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Motivation

Thermal correlators of conserved operators carry important transport information

[srael-Stewart hydro Kinetic theory

AdS/CFT k k
S tron g cou p“ N g pie+. Iy ,]j;}c:m - T S fj{“:)[im . m‘ pie+.. Iy &[Iﬁi,.odynamic HOW d 0es Weak
correlators extensively g /\‘ A coupling
computed: Reissner- X X ¥ T compare’?
Nordstrom black holes Son, \ l / Romatschke 2015,
Starinets 2006, Myers, Kurkela, Wiedemann
Starinets, Thomson 2007, 2017
Davison, Kaplis 2011..., QUP
Einstein-Maxwell-dilaton pic+... 1y
Davison, Gouteraux 2014,
finite coupling: Kaplis, ?
Grozdanov, Starinets 2016,

Adapted from Kurkela, Wiedemann, Wu 2019



final detected
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ore questions

 What is the analytic structure of correlators from the -
Bolzmann Equation due to external electric field/ R e
temperature gradient:

—a B P eI

e ...in 3+1 dimensions? QGP, cosmology

e ...In2+1 dimensions? Condensed matter

e ... Inthe presence of impurities?
Method: Relaxation Time Approximation (RTA)

Results: Analytic expression for correlators,
thermoelectric transport coefficients

Xie, Chou, Foster 2015



Kinetic Theory at a glance

» Key object: f(t, x, p), one particle distribution function

* Evolution is given by Boltzmann equation:

P40, + F*V,,|f= CUfI

- ~—— - collisions
free streaming

» In practice, very complicated: C[f]| = C,_,+ C,_,, + ...



RTA kinetic theory

 Replace collision kernel with deviation from equilibrium

p’“‘u

p//ta 4 FM feq) Bhatnagar, Gross, Krook 1954

Anderson, Witting 1974
Electric field F* / /

p - u(t,x)+ u(t, x)
Gravity —[* ﬁp pﬂ Relaxation time Maxwell-Boltzmann e 7¢o

. Work with a massless gas p? = 0



Moments of [

e |Integrating over momenta — macroscopic quantities

 Number density

d
n(t, x) = [ °p f(t,x, p)
(27)
* Current and EMT are higher moments:
dd 7 dd U U
JM:J P T””z[ pLp
(2m)? pY (2m)¢ p?



Conservation equations in the RTA

— (f—f9)

Ho f =
I -

* Integrate over momenta

dd 1 ddp 1 p’ul/t .
J (W—p Oul = 0= [ Qn)d pO 1 - (f=r7)

 Conservation of currents/emt = RTA matching conditions

d’p v dp p" . e
[(W (f— o) = [(Wl—(f fet) =



Linear response in the RTA

- Sources: gauge field, 0A ,, and metric perturbation, og,,,

e Sources induce a change in equilibrium values:

T(t, x") = Iy + 5T(t, x")

u(t, x') = Ho T+ Su(t, x*)
ut(t, x") = (1,0,0,0) + duk(t, x)

* | eading to a change in the distribution function:

feq(ta X, p) — fO(p) T 5feq(t7 X, p)7
f(t,X,p) — fO(p) 5f(t,X,p)
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Linear response in the RTA

 The Boltzmann equation reads
0...60...5

of —ofe1
(—iw+1k-v)of f]lc“o (V-E—Fgﬁpvv): Jf=oJ
0 TR

e Solution is given by

mTRE -V fjli‘(’) TRFgﬁva“vB + 0 feq

1 + 7r(—tw + 1k - v)

e Integration over moments gives oJ* and oT**

» Use matching conditions to solve self-consistently for o7, ou, ou*

 Compute correlators via variational approach
| 74 ]' LCX
JE = JE —GHY6A, — éGf]’Tﬂ5ga[3 ¥ oo,

LUV ]‘ LU (X LUV , (X
THY = TH — inTT’f”agaﬁ — G AL + ...,



Momentum relaxation

* Consider a gas of particles with dilute impurities

» Extra scattering in collision term due to impurities

pﬂu a .
C[f] — - (f_feq) o C u,urlszyf

p 1

where I = diag(0,I" |, T"))

