
Unified Description of Hydrodynamic 
and Nambu–Goldstone Modes  
in Open and Closed Systems

Yoshimasa Hidaka
(YITP, Kyoto University)

Y. Minami, YH, Phys.Rev. E97 (2018) 012130 , PTEP 2020 (2020) 3, 033A01
T. Hayata, YH, 1808.07636,  
Y. Minami, H. Nakano, Y. Hidaka, Phys. Rev. Lett. 126 (2021) 14, 141601



chiral symm.

spin symm.

U(1) symm.

strong translation symm.U(1) 1-form symm. rotational symm.

CC BY-SA 2.0

CC by-sa  Aney

CC by Zouavman Le Zouave

Gapless modes in nature
superfluid phonon

spin waves

photon Hydrodynamic modes collective waves

Nambu-Goldstone modes

pion

http://en.wikipedia.org/wiki/Active_matter#mediaviewer/File:The_flock_of_starlings_acting_as_a_swarm._-_geograph.org.uk_-_124593.jpg
https://commons.wikimedia.org/wiki/User:Zouavman_Le_Zouave
https://commons.wikimedia.org/wiki/File:Bar_magnet.jpg


Open systems

System

Environment

CC BY-SA 2.0

Environment: Air
System:  Flock of birds

QGP

Environment: QGP
System:  Heavy quarks

heavy quarks
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What is spontaneous symmetry 
breaking for hydrodynamics?

What is symmetry of open systems?

Questions

What is the dispersion relation for  
the Nambu-Goldstone (NG) modes?

Energy-momentum, particle number are not conserved.

propagating, diffusion, …



Spontaneous  
symmetry breaking 
for hydrodynamics



Strong and weak symmetry
Let  be a stationary stateρ

Consider unitary operator  for global symmetry Ug G

UgρU†
g = ρ symmetry is unbroken

Otherwise symmetry is spontaneous broken

For thermal equilibrium state,
if

ρ → UgρU†
g

Ordinal global symmetry acts on  as conjugationρ

(This symmetry is called weak symmetry)

Huang, Qi, Zhang, Lucas (’24)Sala, Gopalakrishnan, Oshikawa, You (’24)Lessa, Ma, Zhang, Bi, Cheng, Wang (’24)



Strong and weak symmetry
Consider unitary operator  for Global symmetry Ug G

ρ → Ugρ ρUgor

One can consider

Strong symmetry is unbrokenUgρ = eiθρIf 

Otherwise strong symmetry  
is spontaneous broken

The vacuum  is invariant under  
strong symmetry transformation

ρ = |Ω⟩⟨Ω |



Strong and weak symmetry

UρeqU† = ρeq

but does not break weak symmetry

Grand canonical distribution 

   breaks strong symmetryρeq =
e−β(H−μN)

tre−β(H−μN)

(Except Lorentz symmetry)



Strong and weak symmetry
Order parameter is susceptibility 

χ =
1
V (∫ d3x∫ d3y⟨j0(x)j0(y)⟩ − (∫ d3x⟨j0(x)⟩)2)

Q̂ = ∫ d3xj0(x) Q̂ |Ψ⟩ = Q |Ψ⟩For the eigenstate of 

 vanishes.χ

Micro canonical ensemble spontaneously  
breaks strong symmetry

(local observables give the same results as grand canonical)



�1

�2

time
Schwinger-Keldysh Path integral

S[�1]
S[�2]

: forward evolution
: backward evolution 

<latexit sha1_base64="AdNc4i4FDq0GFq5FQ5niWqQ5Ric="></latexit>

Z =

∫
Dω1Dω2 exp

[
iS[ω1]→ iS[ω2]

]

Action is invariant under G1 × G2

We consider effective theory associated with 
spontaneous breaking of .G1 × G2



Construction of effective theory
G → HSSB of 

ξ(x) = eiπ(x) ∈ G●Prepare

●Gauging H
ξ(x) → ξ(x)h(x)gauge transformation

h ∈ H

Write down gauge invariant action  
which is an effective theory  

for the coset G/H



Construction of effective theory

SU(N)R × SU(N)L → SU(N)V

ξL = eiπLξR = eiπR

Imposing gauge invariance for SU(N)V
ξR → ξRh(x) ξL → ξLh(x)

