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Heavy-ion collisions 
are tiny and have 
ultra-fast dynamics

t~0s t~3x10-24s t~5x10-23s t~10-8s
1 yoctosecond = 10-24 sYoctoseconds physics!

~10-14 m

NUCLEAR MATTER UNDER EXTREME CONDITIONS
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Heavy-ion collisions 
are tiny and have 
ultra-fast dynamics

A variety of particles 
are emitted from the 
collisions

t~0s t~3x10-24s t~5x10-23s t~10-8s
1 yoctosecond = 10-24 sYoctoseconds physics!

~10-14 m

Multi-messenger 
nature of heavy-ion 
physics

NUCLEAR MATTER UNDER EXTREME CONDITIONS
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Which properties of hot QCD matter can we 
determine from relativistic heavy ion data (LHC, 
RHIC, and future FAIR/NICA/JPAC)?
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femtoscopy

Anisotropic flow vn 
Flow correlations

Balance functions

Photons and dileptons
Energy-momentum transport
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DEFINING THE QUARK-GLUON PLASMA
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Jets and heavy-quarks• Deducing the QGP properties from experimental data requires 
exascale computing with advanced statistical methods

DEFINING THE QUARK-GLUON PLASMA
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D. Everett et al. [JETSCAPE],
Phys. Rev. Lett.126, 242301 (2021) & Phys. Rev. C103, 054904 (2021)

J. E. Bernhard, J. S. Moreland and S. A. Bass, Nature Phys. 15, 1113-1117 (2019)

• Precision hadronic measurements can 
systematically constrain the QGP viscosity

G. Nijs, W. Van Der Schee, U. Gursoy and R. Snellings,
Phys. Rev. Lett. 126, 202301 (2021) & Phys. Rev. C103, 054909 (2021)

J. E. Bernhard, J. S. Moreland, S. A. Bass, J. Liu and U. Heinz, Phys. Rev. C94, 024907 (2016)
S. Pratt, E. Sangaline, P. Sorensen and H. Wang, Phys. Rev. Lett. 114, 202301 (2015)

GLOBAL BAYESIAN CONSTRAINTS ON QGP VISCOSITY
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• Continuously connect the system’s energy-momentum tensor  
between different stages

Tμν

~

THE MULTI-STAGE THEORETICAL FRAMEWORK

τ (fm) 
0+
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Initial State + 

Pre-equilibrium dynamics Hydrodynamics Hadronic Transport

Tμν

Cooper-Frye 
particlization

Tμν
hydro = Tμν

particles 
+ Landau Matching 

with lattice EoS

Tμν
pre. eq = Tμν

hydro

0.5-1



PUSHING HYDRODYNAMICS TO ITS LIMIT
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A UNIVERSAL DESCRIPTION OF FLOW IN ALL SYSTEMS
ALICE Collaboration, Phys. Rev. Lett. 123, 142301 (2019)
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A UNIVERSAL DESCRIPTION OF FLOW IN ALL SYSTEMS
ALICE Collaboration, Phys. Rev. Lett. 123, 142301 (2019)

B. Schenke, C. Shen and P. Tribedy, Phys. Rev. C 102, 044905 (2020) 
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A UNIVERSAL DESCRIPTION OF FLOW IN ALL SYSTEMS
ALICE Collaboration, Phys. Rev. Lett. 123, 142301 (2019)

B. Schenke, C. Shen and P. Tribedy, Phys. Rev. C 102, 044905 (2020) 
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CAUSALITY IN LINEARIZED PERTURBATIVE REGIONS

0 ≤ nstatic = c2
s + 4

3Cη
+ 1

Cζ
≤ 1

• The  from transport theories 
requires 

Cζ,1
c2

s > 0.13

C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)

τπ =
Cη

T
η
s

Cη ∼ 2.6 − 7

τΠ = Cζ
ζ

e + P
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CAUSALITY IN LINEARIZED PERTURBATIVE REGIONS

0 ≤ nstatic = c2
s + 4

3Cη
+ 1

Cζ
≤ 1

• The  from transport theories 
requires 

Cζ,1
c2

s > 0.13

C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)

