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Semi-classical spin hydrodynamics cncﬁ%

This formalism was developed in Frankfurt, mostly by Nora Weickgenannt, carried forward,
brought to Florence and resummed by David Wagner, and put on a computer by Sushant K.

Singh. Now, back in Frankfurt, it’s being extended to include electromagnetic fields and curvature
— pursued as the doctoral work by Annamaria Chiarini.

» Nora Weickgenannt et al. (2019) — Kinetic theory for massive spin-1/2 particles
from the Wigner-function formalism

» Nora Weickgenannt et al. (2022) — Relativistic second-order dissipative spin
hydrodynamics from the method of moments

» Nora Weickgenannt et al. (2022) — Relativistic dissipative spin hydrodynamics from
kinetic theory with a nonlocal collision term

» David Wagner et al. (2024) — Damping of spin waves

» David Wagner (2024) — Resummed spin hydrodynamics from quantum kinetic
theory

» Annamaria Chiarini et al. (2024) —Semi-Classical Spin Hydrodynamics in Flat and
Curved Spacetime: Covariance, Linear Waves, and Bjorken Background

» Sapna, Sushant K. Singh, David Wagner (2025) — Spin polarization of Lambda
hyperons from dissipative spin hydrodynamics
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Angular momentum and polarization cncﬁﬁ

[Becattini et al, 2018]
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[L.Adamczyk et al. (2017)]
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Covariant spin hydrodynamics in flat and curved spacetime




Equations of spin hydrodynamics cncﬁﬁ

Equations of Spin Hydrodynamics

20,T" =0 0,J" = (
H y)
Energy-momentum Angular momentum
conservation conservation

This definition of orbital angular momentum is specific to Cartesian coordinates

Jxl,ul/ — L/l,ul/ + Cs»l,uz/ L/I,m/ — 2T/1[1/x,u]
Decomposition of Orbital angular
angular momentum momentum

God of covariance

Notations and conventions

n,, = diag(1l, - 1,— 1, - 1) Al = (A — vy Al = Lam — gy

Mostly minus metric sign Antisyemmtrization Symmetrization
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Recap: Killing vectors and conserved charges cncﬁ%

Spacetime symmetries + a conserved symmetric energy-momentum tensor yield conserved charges

R 1. + DK =0

Killing vector field that
generates rotations

1
VL7 = — ETM( V,KI+V,K))=0
Integrating over a Cauchy hyper-surface

L =[ d=, L
2z

The divergence theorem

[ dx, L — J dx, LM = JdV v, L*
22 21

The charge is conserved during the evolution
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Non-symmetric energy-momentum tensor cncﬁ%

What if the energy-momentum tensor is not symmetric? 7% = 7w 4 Tlw]

1 Nonsymmetric energy-
ViLﬂ}" = — ETMU]( V}LKZ — VVK/{) ?é O momentum tensor

Tlur] — l D ﬂcgww
2 The correct form of the conserved charge current is found

Spin dynamics

postulate JHT = — THWKT 4 l Csv,uaﬁ r
— ) [a; 5]
VO( VﬁKy — O 1
In flat spacetime J" =L+ $7 S = EC‘S) MUD[UK;] LV = - T;“/K;

Decomposition of Orbital angular

in anqular
angular momentum Spin angula momentum
momentum

Sanity check: 6x4 = 24

Or you can read our Appendix A
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Extension to curved spacetime cnc’ﬁ

The novelty is

Inspired by a discussion K' — RV r
. ] afy — T ypav
with A. Yarom in Trento,
we thought about the
curved space-time

1
generalisation V,JHW=-K < vV, T + ERVaﬂyoyaﬁ}’> — K/

1
apl 4y gHap
- <T +=V, 8 )

Postulate that the divergence of the total angular momentum vanishes!

