @)

H(¢’)]
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Remarks & Challenges

I(¢")
I1(¢)
No need to know the partition function.

are needed to construct T.

e Only the relative probabilities

e Similarly, Markov chain can be used to compute integrals of ratios only, e.g.

_ /D¢ Ti(¢$)T($)
J D¢ 11(¢)

D

e The key challenge is to ensure ergodicity.

A T not ergodic can lead to wrong results and biases!

can we get here? and here?

e Autocorrelation... 2@ z00,6)
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Autocorrelation

Subsequent states in a Markov chain are correlated (autocorrelation) - 100 /"
T(I)ht 10 . o/
I & i
o’(@) = «@- @y = — Y «@Po® -@* a®y» =] B —
N2 1 3 ,5 7
k=1 ,B
—_—
a—0
and this can be rewritten by introducing the autocorrelation time t
1 e
- 2 intﬂvar D ............. Plag ——
o2@) = -~ S © with  var(@) = () — @2, . piechidol
. -
. 1 NS TO®0) o =
im0 _ 142 _and @) — <<D(t+l) D(l)>> _ <|:|>2 = Bh
2[ t=1 '®(0) 5 02 -
oF e
0 10 20 30 10 50 60 70
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Tutorial 1: Harmonic Oscillator

We now do a tutorial on Markov-chain Monte Carlo simulations of a 1-dimensional harmonic oscillator.

T
1 1
The continuum action of the theory is S[ag] = / dt [Emiﬂ + 2mw2a:2]
0

A possible discretizationis S|z] = (2541 — ;)% + 5 i

N-1
m
2

mw?dt 2]

Il
o

)

Our goal is to compute the expectation value of the correlator ~ C'(t) = (x(t)z(0))

I,
whose continuum limit is the well known result ~ C(t) = ——e M
2mw
For this, we will use the Jupyter Notebook you find at http://tiny.cc/ggi-lgcd-nb
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50 year of Lattice QCD
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Part 2: Correlation Functions

The correlation function between two states w is equivalent to the matrix elements of the
transport operator up to exponentially-suppressed thermal effects, due to the finite size.

C(t) = (w1 (0)) = (¢ T*|v
\\)e_H

By inserting a complete set of eigenstates of the transfer matrix ) . |n) (n|, we obtain

B Exponential
= Z )‘fm <¢\n> <n|¢> — Z |Zn|2e oot — cuppression!

C(1)
| Ty — 1= L
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Correlation Functions

4 N

In Lattice QCD we can easily extract ground-state matrix elements:
lim C(t) = |Zy|? e !
t—00

C(t) Z <1Mn nlw ZlZ |2 —E,t —> Expouem“ia/

cuppression!
<n|T]n>n// T L (nl)

T—=e¢H
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Interpolating Fields: How to measure properties of hadrons?

Our goal is then to construct an interpolating field w whose ground state is the desired hadron.

. ) . ) n — (O, if wrong guantum nombers
To achieve this we can exploit quantum numbers and other properties: < W> 71

e  Flavor structure: Use the correct combination of quark fields to represent the desired flavor quantum numbers.
e Spin and parity selection: Choose the appropriate Dirac structure (") to match the desired spin J and parity P.
e Other symmetries: Certain hadrons are e.g. even under exchange of u«<d. Implement these symmetries correctly.

e Momentum projection: Sum the interpolating operator over spatial points with a phase factor to project onto definite
momentum states.

Additionally the interpolating field should preserve:

e Gauge invariance: Ensure the interpolating operator is gauge-invariant, using color indices and Wilson lines (if
necessary).

e Symmetry under the cubic group: Since the lattice breaks continuous rotational symmetry, operators must transform
according to irreps of the cubic group.

S. Bacchio - {20,21}/02/25 — Galileo Galilei Institute — http://tiny.cc/ggi-1lgcd


http://tiny.cc/ggi-lqcd

Meson Interpolating Fields

For mesons, the simplest interpolating operator is a bilinear quark-antiquark field of the form:
'Qbmeson (CE) — Z:ﬁ(jl (x)g Pa,ﬂ Q2 (m)%
a7a7

e  Flavor structure: The specific quarks (1 and Q2 determine the flavor quantum numbers of the meson.

e Spin and parity selection: The choice of [ determines the spin and parity of the meson. For example:

o' = 75 gives a pseudoscalar meson (like the pion), withJP =0
e Momentum projection:

ol'=1, gives avector meson (like the p-meson), with JP =1~ ‘
o]'= 1 gives a scalar meson, with JP = 0™ ¢(p, t> o E : € Zﬂ(fl?, t>
T

ol'= V57ugives an axial-vector meson (like the a-meson), with JP — 17

e Gauge invariance: The quark fields are in the same location x and color indices are traced.
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Baryon Interpolating Fields