0 vV # 1
v, T =¢7 ’
: {—FTOZ, v =1,

V,J" =0,

* | eads to momentum relaxation in conservation equation

(Can also have energy/number/etc. relaxation, see Amoretti et al. 2014)
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Results: 3+1 d



Analytic structure In 3+1 dimensions

(JJ) (TT) (']
. spin 0O spin 1 spin 0 spin 1 spin 2 spin 0O spin 1
Black points denote poles - : —— P P p
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Squiggle is a logarithmic i = - -
branch cut WM | A W ot | o
T\r'y#0 - .
) = -+ k _ L ww./w» WMWY «/:/ww\'/» «/v\;/\m WA
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Red arrows denote T, # 0
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AT BTN I -1 O 0 - 0 0 W [N - 3 A
s My L]
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SO(2) symmetry around T TL £0

momentum vector
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Analytic structure In 3+1 dimensions

(JJ) (TT) (TJ)

spin O spin 1 spin 0 spin 1 spin 2 spin 0O spin 1

oy | ot | e | vl | vive

Ty - -

e ®
VWWVW VWWW\ i
VWWVW VWWVW

First computed by Romatschke 2015 _7.ry#0 - -

for the massless case 3 - i

VWWVW VWWVW VWWWW VWWVYW VWWVW

T T <0 - —
® 0 o ® o [ ® o ®
MMM MM MWVIMWA | MWMMWA | MWMMA | MMM | MM
T,p#0
AMMAW MMMA | AWM MM
T,p, Iy #0
® 0 ° ® o @ L] ® (]
MMM W MWMMWA | MWW | MMM | MWW | MWW
T, My ['y 75 0

Some massive results from 3 days ago:

Hatael, Heydari, Taghinavaz 2504.14591
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Analytic structure In 3+1 dimensions

(JJ) (TT) (TJ)
spin 0 spin 1 spin 0 spin 1 spin 2 spin 0 spin 1
® ®
: : I . AAAYATAVAYAY, AAAYATAVAYAY, V\/\/I/\/\/\/ AAAYATAVAYAY,
o 1 + (tw TD)Qikln(erH%) T +£ 0 . _
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. TR 2 o o0 - ® ® ® ® . ®
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3 T,p#0
@ @ ®
T,p, Iy #0
) ® 0 o o ® o o [ ] o @
HlomatSChke 201 5 VW VW AVAAYA'AVAVAY, AVAVAYATAVAVAY, AVAVAYAAVAVAY, WWWWW\ AVAAYA'AVAVAY,
Ta:“’a L1 75 0
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RTA branch cut

Physical meaning

Kurkela, Wiedemann 2017

* Picture a massless gas, no interactions gn//x

* Perturbations in z-direction induce
overdense regions every 2xw/k

» Signal from will arrive with frequency ] |
@ = k cos @, which corresponds to a pole

* |Integrating over all directions, collection of 40 1 g 0] — I
poles assemble to logarithmic branch cut / ( )

e Similar structure seen in hard thermal
loops, weak coupling QFTs and plasma
physics where the branch cut is
associated with Landau-damping
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Analytic structure In 3+1 dimensions

(JJ) (TT) (TJ)

spin 0 spin 1 spin 0 spin 1 spin 2 spin 0 spin 1
G(fl)—»O’OO(CU, k') _ —3(6() kB PO) 1: V\/\/I/\N\' MMM V\/\/IN\/\' MWW
T 40 - -
|
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-
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1 2?: 2 3 ® 0 o ® ® o & @ o ®
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Romatschke 2015
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Analytic structure In 3+1 dimensions

(JJ) (TT) (TJ)

spin 0 spin 1 spin 0 spin 1 spin. 2 spin 0 spin 1
|
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Romatschke 2015
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Analytic structure In 3+1 dimensions

(JJ) (TT) (']
_ . spin O spin 1 spin 0 spin 1 spin 2 spin 0O spin 1
Quasihydro crossover, as seen in ] —_— ]
numerous holographic models eso | TP T B
‘ BN (Rl (R A 1 A e
Im[w] T S o
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Collision occurs at k: = _FH

2
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TT correlator with momentum dissipation

