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Current Theoretical Description of HIC

Empirical: Fluid-dynamical modeling of heavy ion
collisions works well at RHIC and LHC energies

) MA]_)AI co-lldborati‘on

0 ~1 ~10 ~20

Main assumption: (transient) fluid dynamics can be applied
at very early times ~1 fm



Fluid dynamics

Effective theory describing the dynamics
of a system over long-times and long-distances

OOQ @
Conservation laws
‘  ‘—‘|—
Equation of state
\ £ ’ ,_I_

M constitutive/dynamical relations




Validity of fluid dynamics

-~ proximity to (local) equilibrium

~ “small” gradients

° n = . \
Separation of scales — macroscopic: /, microscopic: /

Knudsen number: Ky ~ £ <1
- L /




Ideal fluid dynamics

. i N — ()  net-charge conservation
Conservation laws “=7(0)

LV
d (,10) = () energy-momentum
conservation

local thermodynamic equilibrium. existence of a local reference
frame (rest frame) where

e 0 0 0)
oo T
o _ [0 P00 Nrr = (1,0,0,0)
B l'g o o9 She = (5,0,0,0)"
@ Py
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\ defines a velocity field
EoS N" = Al (u) Ngp ,
SH = Al () SR
TH" = Al (u) Ay () Tﬁg .7



Ideal fluid dynamics

. i N — ()  net-charge conservation
Conservation laws “=7(0)

LV
d (,10) — O energy-momentum
conservation

local thermodynamic equilibrium. existence of a local reference
frame (rest frame) where

M L
Nigeal = Nig) = nu"* .

L ot
Sideal 5(0) = Su

LV LV LV
Ligeat = Ty = eulu" — A" p .

4-velocity: flow of energy, net-charge, entropy
08
on |,

- k)
EoS: S0 =so(e,n) By = =

8!’:‘

o) =




Disspative fluid dynamics

9 N Ho_ 0 net-charge conservation
Conservation laws M1 T

J T,LLU — ()  energy-momentum
M conservation

Corrections to equilibrium
(N = nut + v, A

\TW = culu”/— PAM"Y - hH'u” + hPut + ﬂ(’ |
net-charge diffusion isotropic energy diffusion  gpear stress
4-current pressure 4-current tensor

Projection operator: AHY = ¢gH” — yHu”

Fictitious equilibrium must be defined



Special directions

follows the flow

eu M' of energy

don't have to be thermal

nVM _ follows the flow
of particles

1
ut — M T

e _|_ p heat flow
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Definition of “equilibrium state”
Landau and Eckart picture

u
uMN .

UyUy, T, > definition of energy density

—» definition of net-charge density)

so = 8o (n, &),

definition of an eq. entropy density

4 0s
/80 — % )
3 & po = —€+ 1yso + uon.
S
\O'/O i % . ’

~N

J

Definition of velocity

[ u, " =eu” Or NY = nutt  or... J
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Fictitious equilibrium state

* We also want to explore other matching conditions ...

Generalized “first order theory” only works for other matching conditions

Fabio S. Bemfica, Marcelo M. Disconzi, Jorge Noronha, Phys.Rev.D 98 (2018) 10, 104064

Introduce a reference local equilibrium state

4 N
n=ng(a,B)+dn, €=epla,)+ e,

PEP()((I,B)_I_H,

\_ J
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“Usual” approach

Chapman-Enskog expansion (gradient expansion)

kK'Oufi = C [ f]
——

1/L 1/). —> mean free-path

Search for asymptotic solution with L >> A

Hydrodynamic regime
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“Usual” approach

Chapman-Enskog expansion (gradient expansion)

Perturbative solution of the Boltzmann eq.

r e
fp — Zeﬁfl()é)?
eEpDfp +ep"V, fo = Clfp] < =
. Dfp = ZEH&D({”JCP:

Can be solved analytically for _
self-interacting \p* scalar field theory [GT(H) _ AR y}

(classical, massless limits)
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" Linearized Boltzmann equation\

[ o7 near local equilibrium
_ k a/ufk ~ Lqﬁk y

self-interacting A\ scalar field theory [ﬁ:r(-‘v‘) = g = %]

Loy = g / dK'dPdP’ forr (270)° 6@® (k+k —p—p') (dp + bp' — b1 — P1cr)

/Eigenfunctions and Eigenvalues can be calculated exactly \
(massless, classical limits)

