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Fluid instabilities

(In)famous hydrodynamic instabilities: Lorentz-Abraham-Dirac
(EM-hydro(?)), Jeans (gravity-hydro), Bobylev (kinetic-hydro), Eckart
(relativistic-hydro), turbulence, ..., Korteweg (gradient-hydro).

Van der Waals: gradient of density is a thermodynamic variable. Surface
tension and capillarity. Korteweg (1901): dynamics?

Balances of mass and momentum, gradient expansion of pressure
p+pV-v=0,
VAV -P=0
Port = (p— aAp — B(Vp)z) I —6VpoVp—~V3p.

a, 3,7, 0 are density dependent material parameters.

Instable. Second law? [LEckart fluids 1940, LJDunn and Serrin (ARMA, 1985).
Weakly nonlocal fluid.
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Quantum to hydro
Schrodinger (superfluid) equation:

oy K2

h— + — Ay — VY =0
"o + 2m v v
Madelung transformation: '
Y = Re™,
p density (probability or superfluid), R = \/p, S velocity potential: v = LVS.

m

ih (p oS v 2 AP B

Continuity and Bernoulli equations of classical rotation free fluids. The gradient of
the second one

v+ V(Uq(p, Vi, V2p) + V) =0 — pv+ V- Po(p,Vp,V?p)+pVV =0

Ug(p,Vp,V?p) = —27:2 A—RR is the Bohm potential.

potential flow??, Ug??, Po?7
However: Dirac (Takabayashi, 1957), QFT (Jackiw et al. 2004), ...
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Fluids are everywhere

Witten superconducting string
nexus, soft core string

Volovik (2021), truncated version

parity violation, chiral fermions, Planck physics
Casimir forces, quantum friction, neutrino oscillations

vant ol 7 &W strings chiral anomaly, Schwinger pair production, axions ﬂ!:thl
‘onstant, g-theory . . . . N n . b
e-Zurek utllcchall}slll ‘Glf}'rntll?ns cosmic phy sical :«E’l;].;:_l‘i?l:z:;:g;[g tgg)Try, flat band rc
irdial magnetic field P.lce s r?ng strings vacuum | 5. cjectrod: o) 1/2-vortex, frac
. ion string clectrodynamics  Andreey-Majoran:
otropic dark matter high-T & chiral|vort d vl t :
. - ’ 5 < - = vortex dynamics, specira
y textures & :trn.1gs ngh Energy o :
ion, matter creation |cosmology| . super- intrinsic QHE, spin & F(
er branes P]'lySlCS conductivity [skyrmion & vortex statis!
;mvm 1D, 2D systems Abrikosov
Y lvacuum Condensed = Chern nun
rm field . Gravit 3 top. insulators| higher ord
gravity Yy He M
. atter semimetals |Dirac line,
nnlllec'tu:I synthetic §
principle magnetism |spintronics,
rm'.fl antnmaly black QCD Plasma Phenome spin currents, spi
n Slg[l‘d ure 1 1
’ holes . nology BEC skyrmionics, magn
revent hor 1zon PhySlcs mixture of condensa
Unruh effects BEC of quas
1111:1.1 h']hlmb-iliu n(;:la[::n quark nuclear phase hydrodynamics skyrmion,
ehnind norizon 5 . .
Lk Ty physics | |transitions|| gisorder | ""do™ clocity indep
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color superfluidity

shell

3He droplet phase transitions
p-space topology

model

classes of randor

heavy-ion physics: Koide-Kodama (2012)

n matrices

skyrmion glass, Weyl glass
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Rheology and Extended Thermodynamics

Rheology: fluids (tar droplet), solids (rocks, ASR). Method: | l
internal variables. ‘
Evolution equation is constructed with thermodynamics. &

Kinetic theory is helpful: Extended Irreversible Thermodynamics, phonon
hydrodynamics,

__________

—— Guyer—Krumbhansl
- - - Fourier

t[s
5 10 15 sl

Heat pulse propagation through a metal foam. Internal variable: heat flux.
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Fields and weak nonlocality

Sziics-VP, arXiv:2504.07296

7/37



Non-equilibrium thermodynamics — entropy inequality

Thermodynamic state variables: (e, p, ¢)

Balances of mass, momentum and internal energy:
p + pv V= 07
pv+V-P =0,
pe+V - -Jg =0,

o+ f=0.

Entropy inequality:

ps+V-J>0]

Constitutive functions: P,Jg, J, f,s. Constitutive state space?
Weakly nonlocal extension: (e,p,¢) — (e,p,Vp,p, V)
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Non-equilibrium thermodynamics — Liu procedure

Constitutive state space: (e, Ve, p, Vp, V2p, (v),Vv, o, Vo, V20)

Balances of mass, momentum and internal energy:

p+pV-v=0,

pv+V-P=0,

pé +“7'-1E ::0,
p+f=0.

