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 Odd parity S-wave 𝜙𝜙𝐵𝐵 resonances
 Flavor SU(3) symmetry and chiral expansion
 Chiral Unitary Approach: unitarity in coupled 

channels. Riemann sheets, bound, virtual and 
resonant states. 

 Strangeness S = −1 sector
o Λ(1405): double pole structure and chiral 

symmetry
o Λ 1670 and Σ(1620) bumps

 Strangeness S = −2 sector: Ξ(1620) and Ξ(1690)
 Strangeness S = −0 sector: N(1535) and N(1650)

 Odd parity D-wave 𝜙𝜙𝐵𝐵 resonances: N 1520 ,Λ 1520
and Ξ(1820)



Λ 1405 and its SU(3) 
symmetry partners

CUA: Chiral Unitary Approach

 Odd parity S-wave 𝜙𝜙𝐵𝐵 resonances (𝐽𝐽𝑃𝑃 = 1/2−)



The Review of Particle Physics (2022) 
R.L. Workman et al.
Prog. Theor. Exp. Phys. 2022, 083C01 (2022)

s

Λ and Σ hyperons
isospin I=0 or I=1
odd parity ⇒ 𝐿𝐿 = 1
(P-wave baryon states)  

two-pole structure 

scarce experimental information on the 
lowest-lying odd parity resonances  

chiral symmetry gives support 
to their existence and fixes  
their spin-parity  𝑱𝑱𝑷𝑷 = 𝟏𝟏

𝟐𝟐

−

Λ(sqq)

Σ(sqq)

Ξ(ssq)

http://pdg.lbl.gov/2022/html/authors_2022.html
https://academic.oup.com/ptep/article/2022/8/083C01/6651666?login=false


The Review of 
Particle Physics (2022) 
R.L. Workman et al.
Prog. Theor. Exp. Phys. 
2022, 083C01 (2022)

Hyodo & Meiβner in the RPP

http://pdg.lbl.gov/2022/html/authors_2022.html
https://academic.oup.com/ptep/article/2022/8/083C01/6651666?login=false


𝝓𝝓𝑩𝑩 → 𝝓𝝓𝑩𝑩

chiral symmetry

Wigner-Eckart irreducible matrix elements



coupled-channels Bethe Salpeter Equation + renormalization scheme

φ φ φφφ φφ φφ

BBBB BBBB B

renormalization scheme: 
consistent procedure to deal 
with the ultra-Violet 
divergencies: hard cutoff, 
subtractions, …

re-summation: 
restores elastic 
unitary in 
coupled-channels 

≡ UnitarizedChPT



𝑇𝑇𝐼𝐼𝐼𝐼
𝐽𝐽

𝑖𝑖𝑖𝑖
SRS

= 𝑔𝑔𝑖𝑖𝑔𝑔𝑗𝑗
𝑠𝑠−𝑀𝑀𝑅𝑅+𝑖𝑖Γ𝑅𝑅/2

+…

• 𝑔𝑔𝑖𝑖 coupling of the resonance 
to the 𝜙𝜙𝐵𝐵 channel 𝑖𝑖

• pole position: 𝑀𝑀𝑅𝑅 − 𝑖𝑖Γ𝑅𝑅/2
(fourth quadrant of the SRS)

• 𝐽𝐽 = 0, S-wave  ⇒ negative parity 
(𝑃𝑃𝜙𝜙 × 𝑃𝑃𝐵𝐵 = −1)

• I (isospin), Y (hypercharge)

+NLO+..

