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Semi-classical spin hydrodynamics

‣ Nora Weickgenannt et al. (2019) — Kinetic theory for massive spin-1/2 particles 
from the Wigner-function formalism

‣ Nora Weickgenannt et al. (2022) — Relativistic second-order dissipative spin 
hydrodynamics from the method of moments

‣ Nora Weickgenannt et al. (2022) — Relativistic dissipative spin hydrodynamics from 
kinetic theory with a nonlocal collision term

‣ David Wagner et al. (2024) — Damping of spin waves

‣ David Wagner (2024) — Resummed spin hydrodynamics from quantum kinetic 
theory

‣ Annamaria Chiarini et al. (2024) —Semi-Classical Spin Hydrodynamics in Flat and 
Curved Spacetime: Covariance, Linear Waves, and Bjorken Background

‣ Sapna, Sushant K. Singh, David Wagner (2025) — Spin polarization of Lambda 
hyperons from dissipative spin hydrodynamics 

2

This formalism was developed in Frankfurt, mostly by Nora Weickgenannt, carried forward, 
brought to Florence and resummed by David Wagner, and put on a computer by Sushant K. 
Singh. Now, back in Frankfurt, it’s being extended to include electromagnetic fields and curvature 
— pursued as the doctoral work by  Annamaria Chiarini.
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Angular momentum and polarization

3

[Becattini et al, 2018]

Non-central 
collisions

Large initial angular 
momentum 

Fireball’s angular 
momentum

 Polarized final 
hadrons

[L. Adamczyk et al. (2017)]

dN
d cos θ⋆

=
1
2

(1 + αH |PH |cos θ⋆)
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 Covariant spin hydrodynamics in flat and curved spacetime
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∂μTμν = 0

Energy-momentum 
conservation

∂λJλμν = 0
Angular momentum 

conservation 

Jλμν = Lλμν + 𝒮λμν

Decomposition of 
angular momentum 

Lλμν = 2Tλ[νxμ]

Orbital angular 
momentum

Equations of Spin Hydrodynamics 

God of covariance

This definition of orbital angular momentum is specific to Cartesian coordinates

Notations and conventions

ημν = diag(1, − 1, − 1, − 1)

Mostly minus metric sign

A[μν] ≡ 1
2 (Aμν − Aνμ)

Antisyemmtrization

A[μν] ≡ 1
2 (Aμν − Aνμ)

Symmetrization

Equations of spin hydrodynamics

5
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S

6

Lλr ≡ − TλνKr
ν

DμKr
ν + DνKr

μ = 0
Killing vector field that 

generates rotations

Recap: Killing vectors and conserved charges

6

∇λLλr = −
1
2

Tλν(∇λKr
ν + ∇νKr

λ) = 0

Spacetime symmetries + a conserved symmetric energy-momentum tensor yield conserved charges

Lr = ∫Σ
dΣμ Lμr

Integrating over a Cauchy hyper-surface

The divergence theorem

The charge is conserved during the evolution

∫Σ2

dΣμ Lμr − ∫Σ1

dΣμ Lμr = ∫ dV ∇μLμr
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What if the energy-momentum tensor is not symmetric?

∇λLλr = −
1
2

T[λν](∇λKr
ν − ∇νKr

λ) ≠ 0

∇α ∇βKγ = 0

In flat spacetime

The correct form of the conserved charge current is found

Jμr ≡ − TμνKr
ν +

1
2

𝒮μαβKr
[α;β]

Jλr = Lλr + 𝒮λr

Decomposition of 
angular momentum 

Non-symmetric energy-momentum tensor

7

Lλr ≡ − TλνKr
ν

Orbital angular 
momentum

Tμν = T (μν) + T[μν]

Nonsymmetric energy-
momentum tensor

T[μν] =
1
2

Dλ𝒮λμν

Spin dynamics 
postulate

𝒮λr =
1
2

𝒮λμνD[νKr
μ]

Spin angular 
momentum

Sanity check: 6x4 = 24
Or you can read our Appendix A
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‣ Agrees with the variational approach [F.W. Hehl (1976) and 
A.D. Gallegos et al. (2021)]

Postulate that the divergence of the total angular momentum vanishes!

