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Light vector and pseudoscalar mesons

Light meson SU(3) [u, d, s] multiplets (octet + singlet):

uu dd

ss

uddu

usds

sdsu

• Vector mesons

meson quark content mass (MeV)

ρ+/ρ− ud̄ /dū 775

ρ0 (uū− dd̄)/
√
2 775

K∗+/K∗− us̄ /sū 892

K∗0/K̄∗0 ds̄ /sd̄ 896

ω (uū+ dd̄)/
√
2 783

ϕ ss̄ 1019

☞ approximate SU(3) symmetry

☞ very good isospin SU(2) symmetry

mρ0 −mρ± = (−0.7± 0.8) MeV, mK∗0 −mK∗± = (6.7± 1.2) MeV
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Light vector and pseudoscalar mesons

Light meson SU(3) [u, d, s] multiplets (octet + singlet):

uu dd

ss

uddu

usds

sdsu

• Pseudoscalar mesons

meson quark content mass (MeV)

π+/π− ud̄ /dū 140

π0 (uū− dd̄)/
√
2 135

K+/K− us̄ /sū 494

K0/K̄0 ds̄ /sd̄ 498

η ∼ (uū+ dd̄− 2ss̄)/
√
6 548

η′ ∼ (uū+ dd̄+ ss̄)/
√
3 958

☞ very good isospin SU(2) symmetry

mπ± −mπ0 = (4.5936± 0.0005) MeV, mK0 −mK± = (3.937± 0.028) MeV

☞ Why are the pions so light? Pseudo-Nambu-Goldstone bosons of the
spontaneous breaking of chiral symmetry: SU(2)L × SU(2)R → SU(2)V

Lectures by Juan Nieves
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Digression: JPC and exotic quantum numbers

• JPC of regular qq̄ mesons

L: orbital angular momentum
S = (0, 1): total spin of q and q̄
P = (−1)L+1 [YLm(θ − π, ϕ+ π) = (−1)LYLm(θ, ϕ)]

C = (−1)L+S = (−1)L+1+S+1 for flavor-neutral mesons

S = 0: 1√
2
|↑q↓q̄ − ↓q↑q̄⟩; S = 1:

{
|↑q↑q̄⟩, 1√

2
|↑q↓q̄ + ↓q↑q̄⟩, |↓q↓q̄⟩

}
� For S = 0, the meson spin J = L, one has P = (−1)J+1 and C = (−1)J . Hence,

JPC = even−+ and odd+−

� For S = 1, one has P = C = (−1)L+1. Hence,

JPC = 1−−, {0, 1, 2}++, {1, 2, 3}−−, . . .

• Exotic JPC for mesons:

JPC = 0−−, even+− and odd−+
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Digression: Mesons with exotic quantum numbers

• π1 listed as established particles by the Particle Data Group (PDG)

• JPC = 1−+ η1(1855) → ηη′ recently observed by BESIII BESIII, PRL129(2022)192002

It is unclear what they are: hybrids? hadronic molecules? or sth. else?
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Digression: Additive quantum numbers

Some trivial facts about additive quantum numbers of regular mesons

• Light-flavor mesons (here S =strangeness)

— Nonstrange mesons: S = 0, I = 0, 1

— Strange mesons: S = ±1, I = 1
2

• Open-flavor heavy mesons

— Qq̄(q = u, d): S = 0, I = 1/2

— Qs̄: S = 1, I = 0

• Heavy quarkonia (QQ̄): S = 0, I = 0, neutral

Charge, isospin, strangeness etc. which cannot
be achieved in the qq̄ and qqq scheme would be a
smoking gun for an exotic nature
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QCD symmetries

LQCD =
∑

f=
u,d,s,
c,b,t

q̄f (iD̸ −mf )qf − 1

4
Ga

µνG
µν,a +

g2sθ

64π2
ϵµνρσGa

µνG
a
ρσ

• Exact: Lorentz-invariance, SU(3)c gauge, C (for θ = 0 w/ real mf , P , T as well)

• Approximate:

☞ Spontaneously broken chiral
symmetry:
SU(Nf )L × SU(Nf )R

SSB−→
SU(Nf )V

☞ Heavy quark spin symmetry (HQSS)

☞ Heavy quark flavor symmetry (HQFS)

☞ Heavy aiquark-diquark symmetry
(HADS)
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Heavy quark symmetries
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Heavy quark symmetries (1)

• For heavy quarks (charm, bottom) in a hadron, typical momentum transfer ΛQCD

☞ heavy quark spin symmetry (HQSS):

chromomag. interaction ∝ σ ·B
mQ

spin of the heavy quark decouples

Let total angular momentum J = sQ + sℓ,

sQ: heavy quark spin,

sℓ: spin of the light degrees of freedom (including orbital angular momentum)

✓ HQSS:
sℓ and sQ are conserved separately in the heavy quark limit!

✓ spin multiplets:

for singly heavy mesons, e.g. {D,D∗}, {B,B∗} with sPℓ = 1
2

−
;

for heavy quarkonia, e.g. S-wave: {ηc, J/ψ}, {ηb,Υ};

P -wave: {hc, χc0,c1,c2}, {hb, χb0,b1,b2}

Feng-Kun Guo (fkguo@itp.ac.cn) Exotic hadrons Feb.24-28, 2025 8 / 55



Heavy quark symmetries (2)

• For heavy quarks (charm, bottom) in a hadron, typical momentum transfer ΛQCD

☞ heavy quark flavor symmetry (HQFS) for any hadron containing one heavy
quark:

velocity remains unchanged in the limit mQ → ∞: ∆v =
∆p

mQ
=

ΛQCD

mQ

⇒ heavy quark is like a static color triplet source, mQ is irrelevant

☞ heavy anti-quark–diquark symmetry Savage, Wise (1990)

mQv ≫ ΛQCD,
the diquark serves as a point-like color-3̄
source, like a heavy anti-quark.
It relates doubly-heavy baryons to anti-
heavy mesons
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Heavy quark fields

• In the heavy quark limit mQ → ∞, consider the quark propagator

i
/p+mQ

p2 −m2
Q + iϵ

= i
mQ(/v + 1) + /k

2mQv · k + k2 + iϵ

mQ → ∞
−−−−−−→ 1 + /v

2

i

v · k + iϵ

here p = mQv + k, with a residual momentum k ∼ ΛQCD.