For baryons, there are various options to construct the interpolating field

wbaryon (il?) = €abe P:i: FA q1 (w)a (QZT(w)bFB qs (w)c)

This gives more precise resulte
e  Spin selection: fy

o J:1/2—> (FA,FB)
°J =3 (I'41F)

(]lv 075)7 (’757 C)? or (]17 i740/75)
(]17 C'-Yj)

e Parity selection: positive and negative parity selected using Pi — % (]l + 74)

e  Other symmetries:

o (' isthe charge conjugation matrix, ensuring the antisymmetry

O €gbe ensures antisymmetry in the color indices (so that the wavefunction is antisymmetric overall, respecting the
Pauli exclusion principle).
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Examples of Baryon Interpolating Fields

Quark ]
Baryon . Interpolating field 1 I,
conten
uud €abe (ua Cysdp) Ue 1/2 +1/2
n udd €aiia (daTC'yg,ub) de 1/2 -1/2
uds %eabc [2 (uaTC’ysdb) Se + (ugCy5sb) de — (daTC"Yssb) Uc] 0 0 ———  Odd under exchange 0/ u—>d
wt uus €k (uTC”yssb) Ue 1 +1
370 il Leave [(ul Crssp) de + (A Crssy) ue) 1 0 Even under exchange of ue—d
E_ ddS €Eabe (d 07585) dc 1 = |
=0 uss Exiie (s C'yg,ub) S 1/2  +1/2
= dss €abe (sa C’}’5db) Sc 1/2 -~1/2
BT uuu €abe (u C’yuub) Ue 3/2 +3/2
AT uud Leave [2 (W Cyudy) ue + (uX Cryuup) de 3/2 +1/2
vaeae [2( ) ( )] Example of spin 3/2
AP udd Ts€abe [2 (dz Cyuus) de + (dz Cyuds) uc] 3/2 -1/2
A~ ddd €abe (da Cyuds) de 3/2 -3/2
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion: Q,\@} ” . %&@
B 5@(9) A
()] (2)) = (d(y)vsuly)i(z)ysd(z)) =
_ " - . . Steps in Wick contractions:
— ('75)046 (75)0/5’ <d(y)au<y) u(x)a/d($)5/> 1. Explicitly write position, spin and

color indices.
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion: Q,\@} ” . %&@
B 5@(9) )
()] (2)) = (d(y)vsuly)i(z)ysd(z)) =
_ " - . . Steps in Wick contractions:
— ('75)046 (75)0/5’ <d(y)au<y) u(x)a/d($)5/> 1. Explicitly write position, spin and

color indices.

= —(1)ap(r6)arp (d(@)pd()e) (u()zu(z)e)

Construct all possible pairs of quark-
antiquark and multiply by -1 for every
commutation of quarks.
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion:

()] (2)) = (d(y)vsuly)i(z)ysd(z)) =

= (9)as(s)ars {d(y)au(y)5(2) o d(z) )
= —(15)ap(3s)arpr (d(@) prd(y)a) (u(y)5a(z) o)

= —(¥)ap(15)arp Gal(a; y)%}aG“ (y; x)%l‘))"

k Quark

= —Ir {75Gd(335 Y)15GulY; 37)} propagator

Ty, Y T
)75%/<:><»®’*6

Steps in Wick contractions:

1.

Explicitly write position, spin and
color indices.

Construct all possible pairs of quark-
antiquark and multiply by -1 for every
commutation of quarks.

Write in terms of propagators and
recombine indices, if possible.
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Homework: Nucleon two-point functions

Now, follow the same example for the pion two-point function and compute the Wick
contractions for the nucleon two-point functions.

The starting point is

(One(M)a One(M)a) = —(On.(m)aOni(N)a)p
— _<€abc €a’b’ ¢! (U( ) 0753< )g) U( )C Pii: U(TL)C/ (U(n);{/ 0’75 d(n)b’)>

The final result you should arrive to is D—l _ G
— —1 —
= €abc €a’b’ ¢! (C75)a’5’ (ny5)045 (Pi)W”Y’ Dd (n’m) B3 A

b'b

(D2 ) v D ).y = Dy o), D (0l

aa C/C a C c a
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Part 3: Fermions on the Lattice