T[μν] = −
1
2

Dλ𝒮λμνDμTμν = −
1
2

Rν
αβγ𝒮

αβγ

Resembles Joule-
Heating term

DμTμν = − FνλJλ

Inspired by a discussion 
with A. Yarom in Trento, 
we thought about the 

curved space-time 
generalisation

Extension to curved spacetime

8

The novelty is

Kr
α;βγ = Rν

γβαKr
ν

∇μJμr = − Kr
ν (∇μTμν +

1
2

Rν
αβγ𝒮

αβγ) − Kr
[α;β] (T[αβ] +

1
2

∇μ𝒮μαβ)



 

 

CRC -  TR 

GGI 2025 | 17.04.2025Spin HydroMasoud Shokri

Pseudo-gauge transformations

9

Tμν′￼= Tμν + ∇λZλμν 𝒮λμν′￼= 𝒮λμν − Φλμν Zλμν ≡
1
2 (Φλμν − Φμλν − Φνλμ)

Jμr′￼= Jμr − DλAμλr Aμλr = ZλμνKr
ν

∇μ ∇λZλμν = −
1
2

Rν
λαβZαβλ

T[μν]′￼= −
1
2

∇λ𝒮λμν′￼∇μTμν′￼= −
1
2

Rν
αβγ𝒮

αβγ′￼

Hydro currents are not 
unique

The change in angular 
momentum leads to a 

boundary term

∫ dΣμ ∇μ Aμλr = ∫ dSμλAμλr

The EOM are 
covariant

Without these modifications the 
EOM do not transform properly!
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On Equilibrium
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Global thermodynamic equilibrium 

11

β⋆ = λ⋆
I KI λ⋆

I =
∂S
∂QI

GTE
β⋆ ⋅ β⋆ > 0

Thermal Killing vector

The thermal Killing vector determines the fluid velocity and temperature

uμ =
β⋆

μ

β⋆ ⋅ β⋆
T =

1
β⋆ ⋅ β⋆

Thermal vorticity in equilibrium

ϖ⋆
μν ≡ − ∇[μβ⋆

ν]

GTE is dictated solely by the geometry of spacetime and 
the intensive parameters of the environment.

It should not be confused 
with the beta vector!

Although in GTE, it is equal 
to the beta vector.
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Local thermodynamic equilibrium as a map

12

Point-by-point mapping of each point to 
a point in the set of all possible (global) 
equilibrium states of the same fluid

If the map is unique, then the fluid is in 
LTE

Choose a uμ

Matching condition
Tμν(x)uμ(x)uν(x) = ϵ(e)

Hydro currents are found 
from expanding around e
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Local thermodynamic equilibrium as a map

13

In the work of Israel-Stewart the set 
were 4 (or 5)-dimensional

However the thermal 
vorticity provides us with 6 

extra dimensions

With nonzero thermal 
vorticity the equilibrium 

state is anisotropic 

(ε + P) (aμ −
∇μT

T ) = − Πaμ + ∇μΠ + ⋯

Power-counting confusion
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Local thermodynamic equilibrium as a map

14

In the work of Israel-Stewart the set 
were 4 (or 5)-dimensional

However the thermal 
vorticity provides us with 6 

extra dimensions

With nonzero thermal 
vorticity the equilibrium 

state is anisotropic 

We assume ϖ ∼ 𝒪(∇)

But will remind ourselves 
that thermal vorticity can 

exist in GTE
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Enters the Spin Potential

15

‣ Thermal vorticity serves as the intensive parameter for angular 
momentum—akin to the chemical potential to temperature ratio.