+NLO…

[systematic approach: 𝑽𝑽𝑰𝑰𝑰𝑰
𝑱𝑱 = two 

particle irreducible amplitude 
-potential-, which can be obtained in 
ChPT (LO+NLO+…) + perturbative 
corrections to the loop function]
E. Ruiz-Arriola and JN, NPA 679 
(2000) 57

Looking for poles in the Second Riemann Sheet (SRS)

scattering line

Second Riemann Sheet First Riemann Sheet

Im 𝒔𝒔 [MeV]

Re 𝒔𝒔 [MeV]

𝑻𝑻𝒊𝒊𝒊𝒊



𝑠𝑠𝑖𝑖+ = (𝑀𝑀𝑖𝑖 + 𝑚𝑚𝑖𝑖)2

subtraction at a common scale 𝝁𝝁~ 𝒎𝒎𝟐𝟐 + 𝑴𝑴𝟐𝟐

common UV cutoff 
𝚲𝚲~𝟎𝟎.𝟓𝟓 − 𝟏𝟏 GeV

finite UV divergent different UV cutoffs for each 
meson-baryon channel

J. Hofmann and M. Lutz, NPA763 (2005) 90

Renormalization



�𝑮𝑮(𝒔𝒔)
𝟐𝟐𝑴𝑴

𝟐𝟐𝒊𝒊
𝐈𝐈𝐈𝐈 �𝑮𝑮 𝒔𝒔 + 𝒊𝒊𝜺𝜺

𝟐𝟐𝑴𝑴
=

�𝑮𝑮 𝒔𝒔 + 𝒊𝒊𝜺𝜺 − �𝑮𝑮(𝒔𝒔 − 𝒊𝒊𝜺𝜺)
𝟐𝟐𝑴𝑴

= −𝟐𝟐𝒊𝒊 𝝀𝝀
𝟏𝟏
𝟐𝟐(𝒔𝒔,𝑴𝑴𝟐𝟐,𝒎𝒎𝟐𝟐)
𝟑𝟑𝟐𝟐𝝅𝝅𝒔𝒔𝑴𝑴

𝐈𝐈𝐈𝐈 𝑻𝑻−𝟏𝟏 =
𝐈𝐈𝐈𝐈[�𝑮𝑮𝟏𝟏𝟏𝟏 𝒔𝒔 + 𝒊𝒊𝜺𝜺 ] 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝐈𝐈𝐈𝐈[�𝑮𝑮𝒊𝒊𝒊𝒊 𝒔𝒔 + 𝒊𝒊𝜺𝜺 ] ⋮
𝟎𝟎 𝟎𝟎 𝐈𝐈𝐈𝐈[�𝑮𝑮𝒏𝒏𝒏𝒏 𝒔𝒔 + 𝒊𝒊𝜺𝜺 ]

Unitarity in coupled channels
Two particle irreducible amplitude 
(potential) V real (f.e. LO: WT)

PHYSICAL REVIEW D, VOLUME 64, 116008



large number of works: Kaiser+Siegel+Weise, Oset+Ramos, Oller+Meiβner, Ikeda+Hyodo+Weise, 
Oller+Prades+Verbeni, Jido+Oller+Oset+Ramos+Meißner, García-Recio+Nieves+Ruiz-Arriola+Vicente-Vacas, García-
Recio+Lutz+Nieves, Lutz+Kolomeitsev, Hyodo +Jido,  Hyodo+Weise, Oset+Roca, Guo+Oller, Mai+Meiβner,… (many
others)

example: García-Recio+Nieves+Ruiz-Arriola+Vicente-Vacas:  
PRD 67 (2003) 076009 

three poles

(WT+off-shell effects: use a general RS to deal with the UV,
with several counter-terms...)

Λ(1670)Λ(1405)Λ(1380)



Λ(1670)

double pole structure of the  Λ(1405)

cited by the PDG in the RPP

same scheme in the 
strangenessless (S=0) sector 
performs also very well, and 
describes de S-wave resonances 
N(1535) and N(1650) [𝐽𝐽𝑃𝑃 = 1

2

−
] 

Nieves+Ruiz-Arriola+Vicente-
Vacas:  PRD 64 (2001) 116008 



Coming back to the strange sector and the Λ(1405): Fitting to low-energy 𝐾𝐾−𝑝𝑝 scattering data, the 𝜋𝜋Σ mass distribution of the 
Λ(1405) and the precise determination of the energy shift and width of kaonic hydrogen by the SIDDHARTA collaboration