τπ =
Cη

T
η
s

Cη ∼ 2.6 − 7

τΠ = Cζ
ζ

e + P
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PUSHING HYDRODYNAMICS TO ITS LIMIT
B. Schenke, C. Shen and P. Tribedy, arXiv:1908.06212 [nucl-th]
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Cavitation?Causality

fast expansion         large negative bulk viscous pressure=)
<latexit sha1_base64="DPXT1T2xGZ8q4/Z2v71ZU7dg9eY=">AAAB+HicbVBNTwIxEJ3FL8QPUI9eGomJJ7LLKsiN6MWDB0wETICQbinQ0G03bVeDhF/ixYPGePWnePPfWGBj/HrJJC/vzWRmXhBxpo3rfjippeWV1bX0emZjc2s7m9vZbWgZK0LrRHKpbgKsKWeC1g0znN5EiuIw4LQZjM5nfvOWKs2kuDbjiHZCPBCszwg2Vurmsu1LKQaKDYYGKyXvurm8W6j4Za9SRnNS9EsJ8U6QV3DnyEOCWjf33u5JEodUGMKx1i3PjUxngpVhhNNpph1rGmEywgPaslTgkOrOZH74FB1apYf6UtkSBs3V7xMTHGo9DgPbGWIz1L+9mfif14pN/7QzYSKKDRVksagfc2QkmqWAekxRYvjYEkwUs7ciMsQKE2OzyixCmKH09fJf0igWPL/gXx3nq2dJHGnYhwM4Ag/KUIULqEEdCMTwAE/w7Nw7j86L87poTTnJzB78gPP2Cd/ilAo=</latexit>

⇣

⌧⇧

1

e+ P +⇧
+ c2s

<latexit sha1_base64="WmFU/v6AOXhz6XfsnXaFJS1nvUo=">AAACHXicbZDJSgNBEIZ73I1b1KOXxiAIQpgxweUW9OIxglEhE4eeTk3S2LPQXSPEYV7Ei6/ixYMiHryIb2NnEsTth4Kfr6rort9PpNBo2x/WxOTU9Mzs3HxpYXFpeaW8unau41RxaPFYxurSZxqkiKCFAiVcJgpY6Eu48K+Ph/2LG1BaxNEZDhLohKwXiUBwhgZ55bobKMYz9xaQ5ZmLLPXcpsjpCDt5BnSHNk0VdIdyT1/teuWKXbUL0b/GGZsKGavpld/cbszTECLkkmndduwEOxlTKLiEvOSmGhLGr1kP2sZGLATdyYrrcrplSJcGsTIVIS3o942MhVoPQt9Mhgz7+ndvCP/rtVMMDjqZiJIUIeKjh4JUUozpMCraFQo4yoExjCth/kp5n5lc0ARaKkI4HGrv6+S/5ny36tSqtdN6pXE0jmOObJBNsk0csk8a5IQ0SYtwckceyBN5tu6tR+vFeh2NTljjnXXyQ9b7J5LmoQU=</latexit>

⇧/P
<latexit sha1_base64="3SYIVNqTSdimZEdJ4w64EeuyZwg=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqia2+NgV3bisYNpCG2QynbRDJ5MwMxFK6De4caGIWz/InX/jJA2i1gMDh3POZe49fsyZ0rb9aZWWlldW18rrlY3Nre2d6u5eR0WJJNQlEY9kz8eKciaoq5nmtBdLikOf064/uc787gOVikXiTk9j6oV4JFjACNZGcgdtdtK+r9bsup0DLRKnIDUoYPIfg2FEkpAKTThWqu/YsfZSLDUjnM4qg0TRGJMJHtG+oQKHVHlpvuwMHRlliIJImic0ytWfEykOlZqGvkmGWI/VXy8T//P6iQ4uvJSJONFUkPlHQcKRjlB2ORoySYnmU0MwkczsisgYS0y06aeSl3CZ4ez75EXSOa07jXrjtllrXRV1lOEADuEYHDiHFtxAG1wgwOARnuHFEtaT9Wq9zaMlq5jZh1+w3r8ARJuOdw==</latexit>

0.0 0.5 1.0 1.5 2.0
pT (GeV)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

v 2
(p

T
)

pAu 0-5%

AuAu 30-40%
Full simulations
with sys. uncertainty

remove negative pressure

Theory uncertainty

v2(pT )
<latexit sha1_base64="u7N9imH0SGHzMxjDKcLYt8sijBc=">AAAB73icbVDLSsNAFL3xWeur6tLNYBHqpiSt+NgV3bis0Be0IUymk3boZBJnJoUS+hNuXCji1t9x59+YpEHUeuDC4Zx7ufceN+RMadP8NFZW19Y3Ngtbxe2d3b390sFhRwWRJLRNAh7InosV5UzQtmaa014oKfZdTrvu5Db1u1MqFQtES89Cavt4JJjHCNaJ1Js6tUrotM6cUtmsmhnQMrFyUoYcTaf0MRgGJPKp0IRjpfqWGWo7xlIzwum8OIgUDTGZ4BHtJ1Rgnyo7zu6do9NEGSIvkEkJjTL150SMfaVmvpt0+liP1V8vFf/z+pH2ruyYiTDSVJDFIi/iSAcofR4NmaRE81lCMJEsuRWRMZaY6CSiYhbCdYqL75eXSadWterV+v15uXGTx1GAYziBClhwCQ24gya0gQCHR3iGF+PBeDJejbdF64qRzxzBLxjvXxeuj3w=</latexit>