‣ Out of Equilibrium: spin potential Ωμν

Ωμν = 2u[μκν] + ϵμναβuαωβ

κμ = − Ωμνuν ωμ =
1
2

ϵμναβuνΩαβ

Electric component Magnetic component

Global equilibrium 

−
1
T

aμAcceleration
1
T

ϑμFluid vorticity

aν ≡ uα ∇αuν ϑμ ≡ −
1
2

ϵμναβuν ∇αuβ
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Semi-classical spin hydrodynamics: the fun
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Three assumptions of semiclassical spin hydro

17

Semi-classical expansion

Spin Hydrodynamics

Polarization

Pre-Hydro

𝒮λμν = (ℏ0) + (ℏ) + (ℏ2)

𝒮λμν = ℏSλμν

Assumption I. spin 
tensor is small

Tμν = (ℏ0) + (ℏ) + (ℏ2)

Assumption III. No first-order 
contribution and symmetric at 
zeroth order

T[νμ] = 0 DλSλμν = 0
Assumption II. In global 

equilibrium spin is 
independently conserved

Global equilibrium 

DμTμν = 0

Dλ𝒮λμν = 2T[μν]

These assumptions are extracted from 
quantum-kinetic theory based formalism: 

N. Weickgenannt et al, 2022


Standard 
hydrodynamics

Polarization

Pre-Hydro

Spin 
Dynamics

DμT (μν) = 𝒪(ℏ2)ℏDλSλμν = 2T[μν]

No back-reaction
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Ideal-spin hydrodynamics 

18

DμT (μν) = 𝒪(ℏ2)

24 unknowns - 6 equations

Sλμν = Sλμν
0 + δSλμν

The name is misleading, it is dissipative

Extra equations of motion are 
needed


N. Weickgenannt et al, 2022


D. Wagner, 2024


ℏDλSλμν = 2T[μν]

Ideal-spin: 
6 components of

Ωμν

Sλμν
0 = AuλΩμν + BuλuαΩα[μuν] + CuλΩα[μΔν]

α + DuαΩα[μΔν]λ + EΔλ
αΩα[μuν]

A, B, C, D, E are functions of temperature
B − C − D + T

dE
dT

= 0

Constrained By 
assumption III

A =
ℏT2

4m2

1
dT

(ε − 3P) B =
ℏT2

4m2

dε
dT

C = D = E = −
ℏT2

4m2

dP
dT

Quantum-kinetic theory values

−ℏ2Γ(κ)u[μ (κν] + ϖν]αuα) +
1
2

ℏ2Γ(ω)ϵμνρσuρ (ωσ + βΩσ) + ⋯
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Ideal-spin equations of motion

19

Comoving time-derivative

Fluid vorticity
Shear tensor

Expansion scalarInv. temperature derivative

Acceleration

Quite a mess but …
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.

In a poor man’s toolbox

20

τκ
·κ + ⋯κ = ⋯∇ × ω + ⋯ × ω −

⃗a
T

τω
·ω + ⋯ω = ⋯∇ × κ + ⋯ × κ +

⃗Ω
T

DμT (μν) = 𝒪(ℏ2)DμT (μν) = 𝒪(ℏ2)

Standard 
hydrodynamics

We need a solution of 
hydrodynamics to feed 
into the spin equations

Relaxation-type 
equations: 

Determine how the 
components of spin 
potential relax to the 

components of thermal 
vorticity

Hydrostatic

Linear hydro

Bjorken flow

How long does it take for spin 
potential to relax to thermal 

vorticity?

Before turning to 
numerical solutions let’s 
look into the poor man’s 

toolbox
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Damped spin waves

Fourier Transform  

.