Gauge invariant combination is 
U = ξLξ†

R

ℒ = F2tr∂μU†∂μU + ⋯
Effective Lagrangian

Example) Chiral symmetry breaking in vacuum



Hydrodynamics
Strong translation symmetry is broken
Weak Lorentz symmetry is broken

Xμ
1 (σ0, σ)

The degrees of freedom are
Xμ

2 (σ0, σ) σA : fluid space

Note that imposing full diffeo  
recover the Lorentz invariance

cf. Crossley, Glorioso, Liu (’15) (’17)

Impose σi → σ′ i(σ), σ0 → σ0

σ0 → f(σ0, σ), σi → σi σ0 → f(σ), σi → σior



Hydrodynamics
hAB = ∂AXμ∂BXνgμν ∂0Xμ = βμ = βuμ h00 = β2

S[X] = ∫ d4σ −hp(β)

which is  the effective action for perfect fluid

SSK = S[X1] − S[X2] + Sdiss[X1, X2]
dissipation and fluctuation

The effective action is



  caseU(1)1 × U(1)2

πA = π1 − π2 πR = (π1 + π2)/2

π1 → π1 + c π2 → π2 + cWeak:
π1 → π1 + c π2 → π2 − cStrong:

eiπ1, eiπ2NG field:

 basis:R/A

∂iπR

If weak symmetry is spontaneously broken
is also allowed

·πA
·πR∂iπA

which are invariant under πA → πA + c πR → πR + c(x)

Building block:

Huang, Qi, Zhang, Lucas (’24)



ℒ = ·πA
·πR − Γ(∂iπA)(∂i

·πR) + ⋯

●When weak symmetry is unbroken

··πR − Γ∂2
i ( ·πR) = 0E.o.m. ω = − iΓk2

diffusion mode

ℒ = ·πA
·πR−v2

s (∂iπA)(∂iπR)−Γ(∂iπA)(∂i
·πR) + ⋯

●When Weak symmetry is spontaneously broken

··πR − Γ∂2
i

·πR − v2
s ∂2

i πR = 0E.o.m. ω = ± vs |k | − i
Γ
2

k2

propagating mode

  caseU(1)1 × U(1)2



Open systems

System

Environment



Questions 
Hamiltonian systems

Continuum 
symmetry @µJ

µ = 0

Open systems
@µJ

µ 6= 0 because of friction

What is the symmetry?
Is there any symmetry breaking?

Does a NG mode appear?



Symmetry breaking in open systems
Synchronization

Driven dissipative condensate

Kuramoto model

Metronome, fireflies, …

diehl

Driving force and dissipative 
causes a condensate.

figure is taken from Diehl's website 

Diehl, Micheli, Kantian, Kraus, Büchler, Zoller, Nature Physics 4, 878 (2008);  
Kraus, Diehl, Micheli,  Kantian, Büchler, Zoller, Phys. Rev. A 78, 042307 (2008).

http://www.thp.uni-koeln.de/diehl/research.html


Example) Vicsek model
T. Vicsek, et al., PRL (1995).

xi(t+�t) = xi(t) + vi�t

✓i(t+�t) = h✓i(t)ir + ⇠i

velocity

angle of velocity

vi = v0(cos ✓i, sin ✓i)

noiseaverage 
angle

✓



B. Szabo, et al.,  Phys. Rev. E 74, 061908 (2006)

high densitylow density Some cells on fish skin



@tv + (v ·r)v = ↵v � �v2v �rP +DLr(r · v) +Dl(v ·r)2v + f

@⇢+r · (⇢v) = 0

Ex.) NG mode in Active hydrodynamics
J. Toner, and Y. Tu, PRE (1998)

noisenonconserved term

! = ck NG modes
diffusivepropagating

! = �i�k2

O(3) ! O(2)

Steady state solution:

v = (v0 + �vx, �vy, �vz)Fluctuation:

v2 = ↵/� ⌘ v20

Symmetry breaking:

Field theoretical model



Can we discuss symmetry breaking 
without ordinary conservation law?