pAu

AuAu

Theoretical uncertainty are estimated by turning on and off second-
order transport coefficients and initial Πμν
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FULL NON-LINEAR CAUSALITY CONDITIONS
F. S. Bemfica, M. M. Disconzi, V. Hoang, J. Noronha and M. Radosz, Phys. Rev. Lett. 126, 222301 (2021)

n1 ≡ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

4τπ

|Λ1 |
ε + P

≥ 0,

n2 ≡ 1 − 1
Cη

+ (1 − λπΠ
2τπ ) Π

ε + P
− τππ

4τπ

Λ3
ε + P

≥ 0,

n3 ≡ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

4τπ

Λ3
ε + P

≥ 0,

n4 ≡ 1 − 1
Cη

+ (1 − λπΠ
2τπ ) Π

ε + P

n5 ≡ c2
s + 4

3
1
Cη

+ 1
Cζ

+ ( 2
3

λπΠ
τπ

+ δΠΠ
τΠ

+ c2
s ) Π

ε + P

+( 3δππ + τππ

3τπ
+ λΠπ

τΠ
+ c2

s ) Λ1
ε + P

≥ 0,

n6 ≡ 1 − (c2
s + 4

3
1
Cη

+ 1
Cζ )

+(1 − 2
3

λπΠ
τπ

− δΠΠ
τΠ

− c2
s ) Π

ε + P

+(1 − 3δππ + τππ

3τπ
− λΠπ

τΠ
− c2

s ) Λ3
ε + P

≥ 0.+(1 − τππ

4τπ ) Λa

ε + P
− τππ

4τπ

Λd

ε + P
≥ 0, (a ≠ d)

∂μTμν = 0,
τΠ

·Π + Π = − ζ θ − δΠΠΠ θ + λΠππμνσμν,
τπ

·π⟨μν⟩ + πμν = 2η σμν − δπππμνθ + φ7π⟨μ
α πν⟩α − τπππ⟨μ

α σν⟩α + λπΠΠ σμν ,

 are eigenvalues of  with 
 and 

{Λi} πμν

Λ3 > Λ2 > Λ1 Λ0 = 0
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FULL NON-LINEAR CAUSALITY CONDITIONS
F. S. Bemfica, M. M. Disconzi, V. Hoang, J. Noronha and M. Radosz, Phys. Rev. Lett. 126, 222301 (2021)

s1 ≡ 1 − 1
Cη

− |Λ1 |
ε + P

+ (1 − λπΠ
2τπ ) Π

ε + P
− τππ

2τπ

Λ3
ε + P

≥ 0,

s2 ≡ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

2τπ

|Λ1 |
ε + P

≥ 0,

s3 ≡ 6 δππ

τπ
− τππ

τπ
≥ 0, s4 ≡ λΠπ

τΠ
+ c2

s − τππ

12τπ
≥ 0,

−[4
3

1
Cη

+ 1
Cζ

+ ( 2
3

λπΠ
τπ

+ δΠΠ
τΠ ) Π

ε + P

+( δππ

τπ
+ τππ

3τπ
+ λΠπ

τΠ
+ c2

s ) Λ3
ε + P

+ |Λ1 |
ε + P

s5 ≡ (1 + Π
ε + P )(1 − c2

s )

+
( δππ

τπ
− τππ

12τπ
)( λΠπ

τΠ
+ c2

s − τππ

12τπ
)( Λ3

ε + P + |Λ1 |
ε + P )2

1 − 1
Cη

+ (1 − λπΠ
2τπ

) Π
ε + P − |Λ1 |

ε + P − τππ

2τπ

Λ3
ε + P

] ≥ 0

s6 ≡ 1
3Cη

+ 1
Cζ

+ c2
s + ( λπΠ

6τπ
+ δΠΠ

τΠ
+ c2

s ) Π
ε + P

+( τππ

6τπ
− δππ

τπ
+ λΠπ

τΠ
− c2

s ) |Λ1 |
ε + P

≥ 0,

s7 ≡ [ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

2τπ

|Λ1 |
ε + P ]