Damping of spin waves

21

Wave frequency 

Hydrostatic

Linear hydro

Bjorken fl

[D. Wagner, M.S, and D. H. Rischke Phys. Rev. Research 6, 043103]

τκ ⃗·κ + ⃗κ = μκ∇ × ⃗ω

τω
⃗·ω + ⃗ω = − μω∇ × ⃗κ

ω2
0 − iℏaω0 − v2

𝔰
⃗k2 − ℏ2b = 0

Fluid in 
equilibrium at 

rest

a =
τκ + τω

τκτω
b =

1
τκτω

v2
𝔰 =

Γ(κ)τκ

4Γ(ω)τω

X(x) = ∫
d4k

(2π)4
eik⋅x/ℏX(k)

Damping term
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Perturbing the 
equilibrium 

Linear spin hydro

22

Hydrostatic

Linear hydro

Bjorken fl

∂μδT (μν) = 0

ikμδT (μν) = 0

ikλδSλμν = δT[νμ]

ℏ∂λδSλμν = δT[νμ]

Spin and fluid modes decouple in the linear 
regime: Det(M) = Det( ) Det( )Mf Ms

( Mf 𝒪(ℏ2)
Mfs Ms ) (δφ

δψ) = 0

Fluid fields

Spin fieldsFluid-induced 
source terms

Spin back-reaction

MAB
f δφB = 𝒪(ℏ2)

MAB
s δψ B + MAB

fs δφB = 0

Det(M) = 0      characteristic equation

Fourier Transform 

  δX(x) = ∫
d4k

(2π)4
eik⋅x/ℏδX(k)

Damped spin waves
ω2

0 − iℏaω0 − v2
𝔰

⃗k2 − ℏ2b = 0
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Conformal symmetry 
applied at classical 

order 

Conformal Bjorken Flow

23

In a poor man's toolbox:

Hydrostatic

Linear hydro

Bjorken flow

Conformal symmetry 
broken at 𝒪(ℏ2)

Bjorken flow

Tμ
ν = diag(3P, − P⊥, − P⊥, − P∥) + 𝒪(ℏ2)

First-order nonlinear ODE

DNMR Equations of motion

DμT (μν) = 0
τπ

·π⟨μν⟩ + πμν = 2ησμν − δπππμνθ − τπππλ⟨μσν⟩
λ

Redef. Heller-Spalinski 
f(w) = 1 + τT′￼(τ) w = Tτ

Slow-roll approximation 
for f(w)

τκκ′￼(w) + F[ f(w)]κ = 0

τωω′￼(w) + G[ f(w)]ω = 0

Late time behaviour

x ∼ exp (−
3τ
2τx )  τ = t2 − z2 η = arctanh

z
t

d2s = d2τ − d2x − d2y − τ2d2η

Milne coordinates
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Timescales in spin hydrodynamics 

24

The relaxation times 𝜏𝜅 and 𝜏𝜔 as functions of 𝑧=𝑚/𝑇 in units of the 
relaxation time of the shear-stress tensor 𝜏𝜋. The solid lines denote 
the result for a scalar four-fermion interaction, while the dashed lines 
refer to (screened) one-gluon exchange. 

Low-energy collisionsHigh-energy collisions

Spin degrees of freedom relax 
quickly in high-energy 
collisions, while these 

timescales for low-energy 
collisions might be even larger 
than the lifetime of the fireball!
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The triumph

25



/ #S

Semi-classical spin hydrodynamics: the price
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A simple example of thermodynamic stability

27

Body’s state

Our knowledge 

Entropy is maximised 
conjugate to our 

knowledge of conserved 
charges

The environment performs work to shift 
the system slightly out of equilibrium

δWmin = δE − TEδS + PEδV > 0

A small body in an 
environment
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A simple example of thermodynamic stability

28

Body’s state

Our knowledge 

Entropy is maximised 
conjugate to our 

knowledge of conserved 
charges

Entropy is not 
produced but is not 

maximised

A small body in an 
environment

( 1
TE

−
∂S
∂E ) δE + ( PE

TE
−

∂S
∂V ) δV

δWmin = δE − TEδS + PEδV > 0

First-order derivative: 
the intensive 

parameters are equal to 
those of the bath
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A simple example of thermodynamic stability

