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Questions

What is spontaneous symmetry
breaking for hydrodynamics?

What is symmetry of open systems?

Energy-momentum, particle number are not conserved.

What is the dispersion relation for
the Nambu-Goldstone (NG) modes?

propagating, diffusion, ...



Spontaneous
symmetry breaking
for hydrodynamics
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Strong and weak symmetry

Lessa, Ma, Zhang, Bi, Cheng, Wang (’24) Sala, Gopalakrishnan, Oshikawa, You ('24) Huang, Qi, Zhang, Lucas ('24)

Let p be a stationary state

Consider unitary operator Ug for global symmetry G

Ordinal global symmetry acts on p as conjugation
.}.
g Lol

(This symmetry is called weak symmetry)

For thermal equilibrium state,
if ngU; = p symmetry is unbroken

Otherwise symmetry is spontaneous broken



Strong and weak symmetry

Consider unitary operator Ug for Global symmetry G
One can consider
g lio ar ol
Ty :
If ng = ¢"’p Strong symmetry is unbroken

Otherwise strong symmetry
IS spontaneous broken

The vacuum p = | Q)(L2| is invariant under
strong symmetry transformation



Strong and weak symmetry

Grand canonical distribution
o—PH—pN)

= breaks strong symmet

but does not break weak symmetry

(Except Lorentz symmetry)

U,oeqUJr = Peq



Strong and weak symmetry

Order parameter is susceptibility

= Jd3x[d3y<jo(x}i0(y)> - (Jd3X<fO<x>>)2)

For the eigenstate of 0= Jd3xj0(x) O|¥P) = 0|¥)

y vanishes.

Micro canonical ensemble spontaneously
breaks strong symmetry

(local observables give the same results as grand canonical)



Schwinger-Keldysh Path integral

4 = /D¢1D¢2 exXp :755[%] = iS[sz]:

S
S

e tlme
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P2

1—¢2

: forward evolution
: backward evolution

Action is invariant under G| X G,

We consider effective theory associated with
spontaneous breaking of G; X Go.



Construction of effective theory
SSBof G - H

ePrepare &{(x) =™ e G

e Gauging
gauge transformation £(x) — &(x)h(x)
he H

Write down gauge invariant action
which is an effective theory

for the coset G/H



Construction of effective theory

Example) Chiral symmetry breaking in vacuum
SU(N)r X SUWN); — SUWN),,

5R e eiﬂR éL = ei]Z'L
Imposing gauge invariance for SU(V),,
g — Eh(x) &1 — Sph(x)
Gauge invariant combination is
L= élcf;
Effective Lagrangian
N thra/"UTdﬂU+



Hydrodynamics

Strong translation symmetry is broken
Weak Lorentz symmetry is broken

The degrees of freedom are
X*(c’,6) X!'(c",0) " : fluid space

Impose o' = c'(0), o’ — o’
oV —>f(00, g g d el g

cf. Crossley, Glorioso, Liu (’15) ('17)

Note that imposing full diffeo
recover the Lorentz invariance



Hydrodynamics

hAB = aAX'uaBXUg,m/ aOX'u = p* = pu” hy,=p°

S[X] = | d*o\/—hp(B)

which is the effective action for perfect fluid

The effective action is




U(l); x U(l), case

. A Huang, Qi, Zhang, Lucas ('24)
NG field: ™1, ¢'™
Strong:z, > 7, +¢c W =, —C

R/A basis: 7z, =7# — =, rp = () + my)/2
Building block: 774 0;t4 7y
which are invariant under 7, = 7, + ¢ 7z > 7R + c(x)

If weak symmetry is spontaneously broken

0.7y is also allowed



U(l); x U(l), case

eWhen weak symmetry is unbroken

ZL = qipstg — 1(0iy)(0;71g) + -

i : 2
E.o.m. iip — [07(itg) = 0 » w.=—ilk
diffusion mode

eWhen Weak symmetry is spontaneously broken
L = ipig— (073 (0t) ~T (94 (9itg) + -+

i
E.o.m. 7z — T0/7 — v{oimp = 0 * ®=tv|k| 12k2

propagating mode




Open systems




Questions
Hamiltonian systems

Continuum ' ' QLJ” ot

symmetry

Open systems
0, J" # 0 because of friction

What is the symmetry?
Is there any symmetry breaking?