• Two poles of the scattering amplitude in the complex energy plane between the �𝑲𝑲𝑵𝑵 and 𝝅𝝅𝜮𝜮 thresholds
• The spectrum in experiments exhibits one effective resonance shape, while the existence of two poles results 

in the reaction-dependent line-shape
• The origin of this two-pole structure is attributed to the two attractive channels of the leading order 

interaction in the SU(3) basis (singlet and octet)  and in the isospin basis (�𝑲𝑲𝑵𝑵 and 𝝅𝝅𝜮𝜮 )
• The leading order interaction, Weinberg-Tomozawa term, determines de bulk of these double pole structure

Hyodo & Meiβner in the RPP

Ikeda+Hyodo+Weise

Guo+Oller

Mai+Meiβner



Quark mass dependence of S-wave baryon resonances 
[C.García-Recio, M.F.M. Lutz and JN, PLB 582 (2004) 49]

(only LO in ChPT)

coupled-channels amplitudes in the FRS and SRS depend only on the hadron masses and decay constants 
Within this scheme properties of the resonances depend only on the hadron masses

matrix in the coupled-channels space

baryon masses

pion decay constant 
in the chiral limit

M.F.M. Lutz, E.E. Kolomeitsev, Nucl. Phys. A 700 (2002) 193



describes 
masses, widths 
and branching
ratios of most of 
the components 
of two octets 
and a singlet of 
S-wave 𝐽𝐽𝑃𝑃 = 1

2

−

resonances: 
N(1535), 
N(1650),
Λ(1405), 
Λ(1670), 
Λ(1380),
Σ(1620), 
Ξ(1620) and 
Ξ(1690)

heavy 
SU(3) limit
i) one      
singlet
ii) two 
degenerate 
octets

couplings!

physical world ⟸ heavy SU(3) symmetric limit

Λ(1380)

Λ(1405)
Ξ(1620) Λ(1670)

Ξ(1690)

N(1650)

Σ(1620)

Σ(1480)?



𝑱𝑱𝑷𝑷 =
𝟏𝟏
𝟐𝟐

−

𝜮𝜮 sector 
specially 
complex to 
analyze, and 
the situation is 
unclear

C. García-
Recio, M.F.M. 
Lutz and  JN  
Phys.Lett.B
582 (2004) 49.

For WT: 𝝀𝝀𝟐𝟐𝟐𝟐 = 𝟐𝟐,𝝀𝝀𝟖𝟖𝒔𝒔 = 𝝀𝝀𝟖𝟖𝒂𝒂 = −𝟑𝟑, 𝝀𝝀𝟏𝟏 = −𝟔𝟔,𝝀𝝀𝟏𝟏𝟎𝟎 = 𝝀𝝀𝟏𝟏𝟎𝟎∗ = 𝝀𝝀𝟖𝟖𝒔𝒔→𝟖𝟖𝒂𝒂 = 𝟎𝟎
attractive!

following the SU(3) 
trajectories: 
classification!

chiral symmetry gives 
support to their existence 
and fixes  their spin-
parity  𝑱𝑱𝑷𝑷 = 𝟏𝟏

𝟐𝟐

−

two pole 
structure



𝜋𝜋Σ, �𝐾𝐾𝑁𝑁, 𝜂𝜂Λ,𝐾𝐾Ξ energy levels in a finite volume

 Periodic boundary conditions imposes
momentum quantization

 Lüscher formalism (C. Math. Phys. 105 (1986) 
153 ; NPB 354 (1991) 531

 In practice, changes in the T –matrix: 𝑇𝑇(𝑠𝑠) ⟶ �𝑇𝑇 (𝑠𝑠, 𝐿𝐿) [Döring et al., EPJA47 (2011) 139]

𝒢𝒢𝑖𝑖𝑖𝑖 𝑠𝑠 ⟶ �̃�𝒢𝑖𝑖𝑖𝑖 𝑠𝑠, 𝐿𝐿 = 𝒢𝒢𝑖𝑖𝑖𝑖 𝑠𝑠 + lim
Λ⟶∞

1
𝐿𝐿3

�
𝑛𝑛

𝑞𝑞 < Λ

𝐼𝐼𝑖𝑖(�⃗�𝑞) −�
0

Λ 𝑞𝑞2𝑑𝑑3𝑞𝑞
2𝜋𝜋 3 𝐼𝐼𝑖𝑖(�⃗�𝑞)