Constitutive functions: P,Jg, J, f
Methods: Liu procedure (constrained inequality, with Lagrange-Farkas
multipliers) or divergence separation.
Process direction space:

(& (Ve), Ve, (V) (V?p), V30, v, (V2v), ¢, (Vo) , (V2p), Vi)
Thermodynamic potential: specific entropy s
Follows:

— thermodynamic state variables: (e, p, Vp, p, Vi)
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Second Law restrictions

A convenient simplification:

5(67 v, P, Vpa ®, VSO) = S(e -

v e(p, Vi, 0, V)
- p 7p)

=ug

u is the specific internal energy, ¢ is the density of perfect energy.

dug = Tds — pydv = Tds + Pdp
p

Entropy production (density rate):

1o
e

epvg( (85)(

V) +

7 (o)

V”) - 59 f] V-

1 0Oe

Oe .
9 (VQ)

a(V
e S Caa))

Oe

0 1 Oe
2V <90(V9

®V4 Vv >0
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|deal fluids

Rigorous methods are essential.
1 |:85 ( Oe >]
SlE v (=) |+
T [0y 8 (V)
|:J —P.v—5< R .vV>— 9¢ f]-vl—
g 2 \9(Vo) (Vo) 2(Ve) T
I[P ( 4 Bs+gzv <1 Oe >>I+02V<1 Oe ) de ®V:| oy >0
— — —€ — + =V | - — - — : Vv
T PR, T 2 0 9(Ve) 2 " \eo(ve))  a(ve) 7 =
The ideal field equation is variational:
Oe v ( Oe ) _de|
ot 9(Ve) op|,

Ideal pressure (no mechanical dissipation):

B Oe  ©° 1 Oe o 1 0e e
Pperf—<pﬁ etog, TV <Qa(vg)>>' 2V(ga(v@))+8(w)w
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Classical holography

Surface tractions and bulk forces:

V Poes = pVO| —  pv 4+ V- Ppe = p(v + VO) =0

Then:
Oe Oe Oe Oe
P = e v T — I vAREL A )
V' Poar =0V |ut 5,V a(w)}“’sv [fﬂp Vi awe) | v
Conditions:

o homothermal (or homoentropic),

o ideal scalar field.

V'Pperf:é)V ,u'i'i

de
2ly

0

—_———
=d
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Example 1: Newtonian gravity

1
ENG = 09 + %V¢ Vo

Perfect fluid pressure, holopotential and field equation:

Py = <pﬂ AL w) 1+, V6o Vs,
Pna = pa + 9,
AP =4rnGo.
Momentum balance + perfect fluid constitutive equation:
ov + V- Pxg = ov + Vpg — ofvol,

or, equivalently

v=—V(m+¢)—sVT,
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Example 2: Thermodynamical consistency of Korteweg fluids

by (o)
2

Perfect fluid pressure and holopotential:

ETcK = Vo-Vo

b 1 b
Pr = <Pﬂ - QzlAg) -5 (ob} — b1) Vo®@ Vo — %V ® Vo, (1)

1
brex = pn — 5b1Ve- Vo — bilo. (2)
Momentum balance + perfect fluid constitutive equation:
oV + V- Prex = ov + Vpg — oV Pk,

If by = % then we obtain the Bohm potential (and a family of superfluid
equations):

A Vo-V VAN
(Dsf:,uﬂ_K(Q_ Q2Q>:Mﬂ—2K\[
0 20 Ve
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Complex field representation

Classical holographic fluids are almost vorticity free:

p+pV-v=0,
v+ Vo =0.
Then the upper convected derivative with the vorticity w := V X v is obtained:

v

d)w-VVJr(V-v)w:ZJJr(V-V)w:g((:) =0

Complex field construction, with a velocity potential v = VS:

OR 1 0S
2Rf; <8t + VR VS + 2RAS> +f5 ((‘)t

Choosing a suitable f; and f;, one obtains for ¥ := Rei%:

OV (S S2 AlV]
iSo 5 = <—2 A+ (¢+ R AL
If & = —So Al

> T one obtains a linear equation.

+;vs.vs+¢> =0.
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Material frame indifference: nonrelativistic
covariance

Matolcsi-Van (PLA, 2006)
Fiilsp-Van (MMAS, 2012)
Van (CMaT, 2017)
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The four dimensions of Galilean relativistic space-time

M

E

%
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Mathematical structure of Galilean relativistic space-time

@ The space-time M is an oriented four dimensional vector space of the
x? € M world points or events. There are no Euclidean or
pseudoeuclidean structures on M: the length of a space-time vector
does not exist.