Does a NG mode appear?



Symmetry breaking in open systems
Synchronization

Kuramlt'gto model N=100, K=1.05 :t=0 r=0.06,psi=-1.32

Metronome, fireflies, ...
Driven dissipative condensate

Driving force and dissipative
causes a condensate.

Diehl, Micheli, Kantian, Kraus, Buchler, Zoller, Nature Physics 4, 878 (2008);
Kraus, Diehl, Micheli, Kantian, Buchler, Zoller, Phys. Rev. A 78, 042307 (2008).

figure is taken from Diehl's website



http://www.thp.uni-koeln.de/diehl/research.html

Example) Vicsek model

T. Vicsek, et al., PRL (1995).

£ t—|—At — £L; —|—’U7;At

velocity




t=0 <s>=0.08 t=0 <s>=0.35
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B. Szabo, et al., Phys. Rev. E 74, 061908 (2006




Field theoretical model
Ex.) NG mode in Active hydrodynamics

J. Toner, and Y. Tu, PRE (1998)

Op+V - (pv)=0
Ov+ (v - Vv=av—pv°v—VP+DV(V.-v)+D(v-V) v+ f
nonconserved term noise

Steady state solution: v* = o/ = v§
Symmetry breaking: O(3) — O(2)
Fluctuation: v = (vg + dv,, dv,, 6v,)

* w=ck w=—i'k? NG modes

propagating diffusive




Can we discuss symmetry breaking
without ordinary conservation law?




Conserved system
Symmetry: Invariance of the action

Continuous symmetry =conservation law
EXx: harmonic oscillator in 3d

1 1
Sedidiladta l
/ A

EOM: £ + ¢ = ()
Rotation: ©r —- &+ € X @

Noethercharge: Lrp =x xp p=<

which is time independent:
Lipe—wrocpbesan=n cpn. poari—i0



If there Is a friction
T = p=-Yp—T

Equation is covariant, but

~ Angular momentum is not conserved

o ) ol Ry RS Tt 0 7oy

o R S T A T e e S B SR T i IS s M e AR RN

2 & 5 e RN R AU wdbie o rarats PrAs G T EAQN] 0 Pl MRS
R A PRI e g A A STeLa L AR YSh{-l A H‘%» ’ RhaY S g “;if/ B 2



We define the action
S —/dti-(ierJrvm')

auxiliary field
under rotation
Py le>x P g Sap e g

the action is invariant

Noether charge: L 4, = x X (253 — Y&)

Open system has a weak symmetry,
but strong symmetry is explicitly broken.

" d
Dl PN URTRecls SRR
ala by



Symmetry of Open quantum system

Schwinger-Keldysh Path integral

b time
D2
7 — /D¢1D¢2 exp {ZS[¢1] = ZS[¢2] e Z0512[¢17 ¢2]}
complex

1, Q2 :Symmetry generators:
S|p1], S|@2| are invariant.

Q1+ Q2

512 [le, ¢2] explicitly break the strong symmetry Qr = =

but keep the weak symmetry Q4 = Q1 — Q-



Spontaneous symmetry breaking

Minami, YH (’18)

Ex1)SU(2)xU(1) model

iS = /d4$ ily (—85 + V2 = 480 — m? — 2)\|0r[?)pr — Aplypa + -
V(o)

¥R/A two component complex field

@R:(ﬂ'l i7T2,U h i?Tg)

