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Motivation

Why SK EFTs?

Limitations of classical hydrodynamics:

|

Classical formulation at the level of equations of motion: how to write actions
for dissipative systems?

Beyond linear response: how to systematically include interactions between hydro
modes, and with thermal bath? —> long-time tails, stochastic hydrodynamics, ...
Direct access to G, G° and higher point TO correlators?

Derivation of phenomenological restrictions?




Motivation

Overcome by Schwinger-Keldysh construction!

» Systematic setup for non-equilibrium QFT [Kamenev]

> Action principle for hydrodynamics on SK closed time path contour
[Crossley,Glorioso,Liu; Haehl,Loganayagam,Rangamani; Jensen,PinzanifFokeeva,Yarom]

» Fundamental symmetry principles =—> interactions and fluctuations, implies
Onsager relations and 2nd law, locality [Delacrétaz, Goutéraux,VZ], ...

» Beyond linear response, “stochastic” coefficients invisible to classical constitutive
relations [Jain,Kovtun]


https://www.cambridge.org/core/books/field-theory-of-nonequilibrium-systems/CEA995D5C5C7E043E9BAAE6DCA282354
https://arxiv.org/abs/1511.03646
https://arxiv.org/abs/1803.11155
https://arxiv.org/abs/1701.07436
https://arxiv.org/abs/2009.01356
https://arxiv.org/abs/2009.01356

Motivation

Why holography?

Explicit computations in strongly coupled models:

> Analytic results (e.g. derivative expansion)

» Universal bounds for transport coefficients (eg 7/s [Kovtun,Son,Starinets], D
[Blake])

» Expect generic behavior = “accidents” help uncover hidden structures

» Easier numerics

Goal: Understand gravitational dual of SK QFTs
» Complex saddles in quantum gravity/holography [Witten]

Take scalar field (model A - critical relaxation dynamics [Hohenberg,Halperin]) =
uncover structures relevant for hydrodynamics


https://arxiv.org/abs/hep-th/0405231
https://arxiv.org/abs/1603.08510
https://arxiv.org/abs/2111.06514
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.49.435
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Schwinger-Keldysh QFT

» Time evolution of density matrices
p(t) = U(t)poUT(t) = (AB...),, = Tr(poUtAUB...)

—> Complex time contours
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» General n-point PO correlators from path integrals
eWels]l — Dype' Jc £ls]l = /le Dy eSlersil=iSlez.a] = oWiss]
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» Various initial states/correlators: Vacuum-vacuum, in-in, thermal,...



Motivation: Schwinger-Keldysh QFT

Features of SK path integrals:

» Doubling of the fields = physical ¢, = % (¢1 + ¢2), stochastic v, = 1 — @2

» Unitarity constraints
> Wis,s, =0]=0
> Ws, 5] = Ws:, —s5]
> ReW <0

» For thermal states, periodicity in imaginary time = KMS condition

Wls1(t), s2(t)] = W[Osi(t — i0), Osy(t + i(B — 0))]

W(sr, s;] = Direct access to GRAS .

2
GR:Gra<: 6W), GA:Gar, GK:Grry
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Schwinger-Keldysh EFT

Constructing the effective action Sger

eWlsrsal :/D(brD¢aef55FT[¢nSr;¢a,Sa]

Systematic procedure: [Liu,Glorioso]
» (i) Identify the low-energy dynamical dofs (associated to the symmetries), and
write them down in a derivative expansion

» &1, ¢ are coupled
» Serr complex < dissipation

» (ii) Impose unitarity constraints

» Serr(pr, s pa=15,=0]=0
> Seerlors sii bay sal = —Sert[9r, 517 — a2y —Sa)
ImSgrr > 0


https://arxiv.org/abs/1805.09331

Schwinger-Keldysh EFT

> (i) Impose dynamical KMS condition Sgrr[¢r, sr; da, Sa] = Serr([dr, 5r; ba, 8a
[Sieberer,Chiocchetta, Gambassi, Tauber, Diehl; Glorioso,Crossley,Liu]

§ = Osi(t — ib), 5 =0s(t+i(B—16))
$1 = O¢1(t - i0), $2 = Oo(t +i(B—0))
In the classical limit
§, = Os;, S, = Os, + i©B0ys,
ér = Oy, $a = O¢a + OB

Ward identity for this “thermal symmetry” —> Flucuation-Dissipation relations

Universal constraints and symmetries of hydrodynamics


https://arxiv.org/abs/1505.00912
https://arxiv.org/abs/1701.07817
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eWartles] — giSon—sheitlp—#s]
» AdS spacetime

)
» Near boundary r — oo expansion

+r (—dt2 + 6deidxj)

o=r2 P 4Ry -
corresponds to 6SgrT ~ [ pspv.

arge strongly-couple 4 <= weakly-couple d+1) [Maldacena]
L N (| led QFT ki led GR(4,1)


https://arxiv.org/abs/hep-th/9711200

Holography

» AdS-black hole thermodynamics <= QFT thermodynamics

/
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Schwarzschild-AdS,1

1
r2f(r)

dr? + r2dx?

ds? = —r?f(r)dt? +

\h
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1—rd/r?