2

−( δππ

τπ
− τππ

12τπ ) ( λΠπ

τΠ
+ c2

s − τππ

12τπ ) ( Λ3
ε + P

+ |Λ1 |
ε + P )

2
≥ 0,

s8 ≡ 4
3Cη

+ 1
Cζ

+ c2
s + ( 2

3
λπΠ
τπ

+ δΠΠ
τΠ

+ c2
s ) Π

ε + P

−( δππ

τπ
+ τππ

3τπ
− λΠπ

τΠ
+ c2

s ) |Λ1 |
ε + P

−
(1 + Π

ε + P + Λ2
ε + P )(1 + Π

ε + P + Λ3
ε + P )

3 (1 + Π
ε + P − |Λ1 |

ε + P )
2

× [1 + 2
Cη

+ (1 + λπΠ
τπ ) Π

ε + P
− |Λ1 |

ε + P
+ τππ

τπ

Λ3
ε + P ] ≥ 0.
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C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)
• Visualize causal 

regions in terms of 
inverse Reynolds 
numbers  and Rπ RΠ

• For  and , 
necessary causality conditions are fulfilled

Rπ < 0.2 −0.3 < RΠ < 0.1

• The sufficient conditions post stronger 
constraints on  and Rπ RΠ

VISUALIZE CAUSALITY CONDITIONS

• Non-zero second-
order transport 
coefficients are 
important in 
determining the 
causal region

R π
≡

RΠ ≡
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EXAMINE HYDRODYNAMIC SIMULATIONS
C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)

• The necessary conditions  can be violated during 
event-by-event hydrodynamic simulation for heavy-ion collisions

n1, n3, n5, n6

B. Schenke, C. Shen and P. Tribedy, Phys. Rev. C 102, 044905 (2020) 

• However, no numerical instability is observed because of regulations
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IMPOSING CAUSALITY CONDITIONS AS REGULATION 
C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)

• Imposing a global restriction on  
and   would regulate all the causality 
violations

Rπ ≤ 2P/(e + P) ( |Λmax | ≤ P)
|RΠ | ≤ P/(e + P) ( |Π | ≤ P)
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IMPOSING CAUSALITY CONDITIONS AS REGULATION 
C. Chiu and C. Shen, Phys. Rev. C 103, 064901 (2021)

• Using a different bulk viscous relaxation time , the 
restrictions on inverse Reynolds numbers can be relaxed to  
and 

τΠ,2 = 5
7(1/3 − c2s )

ζ
(e + P)
Rπ < 0.6

|RΠ | < 0.6
The choice of relaxation time is important!

τΠ,1 τΠ,2
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A NUMERICAL REGULATION SCHEME

n1 ≡ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

4τπ

|Λ1 |
ε + P

≥ 0,

n2 ≡ 1 − 1
Cη

+ (1 − λπΠ
2τπ ) Π

ε + P
− τππ

4τπ

Λ3
ε + P

≥ 0,

n3 ≡ 1
Cη

+ λπΠ
2τπ

Π
ε + P

− τππ

4τπ

Λ3
ε + P

≥ 0,

n4 ≡ 1 − 1
Cη

+ (1 − λπΠ
2τπ ) Π

ε + P

n5 ≡ c2
s + 4

3
1
Cη

+ 1
Cζ

+ ( 2
3

λπΠ
τπ

+ δΠΠ
τΠ

+ c2
s ) Π

ε + P

+( 3δππ + τππ

3τπ
+ λΠπ

τΠ
+ c2

s ) Λ1
ε + P

≥ 0,

n6 ≡ 1 − (c2
s + 4

3
1
Cη

+ 1
Cζ )

+(1 − 2
3

λπΠ
τπ

− δΠΠ
τΠ

− c2
s ) Π

ε + P

+(1 − 3δππ + τππ

3τπ
− λΠπ

τΠ
− c2

s ) Λ3
ε + P

≥ 0.+(1 − τππ

4τπ ) Λa

ε + P
− τππ

4τπ

Λd

ε + P
≥ 0, (a ≠ d)

Then we regulate viscous tensors as , π̃μν = αminπμν Π̃ = αminΠ
We solve  for every fluid cell and define ni(αiπμν, αiΠ) = 0 αmin = min{αi}

C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation
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• Most of the numerical regulations 
are triggered during the first fm/c of 
the evolution, because the system 
is far out-of-equilibrium 

• Stronger regulations are needed to 
fulfill the sufficient causality 
conditions