• Decompose heavy quark field into v-dep. fields
Q(x) = e−imQv·x [Qv(x) + qv(x)]:

Qv(x) = eimQv·x 1 + /v

2
Q(x), qv(x) = eimQv·x 1− /v

2
Q(x)

• At leading order (LO) of the 1/mQ expansion:

LQ = Q̄(i /D −mQ)Q = Q̄v(iv ·D)Qv +O
(
m−1

Q

)
☞ No Dirac gamma matrices in the LO Lagrangian, so invariant under spin

rotation ⇒ HQSS
☞ No heavy quark mass term ⇒ HQFS
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Applications to states of current interest
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Decays of axial-vector heavy mesons

Examples of HQSS phenomenology:
• In the Review of Particle Physics (RPP) by the Particle Data Group (PDG), there

are two D1 (JP = 1+) mesons with very different widths
☞ Γ[D1(2420)] = (27.4± 2.5) MeV ≪ Γ[D1(2430)] = (384+130

−110) MeV

☞ sℓ = sq +L ⇒ for P -wave charmed mesons: sPℓ = 1
2

+
or 3

2

+

☞ for decays D1 → D∗π:
1
2

+ → 1
2

−
+ 0− in S-wave ⇒ large width

3
2

+ → 1
2

−
+ 0− in D-wave ⇒ small width

☞ thus, dominant components: D1(2420): sℓ = 3
2 , D1(2430): sℓ = 1

2

• Suppression of the S-wave production of 3
2

+
+ 1

2

−
heavy meson pairs in e+e−

annihilation Table VI in E.Eichten et al., PRD17(1978)3090; X. Li, M. Voloshin, PRD88(2013)034012

Exercise: Try to understand this statement as a consequence of HQSS.
Hint: in e+e− collisions, the leading production mechanism of heavy meson
pairs is from the vector current Q̄γµQ which couples to the virtual photon, i.e.,
e+e− → γ∗ → Q̄Q with the QQ̄ pair in an S-wave.
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Charm-strange mesons (1)
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Godfrey, Isgur, PRD32(1985)189

mesons discovered before 2003

mesons discovered after 2003

• D∗
s0(2317): BaBar (2003)

JP= 0+, Γ< 3.8 MeV

• Ds1(2460): CLEO (2003)

JP= 1+, Γ< 3.5 MeV

• no isospin partner
observed, tiny widths
⇒ I = 0

• Mystery 1: Mass problem: Why are D∗
s0(2317) and Ds1(2460) so light?

• Mystery 2: Naturalness problem:
Why MDs1(2460) −MD∗

s0(2317)︸ ︷︷ ︸
(141.8±0.8) MeV

≃ MD∗± −MD±︸ ︷︷ ︸
(140.67±0.08) MeV

?
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Charm-strange mesons (2)

• HQFS: for a singly-heavy hadron, MHQ
= mQ +A+O

(
m−1

Q

)
• rough estimates of bottom analogues whatever the DsJ states: Defining the

spin-averaged mass for charmed mesons:
M̄c =

1
4

[
MD∗

s0(2317)
+ 3MDs1(2460)

]
≃ 2.424 GeV, then

MB∗
s0

= M̄c +∆b−c +
(
MD∗

s0
− M̄c

) mc

mb
≃ 5.71 GeV

MBs1
= M̄c +∆b−c +

(
MDs1

− M̄c

) mc

mb
≃ 5.76 GeV

here ∆b−c ≡ mb −mc ≃MBs
−MDs

≃ 3.33 GeV, where

MBs = 5.403 GeV, MDs = 2.076 GeV: spin-averaged g.s. Qs̄ meson masses

☞ comparing with the lattice QCD results: Lang et al., PLB750(2015)17

M lat.
B∗

s0
= (5.711± 0.013± 0.019) GeV

M lat.
Bs1

= (5.750± 0.017± 0.019) GeV

☞ both to be discovered 1

• more precise predictions can be made in a given model, e.g. hadronic molecules
1The established meson Bs1(5830) is probably the bottom partner of Ds1(2536).
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Charm-strange mesons (3)

• In the hadronic molecular model, the main component: D∗
s0(2317) : DK(I = 0),

Ds1(2460) : D
∗K(I = 0)

as a consequence of HQSS:

similar binding energies MD +MK −MD∗
s0

≃ 45 MeV

MDs1(2460) −MD∗
s0(2317)

≃MD∗ −MD is natural

• predicting the bottom-partner masses in one minute:

MB∗
s0

≃ MB +MK − 45 MeV ≃ 5.73 GeV

MBs1
≃ MB∗ +MK − 45 MeV ≃ 5.78 GeV

to be compared with lattice results for the lowest positive-parity bottom-strange
mesons: Lang, Mohler, Prelovsek, Woloshyn, PLB750(2015)17

M lat.
B∗

s0
= (5.711± 0.013± 0.019) GeV

M lat.
Bs1

= (5.750± 0.017± 0.019) GeV

Feng-Kun Guo (fkguo@itp.ac.cn) Exotic hadrons Feb.24-28, 2025 15 / 55



Applications: from heavy baryons to doubly-heavy tetraquarks (1)

Development inspired by the LHCb discovery of the Ξcc(3620)
++

• Heavy antiquark-diquark symmetry (HADS):
repalcing Q̄ in Q̄q by QQ [3̄color] ⇒ QQq;
repalcing Q̄ in Q̄q̄q̄ by QQ [3̄color] ⇒ QQq̄q̄;

Q̄q ⇒ QQq, Q̄q̄q̄ ⇒ QQq̄q̄

mass ≈ mQ +A ⇒ mQQ +A, mQ +B ⇒ mQQ +B

Prediction: MQQq̄q̄ −MQ̄q̄q̄ ≃MQQq −MQ̄q

• Doubly-charmed baryon discovered by LHCb PRL119(2017)112001 [arXiv:1707.01621]

MΞ++
cc

= (3621.40± 0.78) MeV can be used as input
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Applications from heavy baryons to doubly-heavy tetraquarks (2)

Eichten, Quigg, PRL119(2017)202002

• HADS ⇒ stable doubly-bottom tetraquarks (only decay weakly) are likely to exist
see also Carlson, Heller, Tjon, PRD37(1988)744; Manohar, Wise, NPB399(1993)17; Karliner, Rosner,

PRL119(2017)202001; Czarnecki, Leng, Voloshin, PLB778(2018)233; ...

• support from lattice QCD Francis, Hudspith, Lewis, Maltman, PRL118(2017)142001; . . .

• Possible detecting method: T. Gershon, A. Poluektov, Displaced Bc mesons as an inclusive

signature of weakly decaying double beauty hadrons, JHEP 01 (2019) 019
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Charmonium spectrum: current status
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Bottomonium spectrum: current status
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Naming convention

For states with properties in conflict with naive quark model (normally):
• X : I = 0, JPC other than 1−− or unknown
• Y : I = 0, JPC = 1−−

• Z: I = 1

PDG naming scheme:

“Young man, if I could remember the names of these particles, I would have been a
botanist.” — Enrico Fermi
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X(3872) (1)

Belle, PRL91(2003)262001 [hep-ex/0309032] • The beginning of the XY Z story,
discovered in B± → K±J/ψππ

MX = (3871.69± 0.17) MeV

• Γ < 1.2 MeV Belle, PRD84(2011)052004

• Confirmed in many experiments: Belle,
BaBar, BESIII, CDF, CMS, D0, LHCb, ...

• 10 years later, JPC = 1++

LHCb, PRL110(2013)222001

⇒ S-wave coupling to DD̄∗

Mysterious properties:

• Mass coincides with the D0D̄∗0 threshold:

MD0 +MD∗0 −MX = (0.01± 0.14) MeV

LHCb, PRD102(2020)092005
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X(3872) (2)

Mysterious properties (cont.):

• Large coupling to D0D̄∗0:

B(X → D0D̄∗0) > 30% Belle, PRD81(2010)031103

B(X → D0D̄0π0) > 40% Belle, PRL97(2006)162002

• No isospin partner observed ⇒ I = 0

but, large isospin breaking:
B(X → ωJ/ψ)

B(X → π+π−J/ψ)
= 0.8± 0.3 BaBar, PRD77(2008)011102

C(X) = +, C(J/ψ) = − ⇒ C(π+π−) = − ⇒ I(π+π−) = 1

Exercise:
Why is the isospin of the negative C-parity π+π− system equal to 1?
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More exotic structures: Z±
c and Z±

b with hidden QQ̄

• Z±
c , Z±

b : charged structures in heavy quarkonium mass region, QQ̄d̄u,QQ̄ūd
Zc(3900), Zc(4020), Zc(4200), Zc(4430), . . .