» Real time prescription for GR: infalling boundary
conditions at the horizon [Son,Starinets; Herzog,Son|

» Horizon encodes dissipation = Hydro transport coefficients from BH horizon
(realization of membrane paradigm)! [Igbal,Liu]


https://arxiv.org/abs/hep-th/0205051
https://arxiv.org/abs/hep-th/0212072
https://arxiv.org/abs/0809.3808

Holography

Holographic dictionary

Gravitational Theory

[ Field Theory

Gauge symmetry

Bulk field (guv, Ay, ©)

e Leading boundary behavior

e Subleading boundary behavior
Pure AdS spacetime

Black hole with temperature T
Euclidean on-shell action
Boundary/Deep interior
Quasinormal modes with w(k)

Global symmetry

Boundary operator (T?0, J2, ©O)

e Source

e 1-point function

Vacuum state

Thermal state at temperature T
Free energy

UV/IR

Poles of retarded Green's fn at w(k)




Glorioso-Crossley-Liu (GCL) prescription
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GCL prescription

» Schwarzschild-AdS1

ds? = —r2F(r)dv? + 2drdv + r2dT?,  f(r)=1— b

GCL prescription for SK contour: [Glorioso,Crossley,Liu]

» Complexify radial coordinate r and analytically continue around the horizon

R(¢) =0 0
;;\N\N\N\NW\/\/‘-
> 001
R(C) =1

» Mock tortoise coordinate with branch cut at r,

a_ 2
dr — iBr2f(r)


https://arxiv.org/abs/1812.08785

Take a (massless) probe scalar

S— _% / drdxy/= (96) + V(¢)

» General solution on GCL contour [Jana,Loganayagam,Rangamani; Chakrabarty et al.]
O(¢,w) = (W) GR(¢w) + Aw)GAG w)e™7+¢
where GR_ GA are normalized at boundary and solve
O (Vesn) + vex (0:0, — k) & =0
with

N=1[f(rd +0,]d =D,

> GR(w): ingoing (regular) at horizon
> GA(w) = GR(~w)

Can be found analytically in derivative expansion

DA


https://arxiv.org/abs/2004.02888
https://arxiv.org/abs/1906.07762

» Boundary sources

®le—o,1 = 52,1(w)

> Find
(¢, w) = —sp(w) GR(¢,w) + sp(w) GA(¢,w)e (=)
where
se=—[(14+n)s1i —nsy], sp=—n(s1 — )
1
n=

» Obtain generating functional W/[s,, s5] by putting bulk action on-shell...

«O>» «Fr « =

Er» «E»

DA



Skenderis - van Rees (SvR) prescription
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(i) “Fill in” QFT contour with complexified/mixed-signature bulk [Skenderis,van Rees]
P> Real time segments <= Lorentzian pieces

» Imaginary time segments <= Euclidean pieces

— q
—

(ii) Impose matching conditions at fixed-time corners

» Continuity of fields ¢ and conjugate momenta 74 ~ Ot

DA


https://arxiv.org/abs/0812.2909

> For thermal state, patch together Schw-AdS [de Boer,Heller,Pinzani-Fokeeval

y

ds} = —fF(r)dt® + F1(r)dr® + rPd%?,

dsz_— = dsf(t — —iT)
» Bulk geometry:

«O>» «Fr « =

Er» «E»

DA



https://arxiv.org/abs/1812.06093

General form of probe scalar

O = / et (h@)G (w,1) + A@IGA @) m=1,0,2.8
™

Matching conditions

Pi(t=T)=d,(t=T)
S (t=T—ioc)=P(t =T —io)
®y(t = —io) = dg(t = —io)
@s(t = —if) = b1(t = 0)

Sources on Lorentzian boundaries

cR(w) + A(w) = sm(w) m=1,2

Ry +Aw)y=0 m=o,p

«O>» «Fr «=)r « =)

DA



Matching at t = T for s; ~ 6(ts):
dw _; i
[ e )=

;—:e_i“’ch (GR _ GA)

Closing the contour integral in the LHP, inhomogeneous term drops out =

of = cF

» Similarly,

f—cf—f
4 = cg =efwef

«O>» «Fr « =

Er» «E»

DA



Full solution

&) = —sp GR + 5p G*
by =e" ¢ [—s,: GR+sp GAeB“]
5 = —s¢ [GF — 7]

b5 = —ePvsp [GR - GA]

» Reproduces GCL on Lorentzian sheets
» Similar agreement for (second order) diffusive hydro [de Boer,Heller,Pinzani-Fokeeva]

» For s; = s recover ingoing boundary conditions at horizon [Skenderis,van Rees; van
Rees| proposed in [Son,Starinets; Herzog,Son]|

» For o # 0 get Son-Teaney analytic continuation proposal [Son,Teaney| - agrees
with modular flowed GCL [Sivakumar]

u}
8]
1
n
it

DA


https://arxiv.org/abs/1812.06093
https://arxiv.org/abs/0812.2909
https://arxiv.org/abs/0902.4010
https://arxiv.org/abs/0902.4010
https://arxiv.org/hep-th/0205051
https://arxiv.org/abs/hep-th/0212072
https://arxiv.org/abs/0901.2338
https://arxiv.org/abs/2410.18188

R(() =0

R(C) =1

Interpretation: Structure is fixed by thermal/KMS conditions, but

» In SvR, QFT contour is periodic by construction

» In GCL, KMS is implemented by a bulk (IR) condition!