Resembles Joule-
Heating term

D" = - F*J,

D TW = — le S Tl — _ lD/ICS)/IﬂU
2 2

> Agrees with the variational approach [F.W. Hehl (1976) and
A.D. Gallegos et al. (2021)]
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Pseudo-gauge transformations cnm

THY! — THY 4 Vﬂ Z/l,uv Cs»l,uw — C5>/1/,w _ (D/l,m/ Z/l/,w — l ((I)}t,m/ _ (I),uxlv _ (I)I//l,u)
2

Hydro currents are not
unique

JHIT — JHT _ D/lA/Mr A/Mr — Zﬂ,m/KZI/”

The change in angular
momentum leads to a
boundary term

Ar Ar
szﬂ V, AR = [dSMAﬂ

1
V,M VAZMU - = ERvﬂaﬂZam

Without these modifications the
* EOM do not transform properly!

1 1
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On Equilibrium



Global thermodynamic equilibrium cncﬁ%

Thermal Killing vector

oS
pr=ArKt A=t pr-p*>0
Q GTE

It should not be confused
with the beta vector!

The thermal Killing vector determines the fluid velocity and temperature

Br 1
u, = T =
YNBEB /B B* Although in GTE, it is equal

to the beta vector.

Thermal vorticity in equilibrium

GTE is dictated solely by the geometry of spacetime and

the intensive parameters of the environment.

Masoud Shokri Spin Hydro GGl 2025 | 17.04.2025



Local thermodynamic equilibrium as a map cnm

Point-by-point mapping of each point to
a point in the set of all possible (global)
equilibrium states of the same fluid

Choose a u*
x
. M
K Matching condition
\\ T*(xX)u,(x)u,(x) = e(e)
\

\ Hydro currents are found
ZEQ from expanding around e

-

e = Ze,u)

If the map is unique, then the fluid is in
LTE

Masoud Shokri Spin Hydro GGl 2025 | 17.04.2025



Local thermodynamic equilibrium as a map cnc’ﬁ

In the work of Israel-Stewart the set
were 4 (or 5)-dimensional

However the thermal
vorticity provides us with 6

T extra dimensions
\ M
\ With nonzero thermal
Y vorticity the equilibrium

state is anisotropic

Power-counting confusion

v,T l
(e+P)| a,— T =—Ia,+V, Il + -
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Local thermodynamic equilibrium as a map cnm

In the work of Israel-Stewart the set
were 4 (or 5)-dimensional

However the thermal
vorticity provides us with 6
extra dimensions

With nonzero thermal
vorticity the equilibrium
state is anisotropic

We assume w ~ O(V)

But will remind ourselves
that thermal vorticity can
exist in GTE
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Enters the Spin Potential cnc‘-ﬁ

» Thermal vorticity serves as the intensive parameter for angular
momentum—akin to the chemical potential to temperature ratio.

> Out of Equilibrium: spin potential €, .
Heat bath
) O-‘X

QY = 2u v 4 eﬂyaﬂuaa)ﬂ

l l

1
U — _ QMY W — _ opvap
Kkt = —QMu, ® —26 U, 2,5
Electric component Magnetic component

Global equilibrium

Acceleration ——g# Fluid vorticity —9#

T
1
a” = u”V u" I = — —ehviby Valp
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Semi-classical spin hydrodynamics: the fun



Three assumptions of semiclassical spin hydro

Pre-Hydro

S = (A% + (h) + (AP

l

Spin Hydrodynamics S — A
D" =0
D, M = 2TH]

Assumption l. spin
tensor is small

Global equilibrium
Tlvrl —

Assumption Il. In global
equilibrium spin is
independently conserved

™ = (A°) + (h) + (7?)

l

Assumption lll. No first-order
contribution and symmetric at
zeroth order

Semi-classical expansion =—t-

D,s* =0

CR:T%

Pre-Hydro

No back-reaction

Spin Standard
Dynamics _ hydrodynamics

AD,S* = 2] D, T = 6(h*)

These assumptions are extracted from
quantum-kinetic theory based formalism:

N. Weickgenannt et al, 2022
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Ideal-spin hydrodynamics cncﬁ%

24 unknowns - 6 equations

1
) l)/1 S}WU — 2T[MV] > — R, Lu (Kv] + wv]aua> + Eh2r(a))€,uvpaup ( W, + :BQG) 4o