0.0 l
—0.2 _
g‘ ~0.47 P e : \E
E o6l . Collision occurs at kx = —T
| - 2
-0.8
_1.0F XAAAAAAAAANAAAANAAANAANAX -
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_1.0 0.5 0.0 0.5 1.0 L =1n (w ./TR)
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Analytic structure In 3+1 dimensions

(JJ) (TT) (TJ)

spin O spin 1 spin 0 spin 1 spin 2 spin 0 spin 1
W\/‘/\/\/\/ MWWWWWY N/:/\N\/\’/\/ ’\/\/\/T/\/v\/ MWW\
T +0 - -
Finite density and temperature o T B o | g | g |
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T.T', #0 — —
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Finite / and u

X (2kTr + (wTr + 1)L)

0,0
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Results: 2+1 d



Analytic structure in 2+1 dimensions

Black points denote poles

Squiggle is a square root
branch cut
w==xk-— .
IR
Two types of collisions!

Red: collision at k ~ FH

Blue: collision at k = 1/7,

Channels due to Z,

symmetry associated with
parity transformations
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e JJ correlator in the even channel

Analytic structure in 2+1 dimensions

have additional poles

—ii\/szl%—l
) =
TR

 Usual diffusion pole:

T
w=—i—k*+ ...

2

 Gapped mode:

)

20 1
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i+ \/ k22 — 1
JJ correlator in 2+1 e
oof ; 11111111111111111 |
-0.9 ? .
0
; et TN | l-n-w-T;- i
| | : 1
0 1 2 ) 4
kTR
oo (R+iwtg—1) (—3k*tz + k*T5(3R + wtz(Bwty + 4i) — 3) + 2wtg(wty + (R + iwty — 1))
AR 3R (K223(R — 1) + 2i(R — g — 20023)
R = \/ k*ty — (wtp + 0)°
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JJ COrrelatOr in hOIOQraphy Witczak-Krempa, Sachdev 2013

OF T OF T OF T R SRTRe
q=0 g=005 " T g=03
X
T ) ) )
2 2 2 &
_________________________________________________________________________________________________________________________ S
—4 —4 -4
__________________________________________________________________________ é @@
® ' X X
_6 """"""""""""""""""""""""""" _6-xx """""""""""" _6_ """"" @ """""""""""" @ """"""
"""""""""""""""""""""""""""""""""""" O O] X
4 -2 0 2 4 4 -2 0 2 4 4 -2 0 2 4 -<| >
OF T L L] OF T L OF T
X q—O 557 (X q=0 6 X X q=2 | x X X
I e I e ol O o . :
X X
------------------ D GRS g g X
| 5 5
R SO Y O] A @] Q. R S
| X X
X X X X
e A — e A — T — o
© O, © © [
—4 -2 0 2 4 4 -2 0 2 4 —4 -2 0 2 4
FIG. 3. Poles (crosses) and zeros (circles) in the lower-half complex frequency plane of Cy =

—x%¢?/TIT (w, q), the R-charge density correlation function of the N' = 8 supersymmetric Yang-Mills
CFT. The positions of the poles and zeros are interchanged for Cy, = 7.

Strong coupling - yet similar collision!
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Analytic structure in 2+1 dimensions

Finite temperature, density
and momentum relaxation

Channel with two collisions!

Blue atk — ]‘/TR

el o ) (TT) (TJ)
even odd even odd even odd
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Thermoelectric JJ correlator with momentum dissipation

ft—1 Lt (kQTIQ{(R— 1) +2wTRf||(—iR+TRw +’L))

X (kQTIQ{(TRw(ZZ'F”TR =P 37‘Rw + 42) + 3R — 3)

— B +i)(R+ itpw — 1) — 3k 4), .
ity sl o Rl - Balt — 3 — 9V R=\/k2q%—(a)TR+l)2
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Thermoelectric JJ correlator with

Lo

momentum dissipation

|

: RewTp :
1.0 -

ImwTtg

-1 3R (kQTIQ{(R— 1) +2wTRf‘“(—z’R—I—TRw +’L))

X (kQTé(TRw(ZiF||TR =P 37‘Rw + 42) + 3R — 3)