Conserved system
Symmetry: Invariance of the action

Continuous symmetry ⇒conservation law

p = ẋ

Rotation: x ! x+ ✏⇥ x
Noether charge:
which is time independent:

<latexit sha1_base64="ZnNAaPAu/U1zupTnppcwheHsp1U="></latexit>

LR = x⇥ p

<latexit sha1_base64="Y+x2lKUoq516+5qyw+fT29sGxtY="></latexit>

L̇R = ẋ⇥ p+ x⇥ ṗ = p⇥ p� x⇥ x = 0

Ex: harmonic oscillator in 3d
S =

Z
dt
h1
2
ẋ2 � 1

2
x2

i

ẍ+ x = 0EOM:



If there is a friction

Angular momentum is not conserved

Equation is covariant, but

ẋ = p ṗ = ��p� x

<latexit sha1_base64="afLxP673KwdkP7AL5IsZO0wM6oM="></latexit>

L̇R = ẋ⇥ p+ x⇥ ṗ = ��x⇥ p



S = �
Z

dtx̄ · (ẍ+ x+ �ẋ)

We define the action

auxiliary field

x ! x+ ✏⇥ x x̄ ! x̄+ ✏⇥ x̄
the action is invariant

under rotation

Noether charge:
<latexit sha1_base64="U18LnF6Rbpzv1x0PIc6a6+DooOg="></latexit>

LA = x⇥ (2 ˙̄x� �x̄)
Open system has a weak symmetry, 

but strong symmetry is explicitly broken.
<latexit sha1_base64="mfnNFxdJkLvW2aRsqqSlHMznHd0="></latexit>

d

dt
LA = 0

<latexit sha1_base64="AWUGtxoeotjZchYosZ1SpkkApq0="></latexit>

d

dt
LR →= 0



Symmetry of Open quantum system

�1

�2

time

S[�1], S[�2]

Q1, Q2 :Symmetry generators:

QR =
Q1 +Q2

2
S12[�1,�2]

are invariant.

explicitly break the strong symmetry

complex

but keep the weak symmetry

Schwinger-Keldysh Path integral

Z =

Z
D�1D�2 exp

h
iS[�1]� iS[�2] + iS12[�1,�2]

i

<latexit sha1_base64="aSZY9EAHUUJYM5LFKNAXS3dkAZE="></latexit>

QA = Q1 →Q2



Ex1)SU(2)xU(1) model

�

V (�)

Linear analysis

�!2 � i�! + k2 = 0

diffusion mode

(@2
0 + �@0 �r2)⇡a = 0

! =
�i�

2
± i

2

p
�2 � 4k2 ⇠ � i

�
k2,�i� +

i

�
k2

Spontaneous symmetry breaking
Minami, YH (’18)

'R/A two component complex field
'R = (⇡1 + i⇡2, v + h+ i⇡3)

<latexit sha1_base64="1pS5u8cOBjd7KVoP5Vg+OMVM1+k="></latexit>

iS =

∫
d4x

[
iω†

A(→ε2
0 +↑2 → ϑε0 →m2 → 2ϖ|ωR|2)ωR →Aω†

AωA

]
+ · · ·



Low-energy effective theory  
and dispersion relations



  modelU(1)1 × U(1)2

πA = π1 − π2 πR = (π1 + π2)/2

π1 → π1 + c π2 → π2 + cWeak:
π1 → π1 + c π2 → π2 − cStrong:

eiπ1, eiπ2NG field:

 basis:R/A

which are invariant under πA → πA + c πR → πR + c(x)

Building block: ·πA
·πR∂iπA

∂iπR
If weak symmetry is spontaneously broken

is also allowed

πA

Strong symmetry is explicitly broken 
is allowed



ℒ = γπA
·πR + ·πA

·πR − Γ(∂iπA)(∂i
·πR) + ⋯

− ··πR + γ ·πR − Γ∇2( ·πR) = 0E.o.m. ω ≃ − iγ
damping mode

  modelU(1)1 × U(1)2

ℒ = γπA
·πR + ·πA

·πR − v2
s (∂iπA)(∂iπR) − Γ(∂iπA)(∂i

·πR) + ⋯

··πR + γ ·πR − Γ∂2
i

·πR − v2
s ∂2

i πR = 0E.o.m. ω ≃ − i
v2

s

γ
k2

diffusion mode

●When weak symmetry is spontaneously broken

●When weak symmetry is unbroken



Type-A and  
Type-B NG modes



Nambu-Goldstone theorem

For Lorentz invariant vacuum
Spontaneous breaking of global symmetry

# of NG modes

Dispersion relation:

NNG = NBS
# of broken symmetries

Nambu(’60), Goldstone(61), Nambu Jona-Lasinio(’61),  
Goldstone, Salam, Weinberg(’62).

http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380
http://dx.doi.org/10.1007/BF02812722
http://prola.aps.org/abstract/PR/v122/i1/p345_1
http://%09http://link.aps.org/doi/10.1103/PhysRevLett.4.380


Exception of NG theorem
NBS 6= NNG and

Schafer,  Son, Stephanov, Toublan, and Verbaarschot (’01)Miransky, Shovkovy (’01)

Dispersion:
NBS = 3, NNG = 2

NG modes in Kaon condensed CFL phase

SU(2)I ⇥ U(1)Y ! U(1)em

! / k ! / k2and

existNG modes with

Dispersion:

Magnon

NBS = dim(G/H) = 2 NNG = 1

! / k2

spin rotation SO(3) ! SO(2)

! / k

http://www.sciencedirect.com/science/article/pii/S0370269301012655
http://prl.aps.org/abstract/PRL/v88/i11/e111601


Type-A Type-B

Classification of NG modes

Harmonic oscillation Precession
NA = NBS � rankh[iQa, Qb]i NB =

1

2
rankh[iQa, Qb]i

Ex. ) superfluid phonon Ex. ) magnon

Watanabe, Murayama (’12), YH (’12)

NNG = NBS � 1

2
hi[Qa, Qb]i

cf.  Takahashi, Nitta (’14), Beekman (’14)

http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://arxiv.org/abs/arXiv:1203.1494


Effective Lagrangian approach
Watanabe, Murayama (’12)Leutwyler(’94) 

Write down all possible term

No Lorentz symmetry:
The first derivative term may appear.

L =
1

2
⇢ab⇡

a⇡̇b +
ḡab
2

⇡̇a⇡̇b � gab
2

@i⇡
a@i⇡

b

+higher orders

Watanabe, Murayama (’12)

<latexit sha1_base64="svQgKY4HNmD649KH/FipawBlUXs="></latexit>

ωab → ↑i↓[Qa, j
0
b (x)]↔ = ↓εaj0b (x)↔

YH (’12)

http://prl.aps.org/abstract/PRL/v108/i25/e251602
http://%09http://link.aps.org/doi/10.1103/PhysRevD.49.3033
http://prl.aps.org/abstract/PRL/v108/i25/e251602


Ex2)

�

V (�)

with chemical potential μ

✓
�@2

0 � �@0 +r2 2µ@0
�2µ@0 �@2

0 � �@0 +r2

◆✓
⇡1

⇡2

◆
= 0,

SU(2)xU(1)model

! =
k2

4µ2 + �2
(±2µ� i�)

Spontaneous symmetry breaking
Minami, YH (’18)

<latexit sha1_base64="MIoCQt4TGn0OlHt5kmvwacQEOZ4=">AAADJXichVFNb9NAEB0bKKV8NJQLEpcVUVGqkGht0qQgIbXlwrFNSFspG0dre5uuuv6QvYkoKX+AP8CBCyAhhPgB/AAuXLgBUk+cEcciceHAxEmJemgZy943b+fNvvW4sZKppvTAMM+cPTd1fvrCzMVLl6/M5q7ObaRRL/FE04tUlGy5PBVKhqKppVZiK04ED1wlNt3dB8P9zb5IUhmFj/ReLNoB74ZyW3pcI9XJvZSkQe4TJkNNfKfymK3KrmpJ1udJvCM7Kw7zebdQKrCYJ1py1aFFyYLegmMXWchdxR27xLo8CPikohQgaTOFLny+f9Sqvu/YC/8SUlohxw+ZpEMPSbvIPD/SaSeXp+W7NXqnRgmCJbtatUagYlnEKtMs8jCOtSj3ARj4EIEHPQhAQAgasQIOKT4tsIBCjFwbBsgliGS2L+ApzKC2h1UCKziyu/jtYtYasyHmw55pp vbwFIVvgkoC8/QrfUcP6Sf6nv6gf07sNch6DL3s4eqOtCLuzD673vj9X1WAq4adiepUzxq2YSnzKtF7nDHDW3gjff/J88PGvfr84BZ9TX+i/1f0gH7EG4T9X96bdVF/cYofF73gH8MBHU2BnAw27LJVLVfXK/nl1fGopuEG3IQCzqMGy/AQ1qAJnjFl3DYWjar51vxsfjG/jUpNY6y5BsfC/P4X9H7K9w==</latexit>