29

Body’s state

Our knowledge 

Stable against slight 
perturbations

A small body in an 
environment

δWmin = δE − TEδS + PEδV > 0

Second-order 
derivative:thermodyna

mic inequalities

Cv > 0
∂P
∂V T

< 0 Cp > 0
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Thermodynamic stability

30

Φ ≡ S − λ⋆
I QI ≤ log ZGTE Φ = ∫Σ

dΣμϕμ

ϕμ = Sμ − Tμνβ⋆
ν +

1
2

𝒮μαβϖ⋆
αβ

ϕμ

λ

ψ → ψ + δψ δψ =
dψ
dλ

δλ ≡ ·ψ δλ

·ϕμ(0) = 0

Eμ = −
1
2

··ϕμ(0) future-directed and non-spacelike

Gibbs stability criterion

Slightly perturb the fields, keeping starred 
quantities constant

At first-order, the stationary points 
are found

At second-order, the information-current is 
found

Stability 
conditions
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The Maxwell-Israel-Stewart Miracle

31

\

The electromagnetic part of the information 
current is stable and causal by construction 
and, therefore, the stability criteria found for 
Israel-Stewart-type theories of 
hydrodynamics automatically extend to 
similar formulations of 
magnetohydrodynamics.

[L. Gavassino, MS, (2023)]
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The price of truncating at first-order

32

ϕμ = Sμ − Tμνβ⋆
ν +

1
2

𝒮μαβϖ⋆
αβ

𝒪(ℏ2)

dϵ = Tds + 𝒪(ℏ2) dP = sdT + 𝒪(ℏ2) ϵ + P = sT + 𝒪(ℏ2)

ϕμ

λ

Missing information at 𝒪(ℏ2)

We know things at 
second-order

So we don’t know everything!

To be consistent, we need to 
truncate second-order terms:
ϕμ = Sμ

f − T (μν)
f β⋆

ν + 𝒪(ℏ2)

And truncate our 
thermodynamic identities

Fluid stability criteria (already known)
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Outlook



Components that vanish in 
equilibrium become finite at 

intermediate times

These transient 
components eventually 

relax to zero

If polarization is computed at mid-
times, these components can lead 

to unexpected signals

The equilibration time 
is expected to related to 

relaxation times and 
other coefficients. 

Adopted from QM 2025 poset of Annamaria Chiarini

How can we compare LTE and spin-hydro?



z

ρ

ψμ

ℓμ

normalized acceleration

normalized 
kinematic 
vorticity

t

ϕ

uμ

ζμ

 four-velocity

orthogonal 

Temperature 
increases with 

radius 
∇μT = Taμ

Rigidly rotating
 ∇μuμ = 0

σμν = 0

An orthonormal tetrad can be defined, built from the four-velocity, normalized acceleration, 
normalized kinematic vorticity, and a fourth vector orthogonal to all three.

Adopted from QM 2025 poset of Annamaria Chiarini

Rigidly rotating cylinder as a benchmark
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What is hiding at higher orders?

‣ Couplings between gauge fields and spin degrees of freedom, 
as well as anomalous transport effects

‣ Back-reaction from spin to the fluid

‣ Gravity-induced quantum effects

‣ Inherently anisotropic currents

36
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Summary

‣ Covariant definitions for angular momentum currents

‣ Modifications of energy-momentum-conservation in curved 
spacetime

‣ Revised pseudo-gauge transformations in curved spacetime

‣ Spin and fluid modes decouple in the linear regime

‣ Information-current method: (1) at first order in  spin tensor 
does not modify fluid’s stability conditions (2) the equilibrium 
currents are inherently anisotropic

‣ Spin potential damping in Bjorken flow is similar to damping of 
spin waves

‣ Spin potential relaxes quickly in high-energy collision and 
slowly in low-energy collisions

ℏ

37