— B +i)(R+ itpw — 1) — 3k 4), .
wrrl)(TRW +1)(R + iTpw — 1) 'R R=\/k2T§—(a)TR+z)2
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Thermoelectric coefficients




Thermoelectric effect

mmmmm

Seebeck effect: temperature gradient = electric field

Seebeck 1821
Peltier effect: electric gradient = temperature gradients

Peltier 1834

Thermopile from Leopoldo Nobilli

Rooms XV/XVI museo Galileo

=>Apply computed correlators to determine thermoelectric coefficients
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Hartnoll, Kovtun, Muller, Sachdev 2007

Thermoelectric coefficients

Electric and th | t t coefficient (Mi) ol T’ 5
eClric an ermail transport coetricients ] = » g
P o0Q’ Tya’ Tyk" —0,0111

Heat current: Q' = 5TV — p,0."

Compute via Kubo formula, e.qg. /() = — 1 lim (GU (w, k) — GY (O,k))
Ll k—0 M M
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Hartnoll, Kovtun, Muller, Sachdev 2007

Thermoelectric coefficients (27 = (s B) (L% o)
. I n . .
Find 0 = 6y — ——————, where n Is the number density ana
v &)+ Py

e//tO/TO T(C)l’—l

12 md-1

» All other coefficients related by the Ward identities

0Q=TR

(Hoo + Ty)iw = — ny, (K + pg)iw = — s

« Satisfies the Onsager relations a = o

34



Hartnoll, Kovtun, Muller, Sachdev 2007

Thermoelectric coefficients (27) = (s ) (L5 )
With momentum breaking
. 1 L
Find o = 0 — - —, where
iw—1 &5+ P

e/’tO/TO T(C)l’—l

12 md-1

* All other coefficients related by the Ward identities

GQ = Tp Sy ... entropy density

1 ... number density

(Hoo + Tha)(iw—1") = — nj (K + pg)(iw—1") = — 5,

« Satisfies the Onsager relations a = o
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Outlook: beyond the RTA



Grozdanov, AS 2024

Outlook

A century on, kinetic theory is a key workhorse in QGP physics (e.qg.
KeMPgaST, Cooper-Frye formula in freeze-out), plasma physics and other
weak coupling settings

However, starting point is already a truncation from the full Born-Bogoliubov-
Kirkwood-Green-Yvon (BBGKY) hierarch

Ultra-long range correlations in small systems
Of course, this is done for simplifying re:

pp at 13 TeV p+Pb at 5.02 TeV
—~ 0.0025 B ELALEL L B ] & 0.0025 [T T T T
%&) N IQEL)'(CZIE F;p rMu;?cTuvoMD (5.0<An| <6.0) 7 % EOALICE,p—PbVS_NN=5.02TeV(5.O<|A|7| 6.0) -
- ‘7 2 0.002F 1 = 6 ALICE, Pb\/_ 502TV(65 |A|| 75) g
However, what if we keep />, /5, ... " S o2l e | 3 omfiueeemitsees s
0.0015:_ BPYTHIA8 Ropes - ] 00015:_3DGI auber+MUSIC+UrQMD: (65 ||17| 75) _:
_ 0001 [ 1 s 1wk X .
Can we maybe say something oo remmsen] | gb b s |
. B e e—) § 00005 @ © .
— N j—/j\; — ] N ]
about long-range correlations? o = 3 | o it Tl N <4
0 10 20 30 40 50 60 70 8 U e A T B S N B B
N, (o, > 0.2 GeVie, [i| < 0.8) 0 10 20 30N AEO 802(36\5;)/ |7|00£ —~0.1"
p,>0.2GeV/c, In| <0.8 —
<i0.1:
ALICE arXiv:2504.02359 .
QMZ2025 - Bielcikova o
0.1
- Hydrodynamics, CGC and PYTHIA based models cannot . ()T

explain the data.
0.0’



BBGKY hierarchy

N-particle distribution function fy = /At X1, ..o, Xps P1s -5 P)
Evolution is given by Liouville equation
LIy =0y + Hy S} =0

N-particle Hamiltonian is e.qg.