<¢J”ZL> = % fD[U]D[’gb’lZ] %%ZZ e_SYM(U)—?,ZDQ,b

——
1 —1 — Sy (U with D = DU — (iv* D, — m
G =+ [DIU]D,' det De SvuU) (U, ) =, (9" Dy —my)
4Spin X 3col xV
e Many possible discretizations of the Dirac operator TE ]
o  Wilson, Twisted-Mass, Domain-Wall, Overlap, etc. EIF. Only first
sl L i ./ neighbours
e The Dirac operator is a sparse matrix (first-neighbors only) '.'.'-__
- i L B
o Krylov methods are used to solve: DT = b Il';'p;l H pon-zers
o eg Dr—=c¢ P = T = Dj_zl !E|-_-/ prop. to I/
— — —;T — -1 ..'-.. ..'-._ :::!.-l: .:'-.
o eg D=1 = n'&~Tr(D™") N, M B
" "a"aEd
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Fermions on the Lattice

<¢J”ZL> = % fD[U]D[’gb’lZ] %%ZZ e_SYM(U)—?,ZDQ,b
(G =L [DU]D;' det De SuU)

Jt

with D = D(U, puy) — (iv* D, — my)
a —

e Dirac operator is singular at u=0
o  Critical slowing down, e.g.

o Light quark masses 100x more
expensive than strange mass

o  Common to all discretizations

Time for solving Q2+p? [core-hrs]

0.001

0.003 0.01 0.03 0.1 0.3
Twisted mass parameter (u)
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Fermions on the Lattice

<¢J"Z¢> = % fD[U]D[’gb’lZ] gb]q;z e_SYM(U)—?,ZDQ,D

—— | |
G — % fD[U] D]_/L]- det D e—SYM(U) with D = D(U, /,Lf)aj) (Z’YMD/-L _ mf)
300 Tud Mg M
e Dirac operator is singular at u=0 - ‘ ' T ' T
100 ® CG .

o  Critical slowing down, e.g. DD-aAMG

30 |

o Light quark masses 100x more
expensive than strange mass 10 ¢
o Common to all discretizations 3 :

=
T

v Resolved by multigrid methods

Time for solving Q2+p? [core-hrs]

0.003 0.01 0.03 0.1 0.3
Twisted mass parameter (u)
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Stochastic propagators

e Hutchinson Trace Estimator:

Let A € CP*P and v € CP be a random vector such that

(Y =1 = Tr(A) = (v'Av)

e Example 1: Quark Loop Q
O

Ly (0 (@) (2)) = (Te(TD)w = (' TD ™ )
= <77TF37>U,¢7 with Dz =n

I

o Usually time-slice stochastic sources for allowing
correlation in time
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Stochastic propagators

e Hutchinson Trace Estimator:

Let 4 € CP*P and v € CP be a random vector such that ~ ® Example 2: Pion two-point functions

() =1 = Tr(4) = (v Av) () (2)) = (d(y)rsu(y)ale)sd(x)) =
= —Tr [%Gd(fc; Y)V5Gu(y; x)]
e Example 1: Quark Loop Q '
O o - hermiticity: 5 Dvys = D
J (holds also for the inverse)
T, (1, (1)) = (Tr(TD™ )y = (n'T D
1% <¢ (l’)%(l’» < I’( )>U <77 77>U,77 — _Tr [G}:(y,x)Gu(y,x)}
= (n'Tz)y, with Dz =n
o and using time-slice stochastic source in t=“0":
o Usually time-slice stochastic sources for allowing

correlation in time

O<t) — <¢7T+ (t)quWL (O)> — <xT(t)x(t)>U,77(O)
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Point-to-all propagators

Or we can just propagate from a single point to all.

e Disadvantage: compared to stochastic sources we do not exploit

volume-average over the spatial volume, but use only one point.

e Advantage: any momentum can be inserted at the source!

(NG NG 1)) = 3 €75 ePH(N (&, 1,)N (d0, 1))

if N(f(), to)
defined in T

(X0, to)

f Note on stochastic sources: \

while for mesons we use:
(E@DEN W) = dz4

for baryons we should use:

E@EGEG")) = 65,5055 5
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Two-point functions

Let’s consider now the case of hadron two-point functions

C(t) = ($()YT(0)) = Y |Zaf?e™ 5"

\\’ (nl¢)
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Two-point functions

Let’s consider now the case of hadron two-point functions

C(t) = ($()YT(0)) = Y |Zaf?e™ 5"

\\’ (nl¢)

A main use of hadron two-point functions is to
extract the energy spectrum of interpolating fields

Et)=—-=-1In [%} —Ey+ 0 (e—(t/am)
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Pion and Nucleon effective masses

Te T T T T T
0.2r ., Why it does not plateau? ]| (Xs, ts)
"%ﬁcz::::::::::::::::::::::::::=;-
0.1f MR ad L PO coee, i
. .o .

lP'Oﬂ , | | | .’0"0. (XO7 tO)