• Zb(10610) and Zb(10650) (the latter also called Z ′
b sometimes):

Belle, arXiv:1105.4583; PRL108(2012)122001

observed in Υ(10860) → π∓[π±Υ(1S, 2S, 3S)/hb(1P, 2P )]

also in Υ(10860) → π∓[B(∗)B̄∗]± Belle, arXiv:1209.6450; PRL116(2016)212001
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Z±
c and Z±

b with hidden QQ̄ (2)

• Zc(3900/3885)
±: structure around 3.9 GeV seen in J/ψπ by BESIII and Belle in

Y (4260) → J/ψπ+π−, BESIII, PRL110(2013)252001; Belle, PRL110(2013)252002

and in DD̄∗ by BESIII in Y (4260) → π±(DD̄∗)∓ BESIII, PRD92(2015)092006

• Zc(4020)
± observed in hcπ± and (D̄∗D∗)± distributions

BESIII, PRL111(2013)242001; PRL112(2014)132001
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HQSS for XY Z (1)

• Hadronic molecular model: X(3872): DD̄∗; Zb(10610, 10650): BB̄∗ and B∗B̄∗

• Consider S-wave interaction between a pair of sPℓ = 1
2

−
(anti-)heavy mesons:

0++ : DD̄, D∗D̄∗

1+− :
1√
2

(
DD̄∗ +D∗D̄

)
, D∗D̄∗

1++ :
1√
2

(
DD̄∗ −D∗D̄

)
; 2++ : D∗D̄∗

here, phase convention: D
C→ +D̄, D∗ C→ − D̄∗

• Heavy quark spin irrelevant ⇒ interaction matrix elements:〈
s1c, s2c, scc̄; s1 ℓ, s2 ℓ, sL; J

∣∣∣Ĥ∣∣∣ s′1c, s′2c, s′cc̄; s′1 ℓ, s
′
2 ℓ, s

′
L; J

′
〉

=
〈
s1 ℓ, s2 ℓ, sL

∣∣∣Ĥ∣∣∣ s′1 ℓ, s
′
2 ℓ, sL

〉
δscc̄,s′cc̄δsL,s′L

δJJ ′

For each isospin, 2 independent terms〈
1

2
,
1

2
, 0
∣∣∣Ĥ∣∣∣ 1

2
,
1

2
, 0

〉
,

〈
1

2
,
1

2
, 1
∣∣∣Ĥ∣∣∣ 1

2
,
1

2
, 1

〉
⇒ 6 pairs grouped in 2 multiplets with sL = 0 and 1, respectively
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HQSS for XY Z (2)

• For the HQSS consequences, convenient to use the basis of states: sPC
L ⊗ sPC

cc̄

☞ S-wave: sPC
L , sPC

cc̄ = 0−+ or 1−−

☞ multiplet with sL = 0:

0−+
L ⊗ 0−+

cc̄ = 0++, 0−+
L ⊗ 1−−

cc̄ = 1+−

☞ multiplet with sL = 1:

1−−
L ⊗ 0−+

cc̄ = 1+−, 1−−
L ⊗ 1−−

cc̄ = 0++ ⊕ 1++ ⊕ 2++

• Multiplets in strict heavy quark limit:
☞ X(3872) has three partners with 0++, 2++ and 1+−

Hidalgo-Duque et al., PLB727(2013)432; Baru et al., PLB763(2016)20

☞ Zb, Z
′
b as B(∗)B̄∗ molecules would imply 6 I = 1 hadronic molecules:

Zb[1
+−], Z ′

b[1
+−] and Wb0[0

++], W ′
b0[0

++], Wb1[1
++] and Wb2[2

++]

Bondar et al., PRD84(2011)054010; Voloshin, PRD84(2011)031502;

Mehen, Powell, PRD84(2011)114013

Feng-Kun Guo (fkguo@itp.ac.cn) Exotic hadrons Feb.24-28, 2025 26 / 55



HQSS for XY Z (3)

• Recall the exercise on page 50:

Is Υπ+π− a good choice of final states for the search of Xb, the JPC = 1++

bottom analogue of the X(3872)?

Answer: No. Xb → Υππ breaks isospin symmetry
FKG, Hidalgo-Duque, Nieves, Valderrama, PRD88(2013)054007; Karliner, Rosner, PRD91(2015)014014

MB0 −MB± = (0.31± 0.06) MeV [MD± −MD0 = (4.822± 0.015) MeV]

• Negative results:

CMS, Search for a new bottomonium state decaying to Υ(1S)π+π− in pp collisions at√
s = 8 TeV, PLB727(2013)57;

ATLAS, Search for the Xb and other hidden-beauty states in the π+π−Υ(1S) channel at

ATLAS, PLB740(2015)199

• The results can be reinterpreted as for the search of WbJ (I = 1, J++)
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HQSS for XY Z (4)

1−−
L ⊗ 1−−

cc̄ = 0++ ⊕ 1++ ⊕ 2++

• Heavy quark spin selection rule for X(3872): Voloshin, PLB604(2004)69

for X(3872) being a 1++ DD̄∗ molecule, sL = 1, scc̄ = 1

• spin structure of QQ̄:

sL scc̄ JPC cc̄

S-wave 0 0 0−+ ηc

0 1 1−− J/ψ

P -wave 1 0 1+− hc

1 1 (0, 1, 2)++ χc0, χc1, χc2

• allowed: X(3872) → J/ψππ, X(3872) → χcJπ, X(3872) → χcJππ

suppressed: X(3872) → ηcππ, X(3872) → hcππ

• Interesting feature of Z(′)
b : observed with similar rates in both Υππ[sbb̄ = 1] and

hbππ[sbb̄ = 0] Bondar, Garmash, Milstein, Mizuk, Voloshin, PRD84(2011)054010

Zb ∼ BB̄∗ ∼ 0−
bb̄
⊗ 1−qq̄ − 1−

bb̄
⊗ 0−qq̄, Z

′
b ∼ B∗B̄∗ ∼ 0−

bb̄
⊗ 1−qq̄ + 1−

bb̄
⊗ 0−qq̄
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HQSS for XY Z (5)

unitary transformation from two-meson basis to |s1 c, s2 c, scc̄; s1 ℓ, s2 ℓ,sL; J⟩:

|s1 c, s1 ℓ, j1; s2 c, s2 ℓ, j2; J⟩ =
∑

scc̄,sL

√
(2j1 + 1)(2j2 + 1)(2scc̄ + 1)(2sL + 1)

×


s1 c s2 c scc̄

s1 ℓ s2 ℓ sL

j1 j2 J

 |s1 c, s2 c, scc̄; s1 ℓ, s2 ℓ,sL; J⟩

j1,2: meson spins;
J : the total angular momentum of the whole system

s1 c(2 c) =
1

2
: spin of the heavy quark in meson 1 (2)

s1 ℓ(2 ℓ) =
1

2
: angular momentum of the light quarks in meson 1 (2)

• scc̄ = 0, 1: total spin of cc̄, conserved but decoupled

• sL = 0, 1: total angular momentum of the light-quark system, conserved

• only two independent
〈
sℓ1, sℓ2, sL

∣∣Ĥ∣∣s′ℓ1, s′ℓ2, sL〉I terms for each isospin I :