@ The timel is a one dimensional oriented vector space of t € I instants.

©

T2 : Ml — [ is the timing or time evaluation, a linear surjection.

@ 455 :E xE — R®R Euclidean structure is a symmetric bilinear
mapping, where E := Ker(7) C M is the three dimensional vector
space of space vectors.

o Simplification: space-time and time are affine spaces
o Simplification: measure lines.

o Abstract indexes: a, b, c, ... for M, 3, b, ¢, ... for S
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Vectors an covectors are different

M E t'\ t
X" \X + vt

Vector transformations (extensives):

I / <,f\\’/'> - <A" fva)

Covector transformations (derivatives):

A®Bly = A*Bs = AB + A'B;

(B’ B,') = (B — Bkvk B,-)
Balances: absolute, local and substantial

—  u": DA+GA = dA+9A =0,

(a,b,c{0,1,2,3}) U DyA+ AT = 9.A+9,A =0.
Transformed: (d; — v/9;)A+ 0;(A" + Av') = diA+ AV + O;A = 0
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Mass, energy and momentum

What kind of quantity is the energy?

o Kinetic energy, square of the relative velocity: 2nd order tensor
o Kinetic theory: trace of a contravariant second order tensor.

o Energy density and flux: additional order

Basic field:

Z3be = Zbeya 4 F3be . mass-energy-momentum density-flux tensor

a,b,c € {0,123}, ab,ce{1,23}

b B -5 ab eE,
Zbc N pﬁ pﬁf ’ Zabc N Jf P___ 7 0e = b
pc ebc pac qabc 2
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Galilean transformation

7" = GGl Grzmn

i -k ki i i
afy __ p p J P a 1 0 _ €
VAMES <<pf eji) (ij qkij)> ;G = <Vj §ii ) Qe = >

Transformation rules follow:

Po=p
plo= p'+pv,
2
/ i, E:,
Qe = Qe+PV/+027
j U= eV
P = PIgpvivi v+ piv
. . . s . . . . 2
g = q’+QeV’+P”Vj+p’VjV’+U’+pV’)V7
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Galiean transformation of energy

Transitivity:

2
0e2 = Qel + P1V12 + P% V2
— Q0e3 = Qel + p1V13 + P%

2
0e3 = 0e2 + P2vo3 + p22

p2 = p1 + pvi2, Vi3 = vi2 + V23
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Balance transformations

Absolute

aazabc _ Z-bc + Zbcaaua + 8225bc —0

Rest frame

p + 8iji = O)
P+ oP* = 0,
Qe"‘aiqi = 0.
Inertial reference frame
p+poivi+04 = 0,
5+ POk + B P* 4 oV 4 fFO = O
b + 0eOiv' + 8iq' + p'Vi + PUOv; = 0.
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Extensivity
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Extensivity: body and continuum

XA — (Xl»X27 .

.., Xn) extensive physical quantities
Gibbs relation:

dS = Y1dX1 + YodXs + ... + Y,dX,.
Extensivity 3 = Euler homogeneity

o0 S(AXa) = AS(Xa) VA € RT, the entropy is a first order Euler
homogeneous function;

o s, density (X; = V), specific (X; = M):

X
S(Xa) = Xis <B> , B=2,..n;
X1

o Gibbs-Duhem: S = Y1 X1 + Y2 + ... + Y, X,.
Extensivity: a connection between continuum and homogeneous bodies.
Gibbs relation: measures, Radon-Nykodim derivatives.

Thermodynamic limit: limy_ s w < 00
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Thermodynamics of small systems: T. Hill (1962)

S(X1,X2), dS=YidXi + YadXa,  AS(Xi,X2) # S(AXi, AX,).

Extensive is constructed from nonextensive

S:=NS, Xi:=NXi, X:=NX» =
dS = Y1dXi + YodXo — ¢dN, |[p=S5—Y1Xi + V2 Xz |

oo (R K
S(Xy, X, N) = NS (N, N)

o Surface and volume. Aerosols, nano systems, etc..
o The origin of chemical potential.
o The original idea is due to Gibbs.
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Challenge: new thermodynamic state variables?