Linear analysis
(83 e ’)/(9() e Vz)ﬂ'a = ()
P —w’ —iyw+ k=0

* o P 1 U Dy Lo et
W > 2\/7 = ij”y

diffusion mode




Low-energy effective theory
and dispersion relations

N
h;.s-
5

h




U(l); x U(l), model

NG field:e¢'"1, ¢'™
Weak:z, > ny+c n, - 1, +C

Strong: r, >y +¢c ©, > m—c

R/A basis: Ty =7 — T 7g= (7 + m,)/2
Building block: 74 0.7, 75

which are invariant under 74 = T4 + C 7y — 7p + c(x)
Strong symmetry is explicitly broken

T4 is allowed
If weak symmetry is spontaneously broken

aiﬂR Is also allowed



U(l); x U(l), model

eWhen weak symmetry is unbroken

ZL = ympdig + 7ip7tg — 1(0;74)(0;7) + -+

E.0.M. iz +yig—T V(i) =0 » W~ —1y
damping mode

eWhen weak symmetry is spontaneously broken

L = ympdig + TipTig — Vs2 (0;)(O;p) — 1'(0;y )(0;7tR) + -+

2
E.0o.m. 7z +yig —T0/7 — vioimg = 0 * W =~ ivs k?

I
diffusion mode



Type-A and
Type-B NG modes




Nambu-Goldstone theorem

Nambu(’60), Goldstone(61), Nambu Jona-Lasinio(’61),
Goldstone, Salam, Weinberg(’62).

For Lorentz invariant vacuum
Spontaneous breaking of global symmetry

N
Nnyg = NBs

# of NG modes # of broken symmetries

Dispersion relation:w = c|k|


http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380
http://dx.doi.org/10.1007/BF02812722
http://prola.aps.org/abstract/PR/v122/i1/p345_1
http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380

Exception of NG theorem
NG modes with /Ngg 7& Nya and W <f< k exist

NG modes in Kaon condensed CFL phase

Miransky, Shovkovy (’01) Schafer, Son, Stephanov, Toublan, and Verbaarschot (’01)

SUR2); xU(1)y = U(1)em
Nps =3, Nng =2

Dispersion: w o k and w o< k°

Magnon

HHHHH spin rotation SO(3) — SO(2)
Do dinn G L) = O Nopea 1

Dispersion: w o k-


http://www.sciencedirect.com/science/article/pii/S0370269301012655
http://prl.aps.org/abstract/PRL/v88/i11/e111601

Classification of NG modes

Watanabe, Murayama (’12), YH (’12)
cf. Takahashi, Nitta ('14), Beekman (’14)

)
Type-A Type-B

Harmonic oscillation Precession
N4 = Nps — rank([iQq, Qb)) Np = %rank{[i@a, Qb))
Ex. ) superfluid phonon EXx. ) magnon

» NN = Ng — —< Qa, Qb))


http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://arxiv.org/abs/arXiv:1203.1494

Effective Lagrangian approach

Leutwyler(’94) Watanabe, Murayama (’12)

Write down all possible term

1 Gab .
L:: §pab7'('a7:('b | 92b7T 9

+higher orders

: dab
aﬂ_b aa b

a
g T O Tt

No Lorentz symmetry:
The first derivative term may appear.

»ﬂab ¢ —i([Qa; Jb ()]) = (dadp (2))

Watanabe, Murayama (’12)
YH (’12)



http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://%09http://link.aps.org/doi/10.1103/PhysRevD.49.3033
http://prl.aps.org/abstract/PRL/v108/i25/e251602

Spontaneous symmetry break_ing
Ex2) SU@xU(Tmodel ™"

with chemical potential p

= /d‘*az[w;(—(ao +ip)® 4+ V2 — 48y — m® — 2\|¢r|? )R — AQOLQOA} e

<—ag PPN 201, ) (m) - Vi¢)

— 2400 —03 — 0y + V4 ) \ o

k’2
» = rree—; (20 — )




Effective Lagrangian
In open system

Assumptions:
estrong spacetime translation are explicitly broken,
and weak spacetime translation are unbroken.