FI0 =
〈

1
2 ,

1
2 , 0

∣∣∣Ĥ∣∣∣ 12 , 12 , 0〉
I
, FI1 =

〈
1
2 ,

1
2 , 1

∣∣∣Ĥ∣∣∣ 12 , 12 , 1〉
I
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HQSS for XY Z (6)

Exercise:
Show that the combinations of the LO contact terms in the S-wave interaction matrix
elements for D(∗)D̄(∗) are as follows:(

DD̄

D∗D̄∗

)
: V (0++) =

(
CIA

√
3CIB√

3CIB CIA − 2CIB

)
,(

DD̄∗

D∗D̄∗

)
: V (1+−) =

(
CIA − CIB 2CIB

2CIB CIA − CIB

)
,

DD̄∗ : V (1++) = CIA + CIB ,

D∗D̄∗ : V (2++) = CIA + CIB ,

here, CIA = 1
4 (3FI1 + FI0), CIB = 1

4 (FI1 − FI0)
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HQSS for XY Z (7)

• This would suggest spin multiplets. Good candidates:
☞ X(3872) and X2(4013) (not observed yet!); Zc(3900) and Zc(4020)

Nieves, Valderrama, PRD86(2012)056004; . . .

MX2(4013) −MX(3872) ≈MZc(4020) −MZc(3900) ≈MD∗ −MD

☞ Zb(10610) and Zb(10650) : Bondar et al., PRD84(2011)054010; . . .

MZb(10650) −MZb(10610) ≈MB∗ −MB

☞ Zc and Zb states need a suppression of coupled-channel effect (reason?)
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LHCb’s Pc (1)

Discovered in Λ0
b → J/ψpK− LHCb, PRL115(2015)072001 [arXiv:1507.03414]

Two Breit–Wigner resonances needed:

M1 = (4380± 8± 29) MeV, Γ1 = (205± 18± 86) MeV,

M2 = (4449.8± 1.7± 2.5) MeV, Γ2 = (39± 5± 19) MeV.
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LHCb’s Pc (2)

• In J/ψ p invariant mass distribution, with hidden charm
⇒ pentaquarks if they are hadron resonances

• Quantum numbers not fully determined, for ( Pc(4380), Pc(4450) ):
(3/2−, 5/2+), (3/2+, 5/2−), (5/2+, 3/2−), . . . LHCb, PRL115(2015)072001

From a reanalysis using an extended Λ∗ model: N. Jurik, CERN-THESIS-2016-086

• Early prediction:
Prediction of narrow N∗ and Λ∗ resonances with hidden charm above 4 GeV,
J.-J. Wu, R. Molina, E. Oset, B.-S. Zou, PRL105(2010)232001
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The 2019 update of LHCb’s Pc: three narrow states LHCb, PRL122(2019)222001
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 [MeV]pψ/Jm
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2 

M
eV

)

data
total fit
background

LHCb

+(4312)cP
+(4440)cP +(4457)cP

0*D +
cΣ

0
D +

cΣ

State M [MeV] Γ [MeV] (95% CL) R [%]

Pc(4312)
+ 4311.9± 0.7+6.8

−0.6 9.8± 2.7+ 3.7
− 4.5 (< 27) 0.30± 0.07+0.34

−0.09

Pc(4440)
+ 4440.3± 1.3+4.1

−4.7 20.6± 4.9+ 8.7
−10.1 (< 49) 1.11± 0.33+0.22

−0.10

Pc(4457)
+ 4457.3± 0.6+4.1

−1.7 6.4± 2.0+ 5.7
− 1.9 (< 20) 0.53± 0.16+0.15

−0.13

R ≡ B(Λ0
b → P+

c K
−)B(P+

c → J/ψp)/B(Λ0
b → J/ψpK−)
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HQSS for Pc (1)

The LHCb Pc states might be Σ
(∗)
c D̄(∗) molecules predicted in Wu, Molina, Oset, Zou (2010)

Pc(4312) ∼ ΣcD̄, Pc(4440, 4457) ∼ ΣcD̄
∗

Consider S-wave pairs of Σ(∗)
c D̄(∗) [JΣc

= 1
2 , JΣ∗

c
= 3

2 ]:

JP =
1

2

−
: ΣcD̄, ΣcD̄

∗, Σ∗
cD̄

∗

JP =
3

2

−
: Σ∗

cD̄, ΣcD̄
∗, Σ∗

cD̄
∗

JP =
5

2

−
: Σ∗

cD̄
∗

Spin of the light degrees of freedom sℓ: sℓ(D(∗)) = 1
2 , sℓ(Σ

(∗)
c ) = 1. Thus, sL = 1

2 ,
3
2

For each isospin, 2 independent terms〈
1,

1

2
,
1

2

∣∣∣Ĥ∣∣∣ 1, 1
2
,
1

2

〉
,

〈
1,

1

2
,
3

2

∣∣∣Ĥ∣∣∣ 1, 1
2
,
3

2

〉
Thus, the 7 pairs are in two spin multiplets: 3 with sL = 1

2 and 4 with sL = 3
2
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HQSS for Pc (2)

Seven Pc generally expected in this hadronic molecular model Xiao, Nieves, Oset (2013); Liu et

al. (2018, 2019); Sakai et al. (2019); . . .

Predictions using the masses of Pc(4440, 4457) as inputs Liu et al., PRL122(2019)242001
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HQSS for Pc (3)

Fit to the LHCb measured J/ψp invariant mass distribution using hadronic molecular
model with HQSS

M.-L. Du, V. Baru, F.-K. Guo, C. Hanhart, U.-G. Meißner, J. A. Oller, Q. Wang, PRL124(2020)072001

Scenario B in the previous page in favored in the fit after considering the one-pion
exchange.
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Explicitly exotic: X(5568) (1)

• X(5568) by D0 Collaboration (pp̄ collisions) PRL117(2016)022003

M =
(
5567.8± 2.9+0.9

−1.9

)
MeV

Γ =
(
21.9± 6.4+5.0

−2.5

)
MeV

• Observed in B(∗)0
s π+, sizeable width

⇒ I = 1:

minimal quark contents is b̄sd̄u !

• a favorite mulqituark candidate:

explicitly flavor exotic, minimal number
of quarks ≥ 4

Estimate of isospin breaking decay
width:

Γ ̸ I ∼

(md−mu

ΛQCD

)2
α2

×O (100 MeV)

= O (10 keV)
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X(5568) (2)

FKG, Meißner, Zou, How the X(5568) challenges our understanding of QCD, Commun.Theor.Phys. 65 (2016) 593

• mass too low for X(5568) to be a b̄sūd: M ≃MBs
+ 200 MeV

☞ Mπ ≃ 140 MeV because pions are pseudo-Goldstone bosons

☞ For any matter field: MR ≫Mπ ; we expect Mq̄q ∼MR ≳Mσ

Mb̄sūd ≳MBs
+ 500 MeV ∼ 5.9 GeV

• HQFS predicts an isovector Xc:

MXc
=MX(5568) −∆b−c +O

(
Λ2

QCD

(
1

mc
− 1

mb

))
≃ (2.24± 0.15) GeV

but in Dsπ, only the isoscalar D∗
s0(2317) was observed! BaBar (2003)

☞ negative results reported by LHCb, LHCb, PRL117(2016)152003

by CMS, CMS, PRL120(2018)202005

by CDF, CDF, PRL120(2018)202006

by ATLAS ATLAS, PRL120(2018)202007
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Hadronic molecules

FKG, C. Hanhart, U.-G. Meißner, Q. Wang, Q. Zhao, B.-S. Zou, Hadronic molecules, Rev. Mod.
Phys. 90 (2018) 015004
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Hadronic molecules

• Hadronic molecule:
dominant component is a composite state of 2 or more hadrons

• Concept at large distances, so that can be approximated by system of
multi-hadrons at low energies
Consider a 2-body bound state with a mass M = m1 +m2 − EB

size: ∼ 1√
2µEB

≫ rhadron

• scale separation ⇒ (nonrelativistic) EFT applicable!

