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Fluid dynamics for dilute gases 
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Initial state
QGP as a relativistic

fluid

Current Theoretical Description of HIC  

Empirical: Fluid-dynamical modeling of heavy ion 
collisions works well at RHIC and LHC energies

Main assumption: (transient) fluid dynamics can be applied
at very early times ~1 fm

MADAI collaboration

0 ~1 ~10

fm/c

~20



  5

Fluid dynamics
Effective theory describing the dynamics 

of a system over long-times and long-distances

Conservation laws 
+ 

Equation of state 
+

constitutive/dynamical relations



  

Validity of fluid dynamics

proximity to (local) equilibrium

“small” gradients

macroscopic: microscopic:Separation of scales → 

Knudsen number:
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Ideal fluid dynamics

local thermodynamic equilibrium: existence of a local reference 
frame (rest frame) where

Conservation laws
net-charge conservation

energy-momentum
 conservation

EoS

defines a velocity field
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Ideal fluid dynamics

local thermodynamic equilibrium: existence of a local reference 
frame (rest frame) where

Conservation laws

4-velocity: flow of energy, net-charge, entropy

EoS:

net-charge conservation

energy-momentum
 conservation
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Disspative fluid dynamics

Conservation laws
net-charge conservation

energy-momentum
 conservation

net-charge diffusion 
4-current

Corrections to equilibrium

Projection operator:

isotropic
pressure

Shear stress
tensor

energy diffusion
4-current

Fictitious equilibrium must be defined
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Special directions

follows the flow 
of particles

follows the flow 
of energy

heat flow

don't have to be thermal
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Definition of “equilibrium state” 
Landau and Eckart picture

definition of energy density

definition of net-charge density

definition of an eq. entropy density

Definition of velocity

or or ...
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Fictitious equilibrium state

Introduce a reference local equilibrium state

● We also want to explore other matching conditions ...

Fábio S. Bemfica, Marcelo M. Disconzi, Jorge Noronha, Phys.Rev.D 98 (2018) 10, 104064

 Generalized “first order theory” only works for other matching conditions 
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“Usual” approach

Search for asymptotic solution with

Chapman-Enskog expansion (gradient expansion)

1/L 1/l

L >> l

Hydrodynamic regime

mean free-path
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“Usual” approach

(classical, massless limits)

Perturbative solution of the Boltzmann eq.

Chapman-Enskog expansion (gradient expansion)

Can be solved analytically for 
self-interacting        scalar field theory 
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Linearized Boltzmann equation
near local equilibrium

self-interacting        scalar field theory

Eigenfunctions and Eigenvalues can be calculated exactly

All hydrodynamic theories and their transport coefficients 
can be derived (or obtained) analytically

(massless, classical limits)

gsd, J. Noronha, 2209.10370
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Relativistic Navier-Stokes theory

Perturbative solution

0-th order: local equilibrium,

temperature and chemical potential appear
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Relativistic Navier-Stokes theory

Perturbative solution

1-st order:

0-th order: local equilibrium,

temperature and chemical potential appear
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Relativistic Navier-Stokes theory

0-th order: local equilibrium,

temperature and chemical potential appear

1-st order:

matching conditions z = 0 → Eckart 

z = 1 → Landau 
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Relativistic Navier-Stokes theory
Matching conditions and homogeneous solution

Combine equilibrium solution with homogenous contribution

“small” correction

effective thermal potential effective thermal 4-velocity
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Relativistic Navier-Stokes theory

Constitutive relations
matching condition

Relativistic 
Boltzmann equation

self-interacting        scalar field theory
classical, massless limits

z = 0 → Eckart 

z = 1 → Landau 

Phys.Rev.D 108 (2023) 3, 036017
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Is there a way to derive 
hydrodynamics without introducing a 

fictitious equilibrium state?
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Relativistic Boltzmann equation

Boltzmann

momentum distribution collision term

transition rate

cross section – microscopic information

collision term – elastic 2-to-2 collisions

self-interacting        scalar field theory
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation

Conservation laws

Non-hydro d.o.f.

can calculate it exactly for
this interaction
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation

Conservation laws

Non-hydro d.o.f.

can calculate it exactly for
this interaction, e.g.
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation



  27

Moments of the Boltzmann equation

Turn this into a perturbative problem 
(similar to Chapman-Enskog)

e

e
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation

rewrite as
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation

rewrite as

and iterate
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Moments of the Boltzmann equation

Relativistic 
Boltzmann equation

Gradient expansion

Leading order
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Gradient expansion

Relativistic 
Boltzmann equation

Gradient expansion

Leading order
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Relativistic 
Boltzmann equation

Leading order

“Ideal fluid”

Truncated gradient expansion
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Relativistic 
Boltzmann equation

Gradient expansion

First-order

Equations of motion for A, Ji and Jij 

Truncated gradient expansion



  34

Traditional projections

Very similar to Israel-Stewart theory

Truncated gradient expansion
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Truncated gradient expansion

Traditional projection: shear-stress

Very similar to Israel-Stewart theory

Navier-Stokes termRelax. term

Here, Israel-Stewart theory appears as a 
first-order theory
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Sad ending
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Truncated gradient expansion

Traditional projection: scalar component

Eckart energy density

Eckart particle density

Unstable!



  

Conclusions

- Using the method of moments, it is possible 
to implement a gradient expansion for the 
conserved currents – without a reference 
frame 

- Usual hydrodynamic formulations depend on 
a choice of equilibrium frame 

- Matching conditions can significantly affect 
the magnitude of some transport coefficients

But equations are unstable ...
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