Early example: internal variables for acoustic damping:
(I1?Mandelstam-Leontovich, JETP 1937, (I1?Landau-Lifshitz, Statistical Physics

Extensivity restored |

Example: elasticity s(e, €/) for specific quantities (s = S/M) vs densities:

de = Tds — F/))Ude’j & dpe = Tdps — Pjde’ + (e — Ts)dp.
Meaning: partial derivatives. P¥ is the Cauchy pressure. Compatibility with
fluids.
Thermodynamic equilibrium becomes shape dependent, because elasticity is
a weakly nonlocal theory: €/ = gl ).
Thermodynamic equilibrium is inhomogeneous and boundary condition
dependent. Continuum mechanics: homogeneous thermodynamics is
neglected.

Thermodynamics is LOCAL. Better upscaling instead of downscaling.
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Summary

Fields and gradients can be thermodynamic state variables iff
extensivity and spacetime are properly represented.

©

o Classical holography of perfect fluids is a general consequence of
the Second Law.

©

Euler-Lagrange forms are obtained from thermodynamics,
without variational principles.

Newtonian gravity, quantum fluids and their various modifications
emerge.

©

Universality 7 local equilibrium? effective theory? stability ?
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Summary

o Fields and gradients can be thermodynamic state variables iff
extensivity and spacetime are properly represented.

o Classical holography of perfect fluids is a general consequence of
the Second Law.

o Euler-Lagrange forms are obtained from thermodynamics,
without variational principles.

o Newtonian gravity, quantum fluids and their various modifications
emerge.

Universality 7 local equilibrium? effective theory ? stability ?

The Second Law of Thermodynamics is a
first principle.

29/37



Summary

o Fields and gradients can be thermodynamic state variables iff
extensivity and spacetime are properly represented.

o Classical holography of perfect fluids is a general consequence of
the Second Law.

o Euler-Lagrange forms are obtained from thermodynamics,
without variational principles.

o Newtonian gravity, quantum fluids and their various modifications
emerge.

Universality 7 local equilibrium? effective theory ? stability ?

s the Second Law of Thermodynamics a
first principle?
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Thank you for your attention!
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Thank you for your attention!



Probabilistic Korteweg fluids — additivity

Zeroth Law of thermodynamics: separability of independent physical systems.
Multicomponent normal fluids. Notation: p; = p1(x1).

u(pr + p2) = u(p1) + u(p2).
Multicomponent probabilistic fluids:
u(p1p2) = u(p1) + u(p2).
Functional condition, pior = p1p1:
u(prot, (Vpror)?) = u (prp2, (p2V1p1)? + (p1V2p2)?) =

u(p1, (Vip1)?) + u(p2, (V2p2)?).
Unique solution:

K 2
(o (V) = kinp-+ 350

Independent Schrédinger equations for independent particles/components.
QFT, GR can be fluids: [Jackiw et al. (JP A, 2004), [LIBir6-VP(FP, 2015), ...
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More Newtonian gravity

[TIVP-Abe (Physica A, 2022)
[[JAbe-VP (Symmetry, 2022)
[[)Pszota-VP (Physics of the Dark Universe, 2024)
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Thermodynamic gravity

Constitutive state variables: (e, Ve, p, Vp, (v),Vv, ¢, Vi, V2¢)

— thermodynamic state variables: (e, p, ¢, Vo)

Ideal energy: egr = 0 + Vg;g*? (not the usual one)

. - ¢ (1
ps+V.-J= <q+47rGVg0> V<T>

f

+ nCT (Ap — 47Gp)
1 1 Vv
_ _ - N — — o - o) 7>
[P pl 1nC <V<,9Vp QV\’/ V#,/)] - >0

o Perfect self-gravitating (isothermal) fluids are holographic:

1 1
V- (pl + 1C <V¢Vg0 — Eth . Vgpl)) =pV(u+ @)
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Nonlinear extension, static, nondissipative field

Stationary nondissipative field equation:

‘0:A997477Gp7KVg0-V<p.‘

Spherical symmetric force field. Crossover. Apparent and real masses:

f(r) _ n __ GM.,,

Kr(r+ n) r(r+n)

0.500 |

0.100

0.050 |

0.010

0.005 |

0.001
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Thermodynamic gravity, MOND and Dark Matter

NGC 3198 galaxy velocity curves, K= 37.99

200

K = (3.40e-05 + 3.8e-07) s¥km?
X2 = 1.292e+00
175+ Disk: Y1 =7.62e-01 + 7.0e-03

150

75

v velocity (kms™1)
=
o
1)

NGC 3198
50 MDM+BM M.,
. _ _ 205.0 227.5
L —— Velocity - Thermogravity
25 —- Velocity - Stellar Disk Unit: 109 [\/]®
.,~‘ == Velocity - Gas
0k —— Observational data - SPARCS
0 10 20 30 40

r distance from the centre (kpc)

Thanks to M. Pszota
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