L [L-E;i;+l)!)<“1 o -p,t.f.!>] = Y L”‘gnLl)p(;;l _ ')'?‘w>._

g n+£—1 _ .
Xné — __j : . n ()'n Oy ’
Xnt 5 0.0 (u /11 0 m)

\ osd, J. Noronha, 2209.103 70/

All hydrodynamic theories and their transport coefficients
can be derived (or obtained) analytically 15



Relativistic Navier-Stokes theory

O

f

Perturbative solution e i
1=0
Dfp = ZEiD(@fpa
\. 1=0

/O-th order: ( [ 1&0)] — () local equilibrium, [ W fD

temperature and chemical potential appear

\_ S




Relativistic Navier-Stokes theory

Perturbative solution ( e i
1=0
Dfp = ZEiD(@fpa
\. 1=0

/O-th order: (| 1&0)] — 0 local equilibrium, f;go) — J;\

temperature and chemical potential appear

R v -
1-st order: ZLSP)I)OUJ)VHO{ — Bpupyo"” = Loy

,
1&1) = fox (1 + ¢y )

\_ S




Relativistic Navier-Stokes theory

0-th order:  C[£”] = 0 local equilibrium, fo = fop

temperature and chemical potential appear

1 .
1-st order: ZLES) Via — Bpupuyo™ = Loy

p P{w)

-~

101m r — 1 3
bp = o+ L7111

y

Py Via — Bppyot”

(1;—}—})#])*’“ > a=0and b* = zV*a/(4x11)

matching conditions

dP E§p<“>5fp = 0,

z =0 — Eckart

z=1 — Landau

)

/
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Relativistic Navier-Stokes theory

Matching conditions and homogeneous solution

Combine equilibrium solution with homogenous contribution

fo = fo (14 08™) = for (14 @+ b,k")

. —

“small” correction

fOk EXP ((L —+ buk‘u')
exp (oz + Buk“) exp (a + b, k")
= exp|a+a+ (8, +b,)k"

¢

effective thermal potential  effective thermal 4-velocity 1



Relativistic Navier-Stokes theory

Relativistic
Boltzmann equation

/ Constitutive relations
3

~

on=0, v =2z——V*"a,
| 957
12
oe =0, ¥ =({z—1)—V*a
95"

ku@ufk =C [f]

self-interacting \¢* scalar field theory
classical, massless limits

matching condition

/ dP EZpéf, =0,

z =0 — Eckart

z=1 — Landau

Phys.Rev.D 108 (2023) 3, 036017
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Is there a way to derive
hydrodynamics without introducing a
fictitious equilibrium state?




Relativistic Boltzmann equation

kﬂaufk — C[f]
. |

momentum distribution collision term

Boltzmann
collision term — elastic 2-to-2 collisions

Clf] = %/ dK,deP,Wkk/—mpf (fpfp’fkfk’ - fkfk’fpfp’)

[fk =1- afk]
transition rate

Wkkl—)pp/ — SU(S, @) (27’[’)6 5(4) (k/u + k’M . pu o pl,u,)
cross section — microscopic information

. . A2
self-interacting \p* scalar field theory [JT(S) = ‘2] 22




Moments of the Boltzmann equation

Relativistic k“’aﬂ,fk _C [f]

Boltzmann equation

/ k"0, fx
k

/ k' kMO, fie =
k

J
/k“k”k“aufk _ fkk“k”C’[f]
J

]
—
Q
=
]

-

k

/ ERPE R O, fie =
k
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Moments of the Boltzmann equation

Boltzmann equation

Conservation laws

(JM'“MH — / | ALt SN S} fk ) au, Ju — 07
; 9, J" = 0,
CH1 7B — / | N ST @ [f]
N4 k /

/

can calculate it exactly for
this interaction

Non-hydro d.o.f.



Moments of the Boltzmann equation

Boltzmann equation

Conservation laws

(Jul---un — /km...kunfk A a/u,Ju — 07
; 9, J" = 0,

COHF1Pn  — /kul kP Cf]

4 k /

/

can calculate it exactly for
this interaction, e.q.