0 1 2 3 4 5
1.4 -I - T T T T ' T 7

& M/Ay do errore increase: .
1.2+ . (Xs>ts)
1.0 il R * o o * » » = = {
= s T 3 3 I I I

0.8} ) o I %o to)
0.6f E(t)=—--In [L] :E0+O(e—<t/a>5) X0, to

Nucleon a |Ct—a)

0.0 0.5 1.0 1.5 2.0 2.5
t[fm]
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The effects of periodicity

Enough for large

The correlator propagating forward is Cf(t) - C’?e_mt enough masses

The correlator propagating backward is  ¢,(f) = cpe "

And accounting for all contributions we get  ¢(t)= ¢? (e—mt+em(7+f) + .. )

OC)
Enough for large /:'c?e‘m’x Z g—"m7
n=0

enovgh time extent T

0 ,—mt 1
1—e M

Required for finite /

temperature cimulations
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Pion and Nucleon effective masses

T I T T T T T
0.142 _ _ _ ve
: C(t) = |AP? (et 4 emm=T70) | (Ko ts)
3
0-140 !IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII .
o138} Pion | | | | | (X0, to)
0 1 2 3 4 5
14r ° , 9
% Why do errors increase: .
1.2r . 7 (Xs>ts)
1.0+ il A R * o o * » ® = = 1
0.8 =xx 5t t I I
0.6+ E(t) — —1 ln l&] —_ EO —+ O (e_(t/a)‘s) (XO) tO)
Nucleon a [C(t—a)
0.0 0.5 1.0 1.5 2.0 2.5
t[fm]
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:
C(t) = (VT (1)¥(0))
o0& (t) = (W1 (0)p ()Y (£)1(0)) — (1 ()1(0))

Var(X) = E[X?] - E[X]?

oolt) \/<w<o>w<t> (BeO)
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:

C(t) = (7 (t)¥(0))
o&(t) = (T 0)L(O)V (1)¥(0)) — (W (1)¥(0))’
oot )

Var(X) = E[X?] - E[X]?

9¢ X et(EO,C’ _%EO,CQ)
Oo(t) (1(0 W( )W( W) C'(t)
(O)>2 Relative error [in most cacec]
|B ’2 —iE f increaces exponentially in T cince
e 0,C
— 1 E C2 < 2F ,
at /arget ‘A|4 K e oC /
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:
C(t) = (VT (1)¥(0))
52.(1) = (o t A 2
c(t) = W' (0)p)v'(t)v(0)) — (@'()v(0)) - " ~

ocC
e Pion: Ug(t) X et(m”_%m”) — const. C@)

— Relative error [in most cacec]
/ tially in T ¢ince
oc(t) t(m 3. ) nereaces exponentially
e Nucleon: o ! \"MNT M : ,
C(t) N \_ Eocr £ 2B W

Same guantum numbere of 3 ,bianc./

Var(X) = E[X?] - E[X]?

1
X et(EO,C’ - §EO,C2)
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Noise-reduction techniques

How to tackle the exponential-growth of the noise?
by developing noise-reduction techniques!

There is a vast literature on this techniques for the signal-to-noise problem, including many
experimental / exploratory / innovative approaches.

Here we will focus on two production-ready techniques: fg’ \
ee e.g.

e Smearing of interpolating fields “Path integral contour

deformatione”

[arXiv:210112668]

K [arXiv:2304.03229] J

e Low-mode averaging (LMA)
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1' technique: Smearing of interpolating fields

The interpolating fields we have considered are all local, but extended ones would still have

the same quantum numbers, e.g. Added a link to precerve gavge invariance

"pmeson (.CB) — Z 61 (m)g Pa,ﬂ Uﬁb ($) q2 (w + ﬂ')% _——

a,b,a’ﬂ T T T T T T n=10 I__Iv._'
n=10 &
25 o n=20 —&— 7|
o o =30 +—w—
Wuppertal / Gaussian smearing h—40
2 r n=50 —o— |
Parameters > =)
/ NS z_ 15¢ Faster convergence (arger noise if .
" (Z,t) = Z (]l +aH{Z, T, U(t))) q(7,1) = B to grovnd-ctate over-cmeared
@ ® . |
o 3 . T ~ . 05 L é é é g 8 8 2 eE88 e o) m 5 g % @ @ é A E
H(Z3,U®) = > (Un@ 10554 + ULE — k,8)8 5.1 LA
k=1 0 = | ! | | | | ! l ! | | | -
In case of boost, momentum smearing is a better variant 2 4 6 8 10 12 14 16 18 20 22 24 26

ts/a
[arXiv:1602.05525]
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2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution
A A
4 4 A\ 4 i A\
Sp(z,y) = |PrQ; Prn(z)) (n(y)| s + |[PovQ, Puvn(z)) (n(y)] s
Quark
Propagator
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10—1_

1073

10—5.