• Only narrow hadrons can be considered as components of hadronic molecules,
Γh ≪ 1/r, r: range of forces

Filin et al., PRL105(2010)019101; FKG, Meißner, PRD84(2011)014013
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Compositeness (1)

S. Weinberg, PR137(1965)B672; V. Baru et al., PLB586(2004)53; T.

Hyodo, IJMPA28(2013)1330045, . . .

Model-independent result for S-wave loosely
bound composite states:

Consider a system with Hamiltonian

H = H0 + V

H0: free Hamiltonian, V : interaction potential
• Compositeness:

the probability of finding the physical state |B⟩ in the 2-body continuum |q⟩

1− Z =

∫
d3q

(2π)3
|⟨q|B⟩|2

• Z = |⟨B0|B⟩|2, 0 ≤ (1− Z) ≤ 1

☞ Z = 0: pure bound (composite) state

☞ Z = 1: pure elementary state
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Compositeness (2)

Compositeness : 1− Z =

∫
d3q

(2π)3
|⟨q|B⟩|2

• Schrödinger equation

(H0 + V )|B⟩ = −EB |B⟩

multiplying by ⟨q| and using H0|q⟩ =
q2

2µ
|q⟩:

⇒ momentum-space wave function:

⟨q|B⟩ = − ⟨q|V |B⟩
EB + q2/(2µ)

• S-wave, small binding energy so that R = 1/
√
2µEB ≫ r, r: range of forces

⟨q|V |B⟩ = gNR [1 +O(r/R)]

• Compositeness:

1− Z =

∫
d3q

(2π)3
g2NR

[EB + q2/(2µ)]
2

[
1 +O

( r
R

)]
=

µ2g2NR

2π
√
2µEB

[
1 +O

( r
R

)]
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Compositeness (3)

• Coupling constant measures the compositeness for an S-wave shallow bound
state g2NR ≈ (1− Z)

2π

µ2

√
2µEB ≤ 2π

µ2

√
2µEB

bounded from the above

It can be shown that g2NR is the residue of the T -matrix element at the pole E =

−EB (E ≡ √
s−m1 −m2) :

g2NR = lim
E→−EB

(E + EB)⟨k|TNR|k⟩

here nonrelativistic normalization is used, comparing with the T -matrix using rel-
ativistic normalization in the first part of this lecture (also a sign difference in the
definition), TNR = − T

4µ
√
s
≃ − T

4m1m2
.

Hint: use the Lippmann–Schwinger equation TNR = V + V 1
E−H0+iϵTNR and

the completeness relation |B⟩⟨B|+
∫

d3q
(2π)3 |q(+)⟩⟨q(+)| = 1 to derive the Low

equation (noticing TNR|q⟩ = V |q(+)⟩):

⟨k′|TNR|k⟩ = ⟨k′|V |k⟩+ ⟨k′|V |B⟩⟨B|V |k⟩
E + EB + iϵ

+

∫
d3q

(2π)3
⟨k′|TNR|q ⟩⟨q |T †

NR|k⟩
E − q2/(2µ) + iϵ
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Compositeness (4)

• Z can be related to scattering length a and effective range re Weinberg (1965)

a0 =
2R(1− Z)

2− Z

[
1 +O

( r
R

)]
, re0 = − RZ

1− Z

[
1 +O

( r
R

)]
Effective range expansion (S-wave): f−1

0 (k) = −1/a0 + re0k
2/2− ik+O

(
k4
)

Derivation:

TNR(E) ≡ ⟨k|TNR|k⟩ = −2π

µ
f0(k) ⇒ ImT−1

NR(E) =
µ

2π

√
2µE θ(E)

Twice-subtracted dispersion relation for t−1(E)

T−1
NR(E) =

E + EB

g2NR

+
(E + EB)

2

π

∫ +∞

0

dw
ImT−1

NR(w)

(w − E − iϵ)(w + EB)2

=
E + EB

g2NR

+
µR

4π

(
1

R
−
√
−2µE − iϵ

)2

• Purely composite: Z = 0⇒ a0 = 1√
2µEB

, re0 = 0

• Purely elementary: Z = 1⇒ a0 = 0, re0 = −∞
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Compositeness (5)

• Classic example: deuteron as pn bound state. Exp.: EB = 2.2 MeV,
a0[3S1] = 5.4 fm, re0[3S1] = 1.8 fm

aZ=1 ≃ 0 fm, aZ=0 ≃ 4.3 fm

• However, problematic for systems with positive effective range I. Matuschek, V. Baru,

FKG, C. Hanhart, EPJA 57 (2021) 101; Y. Li, FKG, J.-Y. Pang, J.-J. Wu, PRD 105 (2022) L071502

re0 > 0 ⇒ Z /∈ (0, 1), thus Z or 1− Z =
√

a0

a0+2re0
in Weinberg’s relations

loses a probability interpretation

A generalization is suggested in Y. Li, FKG, J.-Y. Pang, J.-J. Wu, PRD 105 (2022) L071502

Z = exp

(
1

π

∫ ∞

0

dE
δ0(E)

E − EB

)
∈ [0, 1]

which reduces to Weinberg’s relations for re0 < 0.
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NREFT at LO (1)

We consider a system of two particles of masses m1,m2

• in the near-threshold region, a momentum expansion for the interactions with the
LO being a constant

L =
∑
i=1,2

ϕ†i

(
i∂0 −mi +

∇2

2mi

)
ϕi − C0 ϕ

†
1ϕ

†
2ϕ1ϕ2 + . . .

nonrelativistic propagator:
i

p0 −mi − p2/(2mi) + iϵ

• to have a near-threshold bound state (hadronic molecule)

TNR(E) = C0 + C0GNR(E)C0 + C0GNR(E)C0GNR(E)C0 + . . .

=
1

C0
−1 −GNR(E)
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NREFT at LO (2)

• The loop integral is linearly divergent (E defined relative to m1 +m2),
regularized with, e.g., a sharp cut

GNR(E) = i

∫
d3kdk0

(2π)4

[(
k0 − k2

2m1
+ iϵ

)(
E − k0 − k2

2m2
+ iϵ

)]−1

= −i2µ(2πi)
∫ Λ d3k

(2π)4
1

2µE − k2 + iϵ

= − µ

π2

(
Λ−

√
−2µE − iϵ arctan

Λ√−2µE − iϵ

)
= − µ

π2
Λ +

µ

2π

√
−2µE − iϵ+O

(
Λ−1

)
for real E,

√−2µE − iϵ =
√−2µE θ(−E)−i√2µE θ(E)
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NREFT at LO (3)

• Renormalization: TNR is Λ-independent,

TNR(E) =
1

C−1
0 −GNR

=

(
1

C0
+

µ

π2
Λ︸ ︷︷ ︸

≡1/Cr
0

− µ

2π

√
−2µE − iϵ

)−1

=
2π/µ

2π/(µCr
0)−

√−2µE − iϵ

• Other regularization can be used as well, equiavalent to the sharp cutoff up to
1/Λ suppressed terms, e.g.