N )

P;
H=§ +Vr-+§Ur-—r-
: =1 2m (l) l<] (l ])

Exact, but not practicall
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BBGKY hierarchy

* Introducing reduced distribution function
f;ft—l ™~ Jd3xnd3 nf;ft

 Recast Liouville equation as tower of equations
oU

oF

0rfn — U M- :Fffz;}’l}d%’”ﬁ[ﬂ@M1
i=1

o Still exact! Still unmanageable! Time to truncate...

39
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BBGKY hierarchy truncation

Ofn = U Hyt = Clppy1]

* Typical truncation at first level - stosszahlansatz/molecular chaos

Clf] = CLAA]

o Key assumption: uncorrelated particles prior to collision
h—h*
1 1

TR

Clfifil =Ci,+Cyp+ ... orthe RTA: C[fifi] = —

« What is effect of higher levels? Systems with 7, > 7~ > ...
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Grozdanov, AS 2024

Beyond the RTA

0.0F ° °
gl-fl — C[f‘z], 32]62= C[fé], :
-0.5
 Decompose into uncorrelated and correlated parts
- =1.0¢ X X
hL=hh+8&n : 15
* Approximate with RTA-like term, use long range potential 20! M AA A K
fi — 1(“1) 25} -‘
ZJ1 = — + Clg1o], 0.4 0.2 00 02 04
TR Rew
_ oeq) 00,00
812 — 812 Sound channel - G**
g2g12= — +C[]C3],
Tc 1 [ 2TR . TRT0T02 5 3
w:::\/gk 2(15 o 1072 )k +O(k)

* Analytic access to computed correlators, tower of
branch cuts...
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Summary



Summary

» Have complete analytical set of correlators for T, u, 1" # 0

* Direct access to dispersion relations, transport coefficients
» Future directions: going beyond the RTA, scale dependent 7,(p) a la Kurkela-

Wiedemann 2017, including magnetic fields, massive particles, multiple
species, long time tails ...
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Relating sources of response to perturbations

« How do we get from (5gw, 5Aﬂ) to (0L, 01)?

o Under diffeos 09, =0gu + b +06u. Al = A+ A8, + €0, A,
1 0T ;
° — 5t
Choose & o730
e Leadsto =0 dgy=- 0 sap= iy, LOOT

* Finally, the thermoelectric matrix reads

IV = (20 Y (LB ) = () <[ o) (s s,
(SQL T()(X'LJ T()/_ﬂ?/"] —TSVJ(ST JQ"' o &ijTO I_iijTO iwdg;,j
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Energy-energy correlator

The stress-energy tensor correlators are given in the longitudinal (sound, or spin-0) channel by

where

G A+ Bs
3(eo+P) C+ Dé’

A = 4k°1} + k*Ltr(TRw + 2i) + 6ikTrw + 3iLw(TRw + 1),

B = iLLy(1g — 7¢)(Tow + 1) (Thw (k°Té + 3(Tew + 1)) + it (K*7& + 31éw? + 6iTcw — 6) + 3iTc)

— 2kL7e (Tgw (2ik*18 — 3i(tow +1)?) + 77 (K°7&(—5 — iTow) + 3i (2réw® + 5iTéw? + Tow + 2i
+ TRTC (4k27c27 = 37'%w2 — 1&Tcw + 9) s 37'%(—1 - 3'137'Cw))
+ 2kLotr(1 — iTow) (—27122 (k27'c2; + 3(Tow + 2)2) + TRTC (szrg + 31éw? + iTow — 9) + 37'3;)

— 4k2rpre (TR — T¢) (2R (2ik272 — 3i(Tow + 1)2) — 31 (3w + 1))
C = 4k37122 + 2ik* L7 + 12ikTRw + 6iLw(Trw + 1),

D =2(tew + 1) (QikL'rc (7122 (kQTé + 318w? + iTow + 3) — 67rTC + 37'(2;)
— 2tkLoTR (7'12{ (k-%(% + 3(Tew + 2)2) + 3TRTC(2 — 1TCW) — 37'%)
+ 12k*1r7e(TR — TC)(—iTRTCW + TR — TC') — 3LLo(TR — Tc)z)

+ ikt (TR — 7¢) (iL (K*7R + 3w(Trw + 1)) + 2kTr (K°TR + 3iw))
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