1077 1

10—9.

‘.'..-‘:..
%.”” IR-dominated
th Al
"%y,
w, N\
| i
' ;
Ol/-dominated
0 10 20 30 40 50 60

t/a
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2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution
AL AL 10714 =
r » N D N a
Sr(z,y) = |PrQ; PIRU(SU)> )]s + |PovQ,  Puvn(z)) (n(y)| s e
Qaakk K |U ( )>< I 10734 Ve
75 e,
Propagator = Z J Z |¢77 |75 ; *’0.’
szl )\ _+_ l/r'//l/ ) ]V)>>]‘ 10—5 ] ”’0” IE‘dOMI‘huted
g e e, A
%’g e N
Computed Exactly Computed Stochastically o
| J ]
s 3
10-9 | UV-dominated
0 10 20 30 40 50 60
t/a
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2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution

A A 1074
N )

p
Sr(z,y) = |PRQ; 1Pmn(fl?)) ()| s + 1 PovQy Povn()) (n(y)] s ]l 2

3| - ff
Quark K 10 .
Propagator = Z |U]( )> < I 75 Z |¢77 | 5 ; "‘0,.’ 10-8 | Ifﬁ}%riﬁ

rac A BT s

N Y, J 10721
v v

Computed Exactly Computed Stochastically

1077
t C stoch. (t) ] f—rﬁ-
e In the correlation function computed stochastically, - N e T
we replace the IR part with an exact knowledge of it L) CLMA(t) 1 HW.""
_ 0 10 20 30 40 50 60
CLMA (t) - OStOCh ( ) Ostoch ( ) Cexact ( ) ta
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Tutorial 2: Pion and Nucleon effective masses

Now we will work on Part 2 of the Jupyter Notebook: http://tiny.cc/ggi-lgcd-nb

But first, let’'s see how we compute and propagate errors via Jackknife resampling.

v Tutorial 2: Data analysis

Jackknife Resampling

Given N correlated measurements X = {x;,zs, ...,y }, we construct jackknife samples by systematically removing one data point at a
time and computing the statistic of interest on the reduced dataset.

Step-by-Step Algorithm:

1. Construct jackknife samples, where each sample excludes one data point:
XY =z, 70, .. 7™}

; 1
(1) — :
=y 2

The jackknife estimate of the mean is then:
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Part 4: E.g. inputs to neutrino oscillation experiments

Monte-Carlo simulation needs input on the differential cross section to reconstruct
the energy of the neutrino from the momentum of the detected charged lepton.

G. Zeller
Quasi-elastic Resonant pion Deep inelastic
o " " ” " |obis
ST L
W - x
A
- - — s - TOTAL
T
- NJ’ ,,',‘;‘!+"
We focus on quasi-elastic scattering providing
first-principle predictions on axial form factors
[ uper Kamiok m;;i] [ ] - L :
Y i 1 1
Mt. Noguchi-Goro
P N T2K: Tokai to Super-Kamiokande TZKA NOVA R E, (GeV)
1360 m - «
water equiv. = = _’ i
aodl terequiverer ST o E=0.6 GeV, L/E =500 km/GeV. DUNE

Neutrino beam

J.A. Formaggio, G. Zeller, Reviews of Modern Physics, 84 (2012)

295 km
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The weak axial-vector matrix element

The transition matrix element of the neutron (3-decay is

M(n = pepe) = £ Vaa 32, (p(p)[Wiiln(p)) L,

N\ J

with WM = VN - A,u Vector contributions are well

V. =a~v,.d ———> determined experimentally from
7 Y ‘
lepton-nucleon scattering n

Axial-vector

<p(p/) ‘AM ”n(p» How to meacure it?

matrix element

Neutrino-nucleon scattering processes are related to matrix elements at finite momentum transfer.
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Nucleon matrix elements

Nucleon matrix elements relate to moments of PDFs

Unpolarized O’u’ul'u2 w’y{'u’LD'ul’LD'u2 ZD'UJn}w

Vector ctruct. <1>u—d = gv, <-T>u—d7

Helicity Oum .. ¢,75,Y{M7JDH1 iDM2 ZD“”}w @
Axial struct. <1>Au—Ad = gA, <37>Au—Ad;

Transverse  (QpitHLKZ zpa”{”zD/“ iDH2 zD“”}w

Tensor ctruct. <1>5u—(5d = dgr, <$>6u—5d7
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From three-point functions to matrix elements

Three-point function Matrix element >

(Xs, ts)
How to go from (Y (P”, 5)|O(tins) ¥ (7,0)) to (N(p")|O|N(p))? @@
L_’—j (Ro, to)
We focus on the ground-state only: j