☞ with a Gaussian regulator exp
(
−k2/Λ2

G

)
, ΛG =

√
2/πΛ

☞ with the power divergence subtraction (PDS) scheme in dimensional
regularization by letting, ΛPDS = 2Λ/π Kaplan, Savage, Wise (1998)
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NREFT at LO (4)

TNR(E) =
2π/µ

2π/(µCr
0)−

√−2µE − iϵ
=

2π/µ

2π/(µCr
0) + i k

• from matching to effective range expansion,

f−1
0 (k) = −2π

µ
T−1
NR = − 1

a0
+

1

2
re0k

2 − i k +O
(
k4
)

2π/(µCr
0) = 1/a0; higher terms are necessary to match both a and re

• pole below threshold at E = −EB with EB > 0

κ ≡ |√2µEB |
☞ bound state pole, in the 1st Riemann sheet

⇒ 2π/(µCr
0) = κ

☞ virtual state pole, in the 2nd Riemann sheet

⇒ 2π/(µCr
0) = −κ

☞ unable to get a resonance pole at LO with a single channel
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Bound state and virtual state

• If the same binding energy, bound and
virtual states cannot be distinguished
above threshold (E > 0):

|TNR(E)|2 ∝
∣∣∣∣ 1

±κ+ i
√
2µE

∣∣∣∣2 =
1

κ2 + 2µE

• Bound state and virtual state are different
below threshold (E < 0):

☞ bound state: peaked below threshold

|TNR(E)|2 ∝ 1

(κ−√−2µE)2

☞ virtual state: a sharp cusp at threshold

|TNR(E)|2 ∝ 1

(κ+
√−2µE)2

virtual state

bound state
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Lower Fig.: bound state and virtual state with EB = 5 MeV and a small width to the inelastic channel

For complexity of near-threshold line shapes, see X.-K. Dong, FKG, B.-S. Zou, PRL126(2021)152001
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Coupling constant for S-wave bound state

TNR(E) =
2π/µ

2π/(µCr
0)−

√−2µE − iϵ

At LO, effective coupling strength for bound state

g2NR = lim
E→−EB

(E + EB)TNR(E) = −2π

µ

(
d

dE

√
−2µE − iϵ

)−1

E=−EB

=
2π

µ2

√
2µEB

Recall the compositeness formula:

g2NR = (1− Z)
2π

µ2

√
2µEB

This means that the pole obtained at LO NREFT with only a constant contact term
corresponds to a purely composite state (Z = 0)

Range corrections: other components at shorter distances

• energy/momentum-dependent interactions: higher order

• coupling to additional states/channels
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Example: Tcc M.-L. Du et al., PRD 105 (2022) 014024

• Consider D0D̄∗+-D+D∗0 coupled-channel system
• Contact term (two low-energy constants CI=0 and CI=1, assuming CI=1 vanish)

+ one-pion exchange; 3-body effects (2mD +mπ ≃ mD +mD∗ )

D∗+
D0, p̄(p)

π+

D0, p(p̄)

=
D∗+

D0, p̄(p)

π+

D0, p(p̄)

× −

D∗+

D0

D∗+
D0, p̄(p)

π+

D0, p(p̄)

× −

D∗0

D+

D∗+
D0, p̄(p)

π+

D0, p(p̄)

×

w/o energy res.

w/ energy res.

= +
<latexit sha1_base64="QOlER/xlEDFebH/sqUh5g2ocgpI=">AAACI3icbVDLSgNBEJyN742PRI9eFoPgKSQSNMcYETyqJCokIcxOepMhszPLTG8wLPsHXvUP/Bpv4sWD/+Ik2YOvgoaiqpvuLj8S3GCl8uHklpZXVtfWN9z85tb2TqG4e2tUrBm0mRJK3/vUgOAS2shRwH2kgYa+gDt/fD7z7yagDVeyhdMIeiEdSh5wRtFKNy23XyhVypU5vL+kmpESyXDVLzr57kCxOASJTFBjOvUIewnVyJmA1O3GBiLKxnQIHUslDcH0kvmlqXdolYEXKG1LojdXv08kNDRmGvq2M6Q4Mr+9mfif14kxqPcSLqMYQbLFoiAWHipv9rY34BoYiqkllGlub/XYiGrK0IbzYwugUsJXD6nrds+wCUMuL+SEayVnHydI/VhQnSZd5HKa2viqv8P6S26Py9WTcu26Vmo0syDXyT45IEekSk5Jg1ySK9ImjATkkTyRZ+fFeXXenPdFa87JZvbIDzifX9uDpJw=</latexit>

T
<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V
<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V
<latexit sha1_base64="QOlER/xlEDFebH/sqUh5g2ocgpI=">AAACI3icbVDLSgNBEJyN742PRI9eFoPgKSQSNMcYETyqJCokIcxOepMhszPLTG8wLPsHXvUP/Bpv4sWD/+Ik2YOvgoaiqpvuLj8S3GCl8uHklpZXVtfWN9z85tb2TqG4e2tUrBm0mRJK3/vUgOAS2shRwH2kgYa+gDt/fD7z7yagDVeyhdMIeiEdSh5wRtFKNy23XyhVypU5vL+kmpESyXDVLzr57kCxOASJTFBjOvUIewnVyJmA1O3GBiLKxnQIHUslDcH0kvmlqXdolYEXKG1LojdXv08kNDRmGvq2M6Q4Mr+9mfif14kxqPcSLqMYQbLFoiAWHipv9rY34BoYiqkllGlub/XYiGrK0IbzYwugUsJXD6nrds+wCUMuL+SEayVnHydI/VhQnSZd5HKa2viqv8P6S26Py9WTcu26Vmo0syDXyT45IEekSk5Jg1ySK9ImjATkkTyRZ+fFeXXenPdFa87JZvbIDzifX9uDpJw=</latexit>

T

<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V =

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡

<latexit sha1_base64="bwsLLDp/HLS1eOiw82eBxXwS0Es="></latexit>c3
<latexit sha1_base64="8Ur06waWIoKIHihU3pfoFUVYhWY="></latexit>c2

+
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

+ …
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡
<latexit sha1_base64="qaFZOXA+nIZiyOMzybSeumrcHuI=">AAACJHicdVDJSgNBEO2JW0xcEj16GQyCp5BI0BxjRPDgIaJZIAmhp1NJmvR0D901wWGYT/Cqf+DXeBMPXvwWJ4tgXB4UPN6roqqe4wlusFB4txIrq2vrG8nNVHpre2c3k91rGOVrBnWmhNIthxoQXEIdOQpoeRqo6whoOuOLqd+cgDZcyTsMPOi6dCj5gDOKsXTLete9TK6YL8xgF36RLytHFqj1sla601fMd0EiE9SYdtnDbkg1ciYgSnV8Ax5lYzqEdkwldcF0w9mpkX0UK317oHRcEu2Z+n0ipK4xgevEnS7FkfnpTcW/vLaPg3I35NLzESSbLxr4wkZlT/+2+1wDQxHEhDLN41ttNqKaMozTWdoCqJRw1H2USnXOsQpDLi/lhGslpx+HSB1fUB2FHeQyiL7H9z9pnOSLp/nSTSlXqS6CTJIDckiOSZGckQq5IjVSJ4wMyQN5JE/Ws/VivVpv89aEtZjZJ0uwPj4BNeylVw==</latexit>cL