Z = Pabﬂﬁﬁg - @ﬂii’fﬁ " 8ab(ai”fxl)(ai7f1[3) = Fab(aiﬂj)(aiﬁ?{) A

Symmetry matching implies p,;, = (5Ra jgb(x))

E.O.M

sl il o, Dyt
Par®r — apip + 8ap9i g + 1,077 = 0



Classification Degrees of Freedom

Shih ) o, 2h
Par®r — 8apip + 8up9i g + 1 ,0i7s = 0

DOF belonging to kernel of p_, = Type-A
DOF belonging to coimage of p , = Type-B

t+aplk| — ibalk|? Type-A propagation mode
—iy|k|? Type-A /B diffusion mode
+ag|k|? — ibg|k|? — icglk|* Type-B propagation mode

—I damping mode
Some relations (conjecture)
dlm(kél’ P ) = N A—prop A A—diffusion

dimp = 2N, B—prop + V) B—diffusion T N damp

Dae =N b 20 b N



Typical behaviors of spectra

_Isolated system




Summary

Hydrodynamics: Strong to weak symmetry breaking

Ordinary symmetry breaking: weak symmetry breaking

Open system: explicit breaking of strong symmetry

talk| — ibalk|? Type-A propagation mode
—iy|k|? Type-A /B diffusion mode
t+ap|k|? — ibg|k|? — icg|k|* Type-B propagation mode

—I damping mode

Some relations (conjecture) p_, = (5ij2a>
dim(ker P) =P\ A—prop + N A—diffusion

dimp = 2N, B—prop + B —diffusion nehf damp

N BS — N A—prop + 2N B—prop k) B—diffusion



Backup

Exotic NG modes
In nonequilibrium steady state




Under shear flow

Y. Minami, H. Nakano, Y. Hidaka, 2009.10357

)
—>
—>  u(2)

——
—— et

moving wall with velocity v

What are the NG modes
in non-equilibrium steady state?



Model: O(/N) scalar model

Y. Minami, H. Nakano, Y. Hidaka, 2009.10357
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Quantum time crystal

with T. Hayata

No quantum crystals in Hamiltonian system
Oshikawa, Watanabe,Phys. Rev. Lett. 114, 251603 (2015)

v

Time crystals can exist in open quantum system

What is the NG mode in time crystals?
Is it possible to appear a proagating mode?



Quantum time crystal

with T. Hayata
Example 1) van del Pol type model

e / dopa (-02 + V2 (L= RGR) 01 — 2)0%) dr +iA($4)°

Time translation symmetry is spontaneously broken.
Order parameter /xv =0.1 Fluctuations w = —iC’p2

=
O
S
g
é




Quantum time crystal

with T. Hayata
Example 2) complex van del Pol type model

S :/d% % (— @ tany e il slon e — e — zA\atch\?)ch
+ (Hermite Conjugates> + i A|® 4]°

Time translation and U(1) symmetries are spontaneously broken.

Order parameter
VEY=0.1,1/vk=0.5,cm* =10,k =1.0




Quantum time crystal

with T. Hayata

Type-B modes
(0rQa) # 0

Time U(1)

Fluctuations

w = (£C1 —iCy)p? M is large
-7 one propagating mode

M IS small
two diffusive modes

(over damping)




Spontaneous symmetry breaking
Minami, YH (’18)
SU(2)xU(1)model
with complex potential
i8 = /d4 (wA(( 05 + V? — (v + 2ip)0 — mZ — imi)pg
— 2(Ar + X)) (PR PR)PR) — ASOQSOA) e
Assuming ¢r = (0, ve™""")
Gap equation
(o = Wliooy — e — O e A = e — 2o e =1
Symmetric phase v =0
Broken phase v #0, wo#0



Spontaneous symmetry breaking
SU(2)xU(1)model |

with complex potential
Linear analysis

—83 T 780 - VZ 2(,u e wo)a() 1 o
—2(,u — wo)ﬁg —(98 o ’78() L VQ 2 :

Le :
L = 4(:“ - w0)2 o fyg (:ZQ(M 7 WO) o 27)
We still have quadratic dispersion

Similarly, we find

kz
2
v+ 2(p — wo)Ai/ Ay

Diffusive mode

==