[ CcH = %J“J” — %AJ“V — %QHVJAJA n-hydro d.o.f. 2




Moments of the Boltzmann equation

Relativistic
Boltzmann equation kuaufk =C[f

9T = 0
OpJ"" = %(J”JO“ 94 J,\J"> —gAJ”O“
auJJUJVOéA _ QSJ(VJAO!) o _SJ Jp(a )\I/) o _AJZ/C}{A

4 12

26



Moments of the Boltzmann equation

Turn this into a perturbative problem
(similar to Chapman-Enskog)

9, J" = 0

9T = 0
£, J = % (JVJO* 94 J,J’*) — gAJ”O‘
gauJ/JJ/Q{A _ QSJ(VJACI) . _3J Jp(oz Av) _AJVQA

4 12
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Moments of the Boltzmann equation

Relativistic
Boltzmann equation kuaufk =C[f

rewrite as

9 v 6
Jre = Z [ gvge N 0, JH
A ( 4 ) gA ™"

1 1
_ _SJ(VJ)\O{) B | Jp(a AV) a Ju,ya)\
A AP g A

Jl/a)\
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Moments of the Boltzmann equation

Boltzmann equation

rewrite as

Jre = Z(J r-L JAJ*) gAa

1 1 4
_ _SJ(VJ)\G,) B | Jp(a, AV) B Ju,ya)\
@ A A7 J gA "

and iterate
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Moments of the Boltzmann equation

Boltzmann equation

Gradient expansion

2 gua \
gre = Zgrge_9_ g
A ( 4 A )
6
——8 3J(UJ,LLO¢) . —J Jp(a 1) O _232
gA T [«4 AT ] g77)
s
v
O (9_18)

Leading order

2 g.UCE )\
J o~ ST — L
A ( 1 A )
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Gradient expansion

Relativistic
Boltzmann equation kFoufu = C ]

Gradient expansion

2 gf/(]i )\
Jre = Z(grgr—L g
A ( 4 A )

6
——8 3J(UJ,LLO¢) . —J Jp(a 1) O _232
gA ¥ [,4 A" ] +O(g70)

Leading order

2n? n?
J'Y &~ TVV —ﬂ Va vH NM/\/Wa

31



Truncated gradient expansion

Relativistic
. H —
Boltzmann equation K 8Mfk =C[f
A = f dK fox = Xp o T?
272
11 )
Ideal fluid . de By for — eXp2 73
T
3n? exp o, 4
— ﬂ — 3 ';TQ 1= =«

Leading order

202 n2

Jr/a ~ - __VOé 7! — M A
AVV > 19 y N¥/y/NA\N*,
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Truncated gradient expansion

Boltzmann equation

Gradient expansion

9 gre \
JUCK — T JI/JG{ . J J
A ( 4 A )
_i(? iSJ(VJMQ) _ iJ Jp(ag;u/) e (g_282)
gA " | A AP
First-order
g v Jo 9" A g vo 3 (a Fuv) 1 ()
=\ JJ" — S| == AJY =0, | =TI — —J, TP gt
3( T ) 67" " [A A

Equations of motion for A, J and J/ 33



Truncated gradient expansion

Traditional projections

AX AX TV o L
: de .
Q%U PO + %H"X = geAf)?iV”Ua — 2A0XRVU° A
T
2

AN U™ + gAf;gv“ha
2 2 1 1 .
—I——Ai\éhavyn + —A_Af/\gh,avy (_) 4 _HAXA_
\_ 3n 3 A A ")

Very similar to Israel-Stewart theory
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Truncated gradient expansion

Traditional projection: shear-stress

[N = AMNXTY* NF =npUH

— 2.

_|_2
3n

X
Vo

)
n"v,ue + §A""V”hf"

2 1
AMXRONVY 0+ §A_Af;§hav’ (

A

) + v

A /

Very similar to Israel-Stewart theory

Here, Israel-Stewart theory appears as a
first-order theory
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Sad ending
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Truncated gradient expansion

Traditional projection: scalar component

Project the equation with U, U, (U* = N*/n)

. gA? 3n? 8 A 5
, > — —— = —ed, Ul +Te— — —hH"V
’/e T 2n (e QA) 3€ pte T eA n vVl
: 6 -
Eckart en’g/rgy density +Zh“vu,4 + 5h°U, + 11770, U,

Eckart particle density

Conservation law projected in U,
U9, T = é + 2ed, U + 9uh* — B0, — 1179, U, = 0
vOpu _6+§6M T O — hU )y, — pYr =

Unstable!
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Conclusions

- Usual hydrodynamic formulations depend on
a choice of equilibrium frame

- Matching conditions can significantly affect
the magnitude of some transport coefficients

- Using the method of moments, it is possible
to implement a gradient expansion for the
conserved currents — without a reference

frame

But equations are unstable ...
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