<latexit sha1_base64="bwsLLDp/HLS1eOiw82eBxXwS0Es="></latexit>c3

• Pole w.r.t. D∗+D0 th: −356+39
−38 − i(28± 1) keV

• Compositeness of Tcc(3875)+:
XD∗+D0 = 0.73±0.11, XD∗0D+ = 0.27±0.02
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Recent reviews on new hadrons (incomplete list)

Lots of new hadron resonances and resonance-like structures were found since 2003
• H.-X. Chen et al., The hidden-charm pentaquark and tetraquark states, Phys. Rept. 639 (2016) 1

[arXiv:1601.02092]

• A. Hosaka et al., Exotic hadrons with heavy flavors — X, Y, Z and related states, Prog. Theor. Exp.
Phys. 2016, 062C01 [arXiv:1603.09229]

• R. F. Lebed, R. E. Mitchell, E. Swanson, Heavy-quark QCD exotica, Prog. Part. Nucl. Phys. 93 (2017)
143 [arXiv:1610.04528]

• A. Esposito, A. Pilloni, A. D. Polosa, Multiquark resonances, Phys. Rept. 668 (2017) 1
[arXiv:1611.07920]

• F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Wang, Q. Zhao, B.-S. Zou, Hadronic molecules, Rev. Mod.
Phys. 90 (2018) 015004 [arXiv:1705.00141]

• S. L. Olsen, T. Skwarnicki, Nonstandard heavy mesons and baryons: Experimental evidence, Rev.
Mod. Phys. 90 (2018) 015003 [arXiv:1708.04012]

• M. Karliner, J. L. Rosner, T. Skwarnicki, Multiquark states, Ann. Rev. Nucl. Part. Sci. 68 (2018) 17
[arXiv:1711.10626]

• C.-Z. Yuan, The XYZ states revisited, Int. J. Mod. Phys. A 33 (2018) 1830018 [arXiv:1808.01570]

• N. Brambilla et al., The XYZ states: experimental and theoretical status and perspectives, Phys. Rept.
873 (2020) 154 [arXiv:1907.07583]

• F.-K. Guo, X.-H. Liu, S. Sakai, Threshold cusps and triangle singularities in hadronic reactions, Prog.
Part. Nucl. Phys. 112 (2020) 103757 [arXiv:1912.07030]

• . . .
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Thank you for your attention!
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Bispinor fields for heavy mesons (1)

• 1
2 (1 + /v) projects onto the particle component of the heavy quark spinor.

• Convenient to introduce heavy mesons as bispinors:

Ha =
1 + /v

2

[
P ∗µ
a γµ − Paγ5

]
, H̄a = γ0H

†
aγ0

P = {Qū,Qd̄,Qs̄}: pseudoscalar heavy mesons, P ∗: vector heavy mesons
For hadrons with arbitrary spin, see A. Falk, NPB378(1992)79

Charge conjugation:

☞ Ha destroys mesons containing a Q, but does not create mesons with a Q̄

☞ Free to choose the phase convention for charge conjugation. If we use, e.g.,

Pa
C→ +P (Q̄)

a , P ∗
a,µ

C→ −P ∗(Q̄)
a,µ ,

then the fields annihilating mesons containing a Q̄ is (C = iγ2γ0)

H(Q̄)
a = C

[
1 + /v

2

(
−P ∗(Q̄)

a,µ︸ ︷︷ ︸
P∗

a,µ
C→

γµ− P (Q̄)
a︸ ︷︷ ︸

Pa
C→

γ5

)]T
C−1

=
(
+P ∗(Q̄)

a,µ γµ−P (Q̄)
a γ5

) 1− /v

2
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Bispinor fields for heavy mesons (2)

• Free heavy-meson Lagrangian:

Lfree = −iTr
[
H̄avµ∂

µHa

]
= 2i P †

avµ∂
µPa − 2i P ∗†

a νvµ∂
µP ∗ ν

a

Tr: trace in the spinor space, a, b: indices in the light flavor space

• Notice that the mass dimension of Ha is 3/2.

Nonrelativistic normalization: Ha ≃ √
MHH

rel.
a

D-meson propagator:
i

2v · k + iϵ
≃MH × i

p2 −M2
H + iϵ︸ ︷︷ ︸

=
i

2MHv · k + iϵ
[1+O(k2/M2

H)]

(p = MHv + k)

In some papers, the normalization factor is
√
2MH , instead of

√
MH . Then the

corresponding propagator should be

i

v · k + iϵ
or

i

k0 − k⃗ 2/(2MH) + iϵ
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Simplified two-component notation

The superfield for pseudoscalar and vector heavy mesons: (in this page, we use (4) to
mean the usual 4-component notation)

H(4)
a =

1 + /v

2
[P ∗µ

a γµ − Paγ5]

In the rest frame of heavy meson, vµ = (1,0). We take the Dirac basis

γ0 =

(
1 0

0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5

(
0 1

1 0

)
.

Simplifications:
1 + /v

2
=

1 + γ0

2
=

(
1 0

0 0

)

H(4)
a =

(
0 −(Pa + P ∗

a · σ)
0 0

)
, H̄(4)

a =

(
0 0(

P †
a + P ∗†

a · σ
)

0

)
Thus, it is convenient to simply use the two-component notation

Ha = Pa + P ∗
a · σ, H(4)

a → −Ha, H̄(4)
a → H†

a
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Mass splittings among heavy mesons (1)

• Spin-dependent term ⇒ mass difference between vector and pseudoscalar
mesons (σµν = i

2 [γ
µ, γν ])

L∆ =
λ2
mQ

Tr
[
H̄(4)

a σµνH
(4)
a σµν

]
= −2λ2

mQ
Tr
[
H†

aσ
iHaσ

i
]

=
4λ2
mQ

(
P ∗ †

a · P ∗
a − 3P †

aPa

)
Ha = Pa + P ∗

a · σ

⇒ MP∗
a
−MPa

= −8λ2
mQ

• Thus, we expect
MB∗ −MB

MD∗ −MD
≃ mc

mb
≃ 0.3

measured values:

MD∗ −MD ≃ 140 MeV, MB∗ −MB ≃ 46 MeV
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LO effective Lagrangian for interaction of heavy meson pair

• At LO of nonrelativistic expansion, constant contact terms for S-wave interaction
between a pair of heavy mesons

L4H =− 1

4
Tr
[
Ha†Hb

]
Tr
[
H̄cH̄†

d

] (
FAδ

b
aδ

d
c + Fλ

Aλ⃗
b
a · λ⃗dc

)
+

1

4
Tr
[
Ha†Hbσ

m
]
Tr
[
H̄cH̄†

dσ
m
] (
FBδ

b
aδ

d
c + Fλ

Bλ⃗
b
a · λ⃗dc

)
• Using the completeness relations for SU(N ) generators Tm satisfying
Tr [TmTn] = Cδmn:

δliδ
j
k =

1

N
δji δ

l
k +

1

C
(Tm)

j
i (Tm)

l
k

Proof: Any N × N complex matrix can be expanded as X = X0 + XmTm
(m = 1, . . . , N2 − 1). Using Tr [TmTn] = Cδmn, one gets

X0 =
1

N
Tr[X] =

1

N
Xi

i , Xm =
1

C
Tr [XTm] =

1

C
Xk

l (Tm)
l
k .