A A
N

4 / . N 4 N _ . N R
CSpt(ﬁ,a ﬁa ts; tins) ~ <¢N(ﬁ/7 ts)lN(ﬁ/a ts)>€_EN(p )(ts_tlnS)<N(p,a tins) ‘O(tlns”N(pa tins)>e En (p) tins <N( ) O) ¢N(pa O)>
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From three-point functions to matrix elements

Three-point function Matrix element o ty) Or (Xins, tins)

(Xsy ts
How to go from (Y (P”, 5)|O(tins) ¥ (7,0)) to (N(p")|O|N(p))? @@
L_’—j (%o, to)
We focus on the ground-state only: j

A A
N N

f / . . SE B ‘ - B
Cpn (7', 7ty tins) = (U (7, 1) [N (7, 1))=Y PN ETN N (G, 1305) O (tins) N (7, ) ) e~ @ 22 (N (5, 0) v (7, 0))
= (Y (BN F NG OIN (BN (@) |on (7)) e v #tine)=En () tins

Copa (7 1) ~ (W (F) N G)N ) [y (7)) &%

C ! D, t tin C! _)/;t _tin C _);tin
(NGOG = Jim, | — P o) [ e e o)
tsgiri:ooo \\/O2pt (975 ts) Copt (P} ts)}\ Copt (P} s — tins) Capt (P Qtin§>

Y Y

Cancels the overlaps Cancelc the residval exponential
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How to compute three-point functions?

(imts) Or(ginmtins)

Three-point functions require computing a sequential propagator.

. Xo,t
It can be done in two ways: f e Fixed-sink ° Fixed—insertion\ (%o, to)

u % }}/ d/s u u

u/gl/s

e Fixed-sink: e Fixed-insertion:

o Fix sink time t o Fixins.time t
S ns

N wds S
o Fix sink mom. p’ I o Fixins. mom. g
o Fix sink interp. field i i o Fix ins. operator
Ko Fixed e Free ° Sequen‘ual/
o Get any ins. operator o Get any sink interp. field current
o Get any ins. mom. o Get any source interp. fields
o Get any source mom. (pt. source) o Get any sink time t_
o Get multiple source interp. fields o Get any sink mom.
o Get any source mom. (pt. source)
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Example of fixed-insertion results

e “Axial charges of hyperons and charmed baryons using N =2+1+1 twisted mass fermions”
[arXiv:1606.01650]

o lIsovector u-d, u+d-2s and u+d+s-3c axial charges of 40 baryons

o Onein akind study:

m Computed using fixed-insertion
m i.e. fixed current and momentum transfer
m  Gotg, for any possible baryon!

I —e—
2.10 = 1 -1.20
Q —m—
1.95
-1.40 ., .
S 1.80 1D ? = 2 *
=r Jo» [ ! I + + 4
é - - -1.60 | ] ®
[ pu T
1.65 + T ! ] +
-1.80 |
1.50 - : . . s " : " .
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15
m2 (GeV?) m2 (GeV?)
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Example of fixed-sink results

Most studies on nucleon structure uses fixed-sink since allows for a very reach programme.

e Any ins. current/operator: axial, vector, tensor, first and second Mellin moments, etc.

e Any momentum transfer: Form Factors (@°-dependence), extrapolation to Q?=0 » charges/couplings

U s U/d/s
T ER) ' ' 1.4

1.2 Wgu(@)72 Trancverce FF 1
1.0 [A110(Q) |

0.8 “SEmp. ]
. fﬁ}’} H | 0.6f NGAmQ)Z ]
$ cB211.072.64 ¥ cC211.060.80 & cD211.054.96 k 0.4F e,
o gA=1.245(28) 0 N o T T ™ 0.3F - - - . ""I .
12F 4 Of gn ;
X 12.0.339(48) [fm?] w@) !
if‘ 0.2}
L | .;! B 3
o~ 1.0 'x' 0.1
=] [ ] 'x & -
S gl : s > 2=0.080m | 0.0 Arz(Q))/4 __
’ 2: a=0.068 fm 0. 1 [ ——————————
S r i }X a=0057fm 1~ “t[ Ar20(Q2) L ——
06 3 & B . ® a-o =0.2 |
/4)(!0./ FF & —— Experiment 20+t X  Experiment - e ;BTZO(QZ)
1 L 1 1 1 L L L s ' L f L _0_ L f L ! !
0.0 0.2 0.4 0.6 0.8 1.0 %.o 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 %.0 0.2 0.4 0.6 0.8 1.0 1.2
Q? [GeV?] Q% [GeV?] Q? [GeV?] Q*[GeV?]
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Nucleon two-point functions