0-5% p+Au

C. Plumberg, D. Almaalol, T. Dore, J. Noronha and J. Noronha-Hostler, 
Phys. Rev. C105, L061901 (2022)

A NUMERICAL REGULATION SCHEME
C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation
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A RESUMED NUMERICAL SCHEME
C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation

We define shear and bulk inverse Reynolds numbers as

R̃π ≡ 2
6

πμνπμν

e + P
R̃Π ≡ |Π |

e + P

The full necessary causality conditions can be relaxed to

1 − R̃Π + ( τππ

τπ
− 1) R̃π ≥ N1 ≥ 0 1 − R̃Π + R̃π ≥ N2 ≥ 0

N1 ≡ 1
Cη

− λπΠ
2τπ

R̃Π − τππ

4τπ
R̃π N2 ≡ c2

s + 4
3

1
Cη

+ 1
Cζ

− ( 2
3

λπΠ
τπ

+ δΠΠ
τΠ

+ c2
s ) R̃Π + ( 3δππ + τππ

3τπ
+ λΠπ

τΠ
+ c2

s ) R̃π

We want to modify the equation of motion for the viscous stress tensor so that 
 and  have bounds to fulfill the causality conditionsR̃π R̃Π inspired by L. Gavassino and J. Noronha, Phys. Rev. D 109 (2024) 9, 096040
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A RESUMED NUMERICAL SCHEME

·Π = − 1
τΠ

(Π + ζ θ) − δΠΠ
τΠ

Π θ + λΠπ

τΠ
πμνσμν,

·π⟨μν⟩ = − 1
τπ

(πμν − 2η σμν) − δππ

τπ
πμνθ + φ7

τπ
π⟨μ

α πν⟩α − τππ

τπ
π⟨μ

α σν⟩α + λπΠ
τπ

Π σμν ,

We modify the DNMR EoM when  or  is large,R̃Π R̃π

η → fη, δππ

τπ
→ f2 δππ

τπ
, τππ

τπ
→ f2 τππ

τπ
, λπΠ

τπ
→ f2 λπΠ

τπ
, φ7

τπ
→ f

φ7
τπ

, ζ → fζ, δΠΠ
τΠ

→ f
δΠΠ
τΠ

, λΠπ

τΠ
→ f

λΠπ

τΠ

f = 1
1 + arctanh2(α(R̃Π + R̃π))With the renomalization factor,

For small  and , . The correction terms starts 
at the third order in gradients

R̃Π R̃π f ≈ 1 − α2(R̃Π + R̃π)2

0 < R̃Π + R̃π < 1
α

C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation
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IMPOSING NECESSARY CAUSALITY CONDITIONS
C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation

• By adjusting the value for  
in the renormalization factor, 
we can impose the 
maximum allowed values for 
inverse Reynolds numbers 
during the evolution 

• With the standard DNMR 
choices of the transport 
coefficients and lattice QCD 
EoS,  can ensure 
necessary causality 
conditions

α

α = 1.5
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COMPARISONS IN HYDRODYNAMIC EVOLUTION
C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation
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• Difference are mostly present during the early-stage of the evolution
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28

EFFECTS ON FINAL-STATE OBSERVABLES
C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation

• Different numerical schemes 
show small differences in 
peripheral Pb+Pb collisions with 
IP-Glasma initial conditions, 
when the initial inverse Raynolds 
numbers are within allowed 
values 

 with 0 < R̃Π + R̃π < 1
α

α = 1.5
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EFFECTS ON FINAL-STATE OBSERVABLES
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C. Chiu, G. Denicol, M. Luzum, and C. Shen, in preparation
• Different numerical schemes 

show small differences in 
peripheral Pb+Pb collisions with 
IP-Glasma initial conditions, 
when the initial inverse Raynolds 
numbers are within allowed 
values 

 with 0 < R̃Π + R̃π < 1
α

α = 1.5

• The uncertainty from different 
numerical schemes increases 
when the systems are initially far 
from equilibrium
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SUMMARY
• Causality conditions impose upper bounds for viscous stress tensors 

when one can match the pre-equilibrium phase  to second-order 
viscous hydrodynamics 

• The choice of bulk and shear relaxation times can relax/tighten the 
causality constraints on the system’s inverse Reynold’s numbers 

• We develop different numerical schemes to investigate the impact of 
causality constraints on final-state observables in heavy-ion collisions 

• More robust formulation of hydrodynamics, such as maximum entropy 
hydrodynamics, could potentially reduce the theoretical uncertainty in 
describing the small system dynamics

Tμν