DA




SK membrane constraints




horizon  cutoff

boundary
Semi-holography and membrane paradigm [Nickel,Son; Igbal,Liu; Faulkner,Liu,Rangamani]
» Split IR & UV bulk action:

S[®] = Spl¢] + Suvlo, ],
Extremize at the end

= o,
S, 6Suy
92h -0
50 T oo

Horizon fields <= low-energy dofs of QFT

» (eg Wilson lines of gauge transformations <=> Goldstones for U(1) hydro)

40> «Fr « =)

« =)

DA



https://arxiv.org/abs/1009.3094
https://arxiv.org/abs/0809.3808
https://arxiv.org/abs/1010.4036

Membrane action

a:—/wfmmJW@w,

oL

V= 5600
Near horizon solution

B(w) = Aw)e = + B(w),

M= —iw (B—Aeif:)

> 2 coefficients, fixed by bdy source + horizon condition (e.g. infalling = A = 0)

Implement SK EFT constraints on membrane action!

» 2 Lorentzian sheets <= 2 copies of scalar field

40> «Fr « =)

« =)

DA



Effective Lagrangian

—Le = ¢1(—w)M1(w) — g2(—w)Ma(w) = ¢, Ma + ¢all,

From the near horizon solutions

e =

—ABs

iw [=2A:Brd3 + 2A:B207 — (ArBa + AaBy) da¢r + (ArBa + AaBr) ar]
A.B,
Implement SK constraints

> (i) Serrlpa=0]=0
> (i) ImSgrr > 0

and (iii) dynamical KMS [Sieberer,Chiocchetta,Gambassi, Tauber, Diehl]

P1(w) = 72y (—w)
po(w) — e P2 ¢ (—w)

DA


https://arxiv.org/abs/1505.00912

> ()= A, =00orB,=0

» (iii) = B, = —5 B, coth [132—"’] or A, = —>A,coth [%]
> (i) =

Ba =0 3
Finally

——Aa coth [ﬁw]
2

i [s(-)00() = e (-)oa( ) + coth | 2] gu(-)en(e)]|
Note

» Equivalent to near-horizon GCL and SvR: B, = B;, Ay = ePw A,
» Other 2 conditions fixed by bdy sources s;, s>
> Classical limit: L ~ ¢adr — £ 63

DA



To do: move the membrane towards AdS boundary

» Connect w/ sources & obtain non-dissipative Sy

» Show that SK constraints are preserved under (holographic) RG flow

Expect [de Boer,Heller,Pinzani-Fokeeva]

Bw

£ = ()R (0) + 0 (~)GP0u(w) + 5 (67 — 6) coth |22 6u(-w)ou(e)

<O < Fr <=

« =)

DA


https://arxiv.org/abs/1812.06093

Outlook: Beyond global equilibrium




Outlook: Beyond global equilibrium

GCL is a bulk condition - extend to any dynamical horizon! [Glorioso,Crossley,Liu]
ds® = —f(r,x)dv? + 2drdv + X;j(r, x)dx' dx/

But different notions of horizons ... = IR membrane might capture dissipative effects

Does GCL define:
» “Local equilibrium” holographic state?
» “Local dynamical KMS"’ with 8 — B(x)? [Knysh,Liu,Pinzani-Fokeeva]
> “Quantum hydrodynamic” EFTs w/ 89 ~ 17 [Blake,Lee,Liu]

» Relation to general Fluctuation-Dissipation relations GX = GR « F — F x G* and
driven systems

» Fluctuation theorems


https://arxiv.org/abs/1812.08785
https://arxiv.org/abs/2405.17559
https://arxiv.org/abs/1801.00010

Outlook: Beyond global equilibrium

In-in SvR is well defined at boundary - excited states by euclidean evolution
[Christodoulou,Skenderis; Pantelidou, Withers]

.. D

» How are they related to the GCL states?

Further explorations:
> Bulk gauge field and metric perturbations = hydrodynamics
» Non-linear/higher-point functions [Loganayagam,Rangamani,Virrueta]
» Analytic results in AdS;/Fluid gravity
» Understand at the level of the geometry


https://arxiv.org/abs/1602.02039
https://arxiv.org/abs/2309.05734
https://arxiv.org/abs/2211.07683
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