Extra equations of motion are
SHY = Sgﬂy + 55 needed

l N. Weickgenannt et al, 2022
D. Wagner, 2024
Ideal-spin:
6 components of The name is misleading, it is dissipative
Qv

l

S = AurQ" + Butu, Q) + Cu'QUFAY | + Du QU AV + EAF Q11

dE hAT? 1 AT? d AT? dP
B-C-D+T—=0 A= (e—3P) B=  C=D=E=-—
dT 4m? dT 4m? dT 4m? dT
Constrained By Quantum-kinetic theory values

assumption Il
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ldeal-spin equations of motion cncﬁ%

Comoving time-derivative Inv. temperature derivative Expansion scalar
0A 0B 0C) . 2
A—B-0)&M = — - - A-B-C+:=D “ D (9" + oA
( C)k [(35 95 aB)ﬁ-i—( C-|—3 )9]& + D (9" + 0" K
V o |
+elPoy,, [(E +2C — A)a,we + EV,w, + (%VPB) wa]
+A") (k¥ + @ u,) — R0 (V#B + Ba*)},  Fluid vorticity Sheartensor
: 0A oC'\ . 2 T
(A—2C)0'W = — [(% — 2%) B+ (A —2C — §E) 0] wh — E (9" + ") wy

Lty [(B +C —A—D)ay,ks + DV, ks + (g—lﬁ)vpﬂ) ﬁ:a]
—hl(®@) (WH + BUH) § l

Acceleration

Quite a mess but ...
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In a poor man’s toolbox

We need a solution of
Standard hydrodynamics to feed

hydrodynamics into the spin equations

Before turning to
numerical solutions let’s
look into the poor man’s

toolbox

Determine how the
components of spin
potential relax to the

components of thermal
How long does it take for spin vorticity

potential to relax to thermal
vorticity?
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Damping of spin waves cR:T%

Fluid in
equilibrium at
rest

Damped spin waves

[D. Wagner, M.S, and D. H. Rischke Phys. Rev. Research 6, 043103]
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Linear spin hydro cR:T%

Perturbing the
equilibrium

() —
0,6T#) =0

 tinearnyero - (EAZERAEISIIE

M{Psp® = o)
; Auv _ U
Fluid fields M?Bél/jB + MgBéqoB — () lk/15S HY — 5T[ ]

ikM(ST(/“‘”) =

Spin back-reaction

Spin and fluid modes decouple in the linear
regime: Det(M) = Det(M) Det(M.)

Fluid-induced Spin fields
source terms

Damped spin waves
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Conformal Bjorken Flow cnm

Bjorken flow

Late time behaviour
3t
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Timescales in spin hydrodynamics cnm

The relaxation times tx and 7o as functions of z=m/T in units of the ITALL MAKES SENSE "ﬂw

relaxation time of the shear-stress tensor 7. The solid lines denote

the result for a scalar four-fermion interaction, while the dashed lines
refer to (screened) one-gluon exchange.
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The triumph CRC-TR2n

Spin Polarization of A hyperons from Dissipative Spin Hydrodynamics

Sapna,!"* Sushant K. Singh,>3:T and David Wagner®4:?

' Dept. of Applied Physics and Ballistics, F. M. University, Balasore, Odisha, India.
2 Department of Physics € Astronomy, University of Florence,
Via G. Sansone 1, 50019 Sesto Fiorentino, Florence, Italy
3 Variable Energy Cyclotron Centre, 1/AF, Bidhan Nagar, Kolkata 700064, India
4INFN Sezione di Firenze, Florence, Italy
(Dated: March 31, 2025)
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Semi-classical spin hydrodynamics: the price



A simple example of thermodynamic stability cncﬁ%

Our knowledge
A small body in an

environment

Entropy is maximised

conjugate to our
knowledge of conserved

charges

Hea:t bath
' o_'x

Body’s state

The environment performs work to shift
the system slightly out of equilibrium

SW._. = 6E — TpS + PV > 0
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A simple example of thermodynamic stability cR:T%

Our knowledge
A small body in an

environment

Entropy is maximised
conjugate to our
knowledge of conserved
charges

Hea:t bath
0-%

Entropy is not
produced but is not
maximised

Body’s state

First-order derivative:

the intensive < 1 _ dS) SE + (PE _ GS> SV

parameters are equal to Tx oE Tx oV
those of the bath
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A simple example of thermodynamic stability cR:T%