G(ts) — E:; P()aﬁbz?v(z_ésa )‘XN 0 0 Zk C€ —ts B,

with X% (z) = €%yl ub (2)Cysde (z
e Two-point functions X (@) = (@)l (@)Crsd*(@) (Xs, ts)

o Ground state dominance at large-time limit G(t;) = ¢, ‘e
o  Error increases exponentially with ¢ (X0, to)
Density of excited states increases with volume

L = 64a, m,L = 3.6

- T T T T 1.6 :
l.4r 1 C(t) _ 5 g 15r z
— . Et)=z=——In|———"—| =F +()<e (t/a)> ——
> 1.2 - ( ) a [C(t—a)} : | ;1_4-
C% Ve -~ I § 1.3¢
= 10} R - tI1f 7 : 3,0
b= = =731 il T E .
& o8 ] W1 ~300 MeV
0.6+ Nucleon 1.0f 1
0.0 0.5 1.0 15 2.0 25 0.9t
ts [fm] N Nm N
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Nucleon three-point functions

GP (P’ 67 tS) tins) — Z;S’Ems e—iQ'inns Paﬂ <>_<]BV (zsa ts )IOI‘ (Einsa tins ) ’X?\T (6, 0)>
cuitable

projector e.9. OA (x) = (%)75’)"u¢($)

e Three-point functions (%o ts) Or (Xins, tins)

o Ground state at t; — 00, (ts — tins) — 00
o  Error increases exponentially with ¢

Xo, t
o  Statistics increased to keep errors constant (X0, o)

x 750 configurations

1.8}

R~ > gy-d i | to/a] tam]] e

1.7¢ 1F - 8 0.64 1

10 0.80 2

Lol }{ﬁﬁ}{%{%%% j ! Pt 12| 096 5

t ﬁﬁﬁlg[ 33 1 14 112|110

Sl S ) | 'SEEE [ 1 16| 1.28) 32

Lal i ! 1l 18|  1.44| 112
' 06 04 02 00 . . 0.50 0.75 1.00 1.25 1.50 1.75 201 1.60| 128 v

tins — ts/2 [fm] ts[fm] Nucleon 2pt 477

~30M invercions!
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Nucleon three-point functions

Gr(P; Gsto,ting) = D7 5 €70 PO (R (T, )| O (Fins  tins ) X3 (0, 0))

GP (ts, tins) ~ A()Oe*mNtS + Agl(e_EltiﬂS - e—Elts+(E1—mN)tins) + Alle_Elts (i‘s)ts) OF (Xinsatins)
—mt —Ept i ' M = Ao
G(t) ~ cpe mnts | cre b Dec:rea/ matrix element: M= — =
Co (XO) t())

x 750 configurations

18F ' ' ale - |
Ry~ —> gy~d 1.21.1 1.3 L0 to/al to[fm]|  mere
1.7 1 T B i ] 8| 0.64 1
=8 —= 10| 0.80 2
1.1 1.2
ver }{IIH{ %{{%%% = I = 2 1o 12| 0.96 5
i ﬁﬁﬁf XS i 14| 112| 10
Lo i I3 I I I I } T Two-state fit 16 1.28 32
1.4 I Three-state fit 18 1.44 112
' 06 04 02 0.0 . . 0.50 0.75 1.00 1.25 1.50 1.75 0.50 0.75 1.00 1.25 20 1.60] 128 \%
tins — ts/2 [fm] ts[fm] £low [ £m)] Nucleon 2pt 477
~30M invercions!

[C. Alexandrou, S. B., et al. “Nucleon axial, tensor, and scalar charges and o-terms in lattice QCD”. Phys. Rev., D102(5):054517, 2020]
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The three ensembles and model averaging

¢6 58 $10 112 Y14 I16 518 izo 22 $24 §26
e Ensemble V/a* B a [fm] |mx. [MeV]|m.L

- cB211.072.64[64° x 128[1.778[0.07957(13) | 140.2(2) | 3.62
i cC211.060.80|80% x 160|1.836|0.06821(13)| 136.7(2) |3.78
"""" cD211.054.96 |96 x 192{1.900(0.05692(12)| 140.8(2) |3.90
¥ 2-statefit |
T § 3-statefit

14}k cB21107264

cB211.072.64 cC211.060.80 cD211.054.96
L T P 750 configurations| |400 configurations| |500 configurations
L ts/a| t[fm]| nerc| |ts/a| ts[fm]| nere| [ts/a| ts[fm]| ngre
ar 7 8 0.64 1 6 0.41 1 8 0.46 1
10/ 0.80 2 8| 0.55 2 10| 0.57 2
12| 0.96 5 10|  0.69 4 12| 0.68 4
14| 112 10| 12| 082 10| 14| 080 8| | () to 1.5fm for
16 1.28 32 14 0.96 22 16 0.91 16
18| 144| 112|| 16| 110 48|| 18| 1.03| 32| | afencembles