𝐼𝐼𝑖𝑖 �⃗�𝑞 = 1
2𝜔𝜔𝑖𝑖(𝑞𝑞)𝜔𝜔𝑖𝑖

′(𝑞𝑞)
𝜔𝜔𝑖𝑖(𝑞𝑞)+𝜔𝜔𝑖𝑖

′(𝑞𝑞)

𝑠𝑠− 𝜔𝜔𝑖𝑖 𝑞𝑞 +𝜔𝜔𝑖𝑖
′ 𝑞𝑞

2
+𝑖𝑖𝜖𝜖

,     𝜔𝜔𝑖𝑖 �⃗�𝑞 = 𝑚𝑚𝑖𝑖
2 + �⃗�𝑞2,       𝜔𝜔𝑖𝑖′ �⃗�𝑞 = 𝑀𝑀𝑖𝑖2 + �⃗�𝑞2

𝑉𝑉 𝑠𝑠 ⟶ �𝑉𝑉 𝑠𝑠, 𝐿𝐿 = 𝑉𝑉 𝑠𝑠 𝑇𝑇−1 𝑠𝑠 ⟶ �𝑇𝑇 −1 𝑠𝑠, 𝐿𝐿 = 𝑉𝑉−1 𝑠𝑠 − �𝒢𝒢 (𝑠𝑠, 𝐿𝐿)

Free energy levels: 
𝑬𝑬𝒏𝒏,𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟
𝒊𝒊 𝑳𝑳 = 𝝎𝝎𝒊𝒊

𝟐𝟐𝝅𝝅
𝑳𝑳
𝒏𝒏 + 𝝎𝝎𝒊𝒊

′ 𝟐𝟐𝝅𝝅
𝑳𝑳
𝒏𝒏

Interacting energy levels 𝐸𝐸𝑛𝑛 𝐿𝐿 / �𝑇𝑇 −1 𝐸𝐸𝑛𝑛2 𝐿𝐿 , 𝐿𝐿 = 0
[ poles of  the �𝑻𝑻 matrix]



• UChPT model implemented for a finite box: energy levels
• Comparison to LQCD data [P. Gubler, T.T. Takahashi and M. 

Oka,  PRD94 (2016) 114518]            (𝑳𝑳~ 𝟑𝟑 fm , unquenched, 
only three-quark operators)

• LQCD is consistent with the Σπ bound state influenced by 
the �𝑲𝑲𝑵𝑵-coupled-channels dynamics, and provides an 
energy level that reflects the infinite volume Λ(1670) 

physical masses 𝒎𝒎𝝅𝝅 = 290 MeV

R. Pavao,  P. Gubler, P. Fernandez-Soler, JN, M. Oka 
and T.T. Takahashi, PLB 820 (2021) 136473

The negative-parity spin-1/2 Λ baryon 
spectrum from lattice QCD and UChPT

box length 

the lower level encodes information of the generated
bound state corresponding to the lower Λ(1405) pole at
infinite box size, while the second level should be
identified as a πΣ scattering state.
The third and fourth levels are again scattering states
that are strongly modified due to the �𝐾𝐾𝑁𝑁 interaction,
while the fifth and sixth ones show two plateaus that are
very close in energy. One of them is an ηΛ S-wave
scattering state and the other one (fifth) at L ∼3 fm is
likely related to the Λ(1670) resonance, which has
approached the ηΛ threshold from above.

signature  of the two-
pole structure Λ(1405)

Λ(1670) 

signature  of the two-
pole structure Λ(1405)



Odd parity D-wave 𝜙𝜙𝐵𝐵 resonances: N 1520 ,Λ 1520 and Ξ(1820)



WT SU(3): 8 x 10 = 8+10+27+35;  λ8= -6, λ10= -3, λ27= -1 , λ35= 3
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