Then

Xk
l δ

l
iδ

j
k =

1

N
Xk

l δ
l
kδ

j
i +

1

C
Xk

l (Tm)
l
k (Tm)

j
i .
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LO effective Lagrangian for interaction of heavy meson pair

one finds that the two-trace terms can be rewritten in the form of single-trace terms:

Tr
[
Ha†Ha

]
Tr

[
H̄bH̄†

b

]
=

(
Ha†Ha

)i

l
δli

(
H̄bH̄†

b

)k

j
δjk

=
(
Ha†Ha

)i

l

(
H̄bH̄†

b

)k

j

[
1

2
δlkδ

j
i +

1

2
(σm)lk (σm)ji

]
=

1

2
Tr

[
Ha†HaH̄

bH̄†
b

]
+

1

2
Tr

[
Ha†HaσmH̄bH̄†

bσm

]
,

Tr
[
Ha†Haσm

]
Tr

[
H̄bH̄†

bσm

]
=

(
Ha†Ha

)k

l
(σm)lk

(
H̄bH̄†

b

)i

j
(σm)ji

=
(
Ha†Ha

)k

l

(
H̄bH̄†

b

)i

j

(
2δliδ

j
k − δlkδ

j
i

)
= 2Tr

[
Ha†HaH̄

bH̄†
b

]
− Tr

[
Ha†Ha

]
Tr

[
H̄bH̄†

b

]
=

3

2
Tr

[
Ha†HaH̄

bH̄†
b

]
− 1

2
Tr

[
Ha†HaσmH̄bH̄†

bσm

]
.
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Triangle singularity

FKG, X.-H. Liu, S. Sakai, Threshold cusps and triangle singularities in hadronic reactions, Prog.
Part. Nucl. Phys. 112 (2020) 103757
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TS: some details (1)

M. Bayar, F. Aceti, FKG, E. Oset, PRD 94 (2016) 074039

Consider the scalar three-point loop integral

I = i

∫
d4q

(2π)4
1

[(P − q)2 −m2
1 + iϵ] (q2 −m2

2 + iϵ) [(p23 − q)2 −m2
3 + iϵ]

Rewriting a propagator into two poles:

1

q2 −m2
2 + iϵ

=
1

(q0 − ω2 + iϵ) (q0 + ω2 − iϵ)
with ω2 =

√
m2

2 + q 2

Nonrelativistically, on the positive-energy poles

I ≃ i

8m1m2m3

∫
dq0d3q

(2π)4
1

(P 0 − q0 − ω1 + iϵ) (q0 − ω2 + iϵ) (p023 − q0 − ω3 + iϵ)
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TS: some details (2)

I ∝
∫

d3q

(2π)3
1

[P 0 − ω1(q)− ω2(q) + i ϵ][E23 − ω2(q)− ω3(p23 − q ) + i ϵ]

∝
∫ ∞

0

dq
q2

P 0 − ω1(q)− ω2(q) + i ϵ
f(q)

The second cut:

f(q) =

∫ 1

−1

dz
1

E23 − ω2(q)−
√
m2

3 + q2 + p223 − 2p23qz + i ϵ

Feng-Kun Guo (fkguo@itp.ac.cn) Exotic hadrons Feb.24-28, 2025 9 / 17



TS: some details (3)

Relation between singularities of integrand and integral

• singularity of integrand does not necessarily give
a singularity of integral:
integral contour can be deformed to avoid the
singularity

• Two cases that a singularity cannot be avoided:

☞ endpoint singularity
☞ pinch singularity
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TS: some details (4)

I ∝
∫ ∞

0

dq
q2

P 0 − ω1(q)− ω2(q) + i ϵ
f(q)

f(q) =

∫ 1

−1

dz
1

A(q, z)
≡
∫ 1

−1

dz
1

E23 − ω2(q)−
√
m2

3 + q2 + p223 − 2p23qz + i ϵ

Singularities of the integrand in the rest frame of initial particle:

• First cut: M − ω1(l)− ω2(l) + i ϵ = 0⇒ qon+ ≡ 1

2M

√
λ(M2,m2

1,m
2
2) + i ϵ

• Second cut: A(q,±1) = 0 ⇒ endpoint singularities of f(q)

z = +1 : qa+ = γ (β E∗
2 + p∗2) + i ϵ , qa− = γ (β E∗

2 − p∗2)− i ϵ ,

z = −1 : qb+ = γ (−β E∗
2 + p∗2) + i ϵ , qb− = −γ (β E∗

2 + p∗2)− i ϵ

β = |p23|/E23, γ = 1/
√
1− β2 = E23/m23

E∗
2 (p

∗
2): energy (momentum) of particle-2 in the cmf of the (2,3) system
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TS: some details (5)

All singularities of the integrand:
qon+, qa+ = γ (β E∗

2 + p∗2) + i ϵ, qa− = γ (β E∗
2 − p∗2)− i ϵ,

qb+ = −qa−, qb− = −qa+ < 0 (for ϵ = 0)

Im q

Re q
qa−

qon+ qa+

0

(a) (c)(b)

Im q

Re q
qa−

qon+ qa+

0

Im q

Re q

qon+

0

qa+

qa−

Im q

Re q

qon+

0

qb+ qa+

2-body threshold triangle singularity at
singularity at qon+ = qa−
m23 = m2 +m3
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TS: some details (6)

Rewrite qa− = p2 − i ϵ, p2 ≡ γ (β E∗
2 − p∗2)

Kinematics for p2 > 0, which is relevant to triangle singularity:

• p3 = γ (β E∗
3 + p∗2) > 0 ⇒

particles 2 and 3 move in the same direction in the rest frame of initial particle

• velocities in the rest frame of the initial particle: v3 > β > v2

v2 = β
E∗

2 − p∗2/β
E∗

2 − β p∗2
< β , v3 = β

E∗
3 + p∗2/β
E∗

3 + β p∗2
> β

particle 3 moves faster than particle 2 in the rest frame of initial particle
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TS: Coleman-Norton theorem

• Coleman–Norton theorem: S. Coleman and R. E. Norton, Nuovo Cim. 38 (1965) 438

The singularity is on the physical boundary if and only if the diagram can be
interpreted as a classical process in space-time.
☞ physical boundary: upper edge (lower edge) of the unitary cut in the first
(second) Riemann sheet

• Translation:
☞ all three intermediate states can go on shell
☞ p2 ∥ p3, m3 can catch up with the m2 to rescatter
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TS: kinematical region

• For fixed mB,C ,mA and mD, TS on the
physical boundary only when

m2
R ∈

[m2
AmC +m2

DmB

mB +mC
−mBmC ,

(mA −mB)
2
]

• TS on the physical boundary only when

m2
A ∈

[
(mR +mB)

2
, (mR +mB)

2
+
mB

mC

[
(mR −mC)

2 −m2
D

]]
,

m2
BC ∈

[
(mB +mC)

2
, (mB +mC)

2
+
mB

mR

[
(mR −mC)

2 −m2
D

]]
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TS: invariant mass spectra
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TS: Argand plot
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