iS =

∫
d4x

[
iω†

A(→(ε0 + iµ)2 +↑2 → ϑε0 →m2 → 2ϖ|ωR|2)ωR →Aω†
AωA

]
+ · · ·



Effective Lagrangian  
in open system

Assumptions: 
●strong spacetime translation are explicitly broken, 

and weak spacetime translation are unbroken.

ℒ = ρabπa
A

·πb
R + ḡab

·πa
A

·πb
R − gab(∂iπa

A)(∂iπb
R) − Γab(∂iπa

A)(∂i
·πb
R) + ⋯

ρab = ⟨δRa j0
Ab(x)⟩Symmetry matching implies 

E.O.M 
ρab

·πb
R − ḡab

··πb
R + gab∂2

i π
b
R + Γab∂2

i
·πb
R = 0



Classification Degrees of Freedom

DOF belonging to kernel of  = Type-Aρab

DOF belonging to coimage of  = Type-Bρab
<latexit sha1_base64="jB98Vtn5TnOx3fS4wyQUlZuf8LY="></latexit>

ω =






±aA|k|→ ibA|k|2 Type-A propagation mode

→iε|k|2 Type-A/B di!usion mode

±aB |k|2 → ibB |k|2 → icB |k|4 Type-B propagation mode

→i” damping mode

ρab
·πb
R − ḡab

··πb
R + gab∂2

i π
b
R + Γab∂2

i
·πb
R = 0

dim(ker ρ) = NA−prop + NA−diffusion

dim ρ = 2NB−prop + NB−diffusion + Ndamp

NBS = NA−prop + 2NB−prop + NB−diffusion

Some relations (conjecture)



kΩ

S!Ω,k"

kΩ

S!Ω,k"

kΩ

S!Ω,k"

kΩ

S!Ω,k"

isolated system

open system

type-A type-B

type-Bdiffusion type-Bprop

Typical behaviors of spectra



Summary
Hydrodynamics: Strong to weak symmetry breaking

Ordinary symmetry breaking: weak symmetry breaking

Open system: explicit breaking of strong symmetry
<latexit sha1_base64="jB98Vtn5TnOx3fS4wyQUlZuf8LY="></latexit>

ω =






±aA|k|→ ibA|k|2 Type-A propagation mode

→iε|k|2 Type-A/B di!usion mode

±aB |k|2 → ibB |k|2 → icB |k|4 Type-B propagation mode

→i” damping mode

dim(ker ρ) = NA−prop + NA−diffusion

dim ρ = 2NB−prop + NB−diffusion + Ndamp

NBS = NA−prop + 2NB−prop + NB−diffusion

Some relations (conjecture) ρab = ⟨δRb j0
Aa⟩



Backup
Exotic NG modes  

in nonequilibrium steady state



Under shear flow
Y. Minami, H. Nakano, Y. Hidaka, 2009.10357

What are the NG modes  
in non-equilibrium steady state?

moving wall with velocity v

u(z)



Model:  scalar modelO(N)
Y. Minami, H. Nakano, Y. Hidaka, 2009.10357

<latexit sha1_base64="ppnvSBX9rVoWAg0MwOd/c1SKsdQ="></latexit>

@t�
a + (v ·r)�a = ��

�F

��a
+ ⌘a

<latexit sha1_base64="sIfUnaRM7UAe7Xn0DxZB3ZFt6c8="></latexit>

h⌘a(t,x)⌘b(t0,y)i = 2T��ab�(t� t0)�(x� y)
<latexit sha1_base64="OQXvXonKvrfUTVFTzq0HwINuISQ="></latexit>

v(x) = (�x2, 0, 0)
<latexit sha1_base64="jneCr0NGAae4WV5j4h5IFO0SgYs="></latexit>