20 1.60| 128 18 1.24 45 20 1.14 64
Nucleon 2pt| 477 20 1.37| 116 22 1.25 16

22 1.51| 246 24 1.37 32
Nucleon 2pt| 650 26 1.48| 64|Y
Nucleon 2pt| 480

2
.5 . Xi
' . . « w1 Model average over thousands of fits: log(w;) = — %5 + Naof,i
05 00 05 1 2 1% 3% 10% 30%
w; .
tins — ts/2 [fm] ts [fm] pi=— with Z= > ; Wi+ [E.T. Neil, J. W. Sitison, arXiv:2208.14983]
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Continuum limit and comparison with other studies

B 2-statefitdata

§ 3-state fit data

This work
PNDME23
RQCD23
Mainz22
NME21
RQCD19,'z4*3
RQCD19,'12P
CalLat19
FLAG21

1.35 i T 1 T T T T T
130
<C
& "  S—— g |
125 . i
120— 1 1 1 1 1 1
0.000 0.001 0.002 0.003 0.004 0.005 0.006
a? [fm?]
B l'-*JI | T 1L T T T 1L T T T | i T T T i
4 AF ——  q} . .
1
! 1t 14 _ |
- —¥— {F —¥—i{ P —
faal 1 PP 1F ™ HF P -
L 4 1L il d
i
C 1 II Il 1 1LC 1 1 1 1C 1 1 1 1 1 1 1 ]
12 13 14 030405 7 8 9 10 12 14 16
ga <|’f\> [fmz] g; gnnN

Ga(Q?)

Ga(@?)

1.2

1.0

0.8

0.6

¢ cB211.072.64

cC211.060.80 4 cD211.054.96

0a=1.245(28)

I r2=0.339(48) [fm?] |

| Ty

0.0 0.2 0.4 0.6 0.8 1.0
===Thiswork | ===Thiswork |
=== Mainz22 === PNDME23

-~
-
§~.

0.00 0.25 050 0.75 1.00 0.00 0.25 050 0.75 100

Q2 [GeV?]

Q2 [GeV?]
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Disconnected contributions

oop " T - e Loop calculations

ol ey L %; T | Stochastic sources

-0.2} ¥ g § + o j

sl il H{ | Hierarchical probing

0.4} + . E Low-mode deflation

0a [ 9a " 1 _ e Disconnected contributions

eraaggt | ﬁzﬁh}{

-01+F

.
0.10 | g§ (i)

0.05 T 1
Lt
e ¥z 3¢5 3d &I I {
SU) . S

0.50 0.75 1.00 1.25 1.50 1.756 0.50 0.75 1.00 1.25

ts [fm] tloW [fm]
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Correlation between loops and two-point

-

—

(Xsy ts)

-

)

~

I (gins ) tins )

(Xo,t0) /
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The weak axial-vector matrix element

The transition matrix element of the neutron (3-decay is

M(n = pepe) = £ Vaa 32, (p(p)[Wiiln(p)) L,

N\ J

with WM = VN - A,u Vector contributions are well

V. =a~v,.d ———> determined experimentally from
7 Y ‘
lepton-nucleon scattering n

Axial-vector

<p(p/) ‘AM ”n(p» How to meacure it??

matrix element

Neutrino-nucleon scattering processes are related to matrix elements at finite momentum transfer.
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The axial and induced pseudoscalar FF

Neglecting isospin-breaking effects, transition FFs are equivalent to isovector FFs

(p(p')| Ay |n(p)) (N(p')| 4 IN(p)
Au = Uy, Ysd u=d A,itfov = UYpY5U — J'Y//)%d

Matrix elements are decomposed into Lorentz-invariant form factors (FF)

<N(p,7 8/)|A,U|N(p’ 3)) — ﬂN(p/7 S,) [7MGA(Q2) - 2?,:;] GP(Qz)] 75UN(p7 8),

Axial FF / \ Induced pseudoscalar FF
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... and at finite momentum transfer

18 $10 X122 Y14 %16 %18 $20

13F T ! = T T —T Ty
cB211.072.64 _ m _ . Three-point ground state
< H (F . —») . A/,L’ (Fk,q)
© 1 f T & 2-statefit | p\LE3d) = (6) (_,)
& 4 § 3-statefit | Co\V)Co\q

~ Two-point ground state

AF | F———-—C
4 mewTrae—1

Combined fit of all three-point functions at the same Q?
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Dipole vs z-expansion
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Comparison with other studies
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