Our knowledge
A small body in an

environment

Stable against slight

perturbations

Hea:t bath
0-%

X
Body’s state
Second-order
derivative:thermodyna
mic inequalities
oP
c,>0 —| <0 C,>0
v |,

SW._. = 6E — TpS + PV > 0
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Thermodynamic stability cnﬁm

Gibbs stability criterion

¢l/‘
2

1
— _ vk | cuaf  _x
¢//t — SH _ TH 'By + ZCS’,M waﬂ \

Slightly perturb the fields, keeping starred \
quantities constant

dy .
W — y+ oy 51//=Eé/151//5/1

At first-order, the stationary points
are found A

$*(0) = 0

At second-order, the information-current is

found _ys
EH = — lg'b'”(O) future-directed and non-spacelike Stablllty
2 P conditions
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The Maxwell-lsrael-Stewart Miracle cRc.-ﬁ

The elec_:tromagnetic part of the informati_on z W%gﬁgkiw @/
current is stable and causal by construction \ ik NE et e
and, therefore, the stability criteria found for | W </ /*
Israel-Stewart-type theories of \SRAEL-STEWATR\_}/' {,4  ISRAE - S:WARRY

i i 1= EFABCE E-() -*
h.yd.rodynamlcs.automatlcally extend to s g THEORYV @‘Q f STABLE> »Q /
similar formulations of " LEi &) INFoRVATION . F ..

magnetohydrodynamics. RN/ T CﬂEQENT // PN

[L. Gavassino, MS, (2023)]
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The price of truncating at first-order cncﬁ%

We know things at o)
second-order I

¢ﬂ

Pt = SH — T,Wﬁ; + lcgwaﬂw*

2 p \
Missing information at O(#?) \

So we don’t know everything!

To be consistent, we need to
truncate second-order terms: A

P = SI — T Bx + O(h?) »  Fluid stability criteria (already known)

And truncate our
thermodynamic identities

de = Tds + O(h?) dP = sdT + O(h?) e + P = sT + O(h?)
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Outlook



How can we compare LTE and spin-hydro?

lllustrative Relaxation of Spin Components
Equilibrium value |

The equilibration time
is expected to related to
relaxation times and

If polarization is computed at mid- other coefficients.
times, these components can lead
to unexpected signals

Spin Potential Magnitude

Components that vanish in
equilibrium become finite at
intermediate times

o+ === These transient
Early time Mid time Late time components eventually
— Component preserved in equilib relax to zero

== Transient component

Adopted from QM 2025 poset of Annamaria Chiarini



Rigidly rotating cylinder as a benchmark

Temperature
. B | increases with
Do Rigidly rotating radius
Z
...... B —
e — 7
::%:1 i
Iz " # normalized
— > — - H i i
et ) 1 < kinematic
> —_: : : e four-valaeitv orticit
Ay ¥ _ ' -
> = W = :
R “R="q, -
WHV normalized acceleration
orthogonal

An orthonormal tetrad can be defined, built from the four-velocity, normalized acceleration

normalized kinematic vorticity, and a fourth vector orthogonal to all three.

Adopted from QM 2025 poset of Annamaria Chiarini



What is hiding at higher orders? cncﬁ%

» Couplings between gauge fields and spin degrees of freedom,
as well as anomalous transport effects

» Back-reaction from spin to the fluid
> Gravity-induced quantum effects

> Inherently anisotropic currents
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Summary cncﬁ%

» Covariant definitions for angular momentum currents

» Modifications of energy-momentum-conservation in curved
spacetime

» Revised pseudo-gauge transformations in curved spacetime
» Spin and fluid modes decouple in the linear regime

» Information-current method: (1) at first order in 7 spin tensor
does not modify fluid’s stability conditions (2) the equilibrium
currents are inherently anisotropic

> Spin potential damping in Bjorken flow is similar to damping of
spin waves

> Spin potential relaxes quickly in high-energy collision and
slowly in low-energy collisions
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