F =

Z
dx

h1
2
(r�a)2 � µ2

2
(�a)2 +

u2

4
((�a)2)2

i

Steady state analysis

<latexit sha1_base64="qvLjoKgJendHXmCka2bLSRSFJLQ="></latexit>

! =

p
3

2
sgn(�k1)�

1/3tn|�k1|2/3 �
i

2
�1/3tn|�k1|2/3

infinite number of modes with k2/3



Quantum time crystal
with T. Hayata

No quantum crystals in Hamiltonian system
Oshikawa, Watanabe,Phys. Rev. Lett. 114, 251603 (2015)

Time crystals can exist in open quantum system

Is it possible to appear a proagating mode?
What is the NG mode in time crystals?



Quantum time crystal
with T. Hayata

Example 1) van del Pol type model
S =

Z
d4x�A

�
�@2

t +r2 + �
�
1� �2

R

�
@t � 2��2

R

�
�R + iA(�A)

2

<latexit sha1_base64="672Ynts1aJPfn/zUxtwjNvckMZE="></latexit><latexit sha1_base64="672Ynts1aJPfn/zUxtwjNvckMZE="></latexit><latexit sha1_base64="672Ynts1aJPfn/zUxtwjNvckMZE="></latexit><latexit sha1_base64="672Ynts1aJPfn/zUxtwjNvckMZE="></latexit>

p

'
0
,

@
t'

0

t/
p


0 2 4 6 8 10

-4

-2

0

2

4

p
� = 0.1
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'0
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@t'0
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FluctuationsOrder parameter

0 1 2 3 4 5
0

2

4

6

8

10

p
�

C
/p



! = �iCp2
<latexit sha1_base64="reCxgNIsMZLZ4qwh7ahu0zObna4="></latexit><latexit sha1_base64="reCxgNIsMZLZ4qwh7ahu0zObna4="></latexit><latexit sha1_base64="reCxgNIsMZLZ4qwh7ahu0zObna4="></latexit><latexit sha1_base64="reCxgNIsMZLZ4qwh7ahu0zObna4="></latexit>

Time translation symmetry is spontaneously broken.



Quantum time crystal
with T. Hayata

Example 2) complex van del Pol type model
S =

Z
d4x �

⇤
A

⇣
� (@t + iµ)2 +r2

+ �
�
1� |�R|2

�
@t �m2 � 2�|@t�R|2

⌘
�R

+

⇣
Hermite conjugates

⌘
+ iA|�A|2

<latexit sha1_base64="D1NsKgOJN2gbmjzqc+PMHuMkkZk="></latexit><latexit sha1_base64="D1NsKgOJN2gbmjzqc+PMHuMkkZk="></latexit><latexit sha1_base64="D1NsKgOJN2gbmjzqc+PMHuMkkZk="></latexit><latexit sha1_base64="D1NsKgOJN2gbmjzqc+PMHuMkkZk="></latexit>

Order parameter

Time translation and U(1) symmetries are spontaneously broken.
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Quantum time crystal
with T. Hayata

h�TRQAi 6= 0
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U(1)Time 

Type-B modes

Fluctuations
! = (±C1 � iC2)p

2
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μ is large
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with complex potential
SU(2)xU(1)model

Spontaneous symmetry breaking
Minami, YH (’18)

iS =

Z
d4x

⇣
i'†

A((�@2
0 +r2 � (� + 2iµ)@0 �m2

r � im2
i )'R

� 2(�r + i�i)('
†
R'R)'R)�A'†

A'A

⌘
+ · · ·

(!2
0 � 2µ!0 �m2

r � 2�rv
2 + i(�!0 �m2

i � 2�iv
2))v = 0

'R = (0, ve�i!0t)Assuming
Gap equation

Symmetric phase
Broken phase

v = 0

v 6= 0, !0 6= 0



with complex potential

We still have quadratic dispersion

SU(2)xU(1)model
Spontaneous symmetry breaking

Minami, YH (’18)

! =
k2

4(µ� !0)2 + �2
(±2(µ� !0)� i�)

✓
�@2

0 � �@0 +r2 2(µ� !0)@0
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⇡1

⇡2

◆
= 0,

Linear analysis

Similarly, we find
! = �i

k2

� + 2(µ� !0)�i/�r

Diffusive mode


