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holographic duality
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kinetic theory and 
perturbative QFT
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[Hartnoll, Kumar, (2005)] holography (N=4 SYM-type theories)

?

what is the structure of thermal correlators and QNMs, and what is the  
minimal information necessary to determine them completely? 

• kinetic theory: solving the collision integral 
• perturbative QFT: calculation of Feynman diagrams 
• holography: solving differential equations but in special theories
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meromorphic momentum space correlator



• low-energy limit of (some) thermal QFTs  
is described hydrodynamics 

• conservation laws and global conserved operators 

• tensor structures (symmetries, gradient expansions)  
and transport coefficients (QFT)
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! = ±vsq � i�q2
<latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit>

diffusion

!/T ⇠ q/T ⌧ 1

<latexit sha1_base64="9/odFNOpgCdGAa0mPLJ1pGH92Ew=">AAACAnicjVDLSgNBEOz1GeNr1ZN4GQyCp2RXAuot6MVjhLwgWcLsZDYZMrOzzswKYQle/BUvHhTx6ld482+cPA4qChY0FFXddHeFCWfaeN6Hs7C4tLyymlvLr29sbm27O7sNLVNFaJ1ILlUrxJpyFtO6YYbTVqIoFiGnzXB4OfGbt1RpJuOaGSU0ELgfs4gRbKzUdfc7UtA+LtVQRzOBblAJWco58rtuwS96U6C/SQHmqHbd905PklTQ2BCOtW77XmKCDCvDCKfjfCfVNMFkiPu0bWmMBdVBNn1hjI6s0kORVLZig6bq14kMC61HIrSdApuB/ulNxN+8dmqisyBjcZIaGpPZoijlyEg0yQP1mKLE8JElmChmb0VkgBUmxqaW/18IjZOiXy6eX5cLlYt5HDk4gEM4Bh9OoQJXUIU6ELiDB3iCZ+feeXRenNdZ64Izn9mDb3DePgEln5Va</latexit>

@uµ ⇠ @T ⌧ 1

<latexit sha1_base64="a2Ga+eTMpWNJMZn9Mw6Z1YxEPKw=">AAACDXicjVDLSgMxFM3UV62vUZduglVwVWakoO6KblxW6As6Y8mkmTY0yQx5CGXoD7jxV9y4UMSte3f+jZm2iIqCBy4czrn3JvdEKaNKe967U1hYXFpeKa6W1tY3Nrfc7Z2WSozEpIkTlshOhBRhVJCmppqRTioJ4hEj7Wh0kfvtGyIVTURDj1MScjQQNKYYaSv13IMgRVJTxKC5DriBgaIcfmoNGDAG/Z5b9iveFPBvUgZz1HvuW9BPsOFEaMyQUl3fS3WY5VsxI5NSYBRJER6hAelaKhAnKsym10zgoVX6ME6kLaHhVP06kSGu1JhHtpMjPVQ/vVz8zesaHZ+GGRWp0UTg2UOxYVAnMI8G9qkkWLOxJQhLav8K8RBJhLUNsPS/EFrHFb9aObuqlmvn8ziKYA/sgyPggxNQA5egDpoAg1twDx7Bk3PnPDjPzsusteDMZ3bBNzivHwTDmuM=</latexit>

equilibrium 
temperature

q =
p
q2

<latexit sha1_base64="tZ/pTcPB1XH325HYkzt9YwzcFPs=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEVyUpBetCKLhxWcE+oKllMp20QyeTdGYi1BD8FTcuFHHrf7jzb5w+FioKHrhwOOde7uH4MWdKO86HlVtaXlldy68XNja3tnfs3b2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRxdRv3VKpWCSu9SSm3RAPBAsYwdpIPftgjM6Rp8ZSp6nnB2ic3ZSznl10S84M6G9ShAXqPfvd60ckCanQhGOlOq4T626KpWaE06zgJYrGmIzwgHYMFTikqpvO0mfo2Ch9FETSjNBopn69SHGo1CT0zWaI9VD99Kbib14n0UG1mzIRJ5oKMn8UJBzpCE2rQH0mKdF8YggmkpmsiAyxxESbwgr/K6FZLrmV0tlVpVirLurIwyEcwQm4cAo1uIQ6NIDAHTzAEzxb99aj9WK9zldz1uJmH77BevsEue+UwQ==</latexit>

rµT
µ⌫ = 0

Tµ⌫ =
1X

n=0

"
NX

i

�(n)
i T µ⌫

(n)

#
=) !(k) =

1X

n=0

↵n+1k
n+1

uµ ⇠ T ⇠ e�i!t+iqz
<latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit>

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

• dispersion relations 
are poles:

Reω

Imω



• Schwinger-Keldysh effective field theory of diffusion to all loops: long time tails…  
[Chen-Lin, Delacretaz, Hartnoll (2019) ; Delacretaz (2020); SG, Lemut, Pelaič, Soloviev, PRD (2024)] 

• tree-level result (classical hydrodynamics) has one diffusive pole at   

• n-loop result has a (pair) of diffusive pole(s) and branch point at   

• go to all orders with ‘bananas’:

6
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<latexit sha1_base64="JS1c1eogn9O6fQfiiygD1kICJhw=">AAAB+nicjVDLSgMxFM34rPU11aWbYBHcWKalqBuhqAuXFewD2rFk0jttaDIZk4xSxn6KGxeKuPVL3Pk3po+FioIHLhzOuZd7OEHMmTae9+HMzS8sLi1nVrKra+sbm25uq65loijUqORSNQOigbMIaoYZDs1YAREBh0YwOBv7jVtQmsnoygxj8AXpRSxklBgrddxcWwrokRN8gBk+xzfXpY6bLxa8CfDfJI9mqHbc93ZX0kRAZCgnWreKXmz8lCjDKIdRtp1oiAkdkB60LI2IAO2nk+gjvGeVLg6lshMZPFG/XqREaD0Ugd0UxPT1T28s/ua1EhMe+ymL4sRARKePwoRjI/G4B9xlCqjhQ0sIVcxmxbRPFKHGtpX9Xwn1UqF4WChflvOV01kdGbSDdtE+KqIjVEEXqIpqiKI79ICe0LNz7zw6L87rdHXOmd1so29w3j4BusCSXg==</latexit>

! = �iDq2

<latexit sha1_base64="rPj+FLaOrFDq50j1tLAL6IqXPFE=">AAACBnicjZDLSgMxGIUz9VbrbdSlCMEiCGKZKUXdCEVduKxgL9AZSybNtKFJZkwyQhlm5cZXceNCEbc+gzvfxvSyUFHwQOBwzv+T5AtiRpV2nA8rNzM7N7+QXywsLa+srtnrGw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HZqG/eEqloJK70MCY+Rz1BQ4qRNlHH3vYiTnroBB5AL5QIpxSew5vrcpaKfTfr2EW35IwF/zZFMFWtY7973QgnnAiNGVKq7Tqx9lMkNcWMZAUvUSRGeIB6pG2sQJwoPx1/I4O7JunCMJLmCA3H6deNFHGlhjwwkxzpvvrZjcLfunaiw2M/pSJONBF4clGYMKgjOGICu1QSrNnQGIQlNW+FuI8MDW3IFf4HoVEuuYelymWlWD2d4siDLbAD9oALjkAVXIAaqAMM7sADeALP1r31aL1Yr5PRnDXd2QTfZL19AvNjl4g=</latexit>

! = � iDq2

n+ 1



qq-q-q

-i4πT-i4πT

-i8πT-i8πT

-i12πT-i12πT

-i16πT-i16πT

Reω

Imω

Reω

Imω

� ! 0 � ! 1

kinetic theory 

Boltzmann equation — RTA 
[Romatschke, (2016)]

BBGKY hierarchy — RTA-like  
truncations [SG, Soloviev, to appear]

poles from a cut?

7

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>
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qq-q-q

-i4πT-i4πT

-i8πT-i8πT

-i12πT-i12πT

-i16πT-i16πT

Reω

Imω

Reω

Imω

� ! 0 � ! 1

supergravity 
<latexit sha1_base64="h3EqBHmFmhWifEcVNXUvnKEsWxw=">AAACBnicjVDLSsNAFJ3UV62vqEsRBovoqiZS1GXRjcsK9gFNKDeTSTt0JokzE6GErtz4K25cKOLWb3Dn3zh9LFQUPHDhcM69d+aeIOVMacf5sApz8wuLS8Xl0srq2vqGvbnVVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMLsZ+65ZKxZL4Wg9T6gvoxSxiBLSRuvauBzztwwH2FBPYPfLUjdS5x82GEEZdu+xWnAnw36SMZqh37XcvTEgmaKwJB6U6rpNqPwepGeF0VPIyRVMgA+jRjqExCKr8fHLGCO8bJcRRIk3FGk/UrxM5CKWGIjCdAnRf/fTG4m9eJ9PRmZ+zOM00jcn0oSjjWCd4nAkOmaRE86EhQCQzf8WkDxKINsmV/hdC87jinlSqV9Vy7XwWRxHtoD10iFx0imroEtVRAxF0hx7QE3q27q1H68V6nbYWrNnMNvoG6+0TdQKYgg==</latexit>

↵0 ⇠ 1/
p
�

cut from poles

[SG, Starinets …, several papers]

8
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hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
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<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))

quasinormal modes 
of black branes

correlators remain 
meromorphic



qq-q-q

-i4πT-i4πT

-i8πT-i8πT

-i12πT-i12πT

-i16πT-i16πT

Reω

Imω

Reω

Imω

� ! 0 � ! 1

[SG, Starinets …, several papers]

supergravity 
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cut from poles
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hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
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=
B(!, q)Q1

i=0 (! � !i(q))

H O L O G R A P H Y  A N D  T H E R M A L  S P E C T R U M



O U T L I N E

I. spectrum can be reconstructed from a single QNM 

II. spectrum can be reconstructed from pole skipping and hydrodynamics 

III. spectral duality relation



I .  S P E C T R U M  C A N  B E  R E C O N S T R U C T E D  
F R O M  A  S I N G L E  Q N M
[SG, Lemut, JHEP (2022)]
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• hydrodynamic series are convergent Puiseux series (shear p=1, sound p=2) 
[SG, Kovtun, Starinets, Tadić, PRL (2019); … ; also Withers; JHEP (2018); Heller, et.al. (2020, …)]  

• dispersion relations are  
holomorphic in a disk

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
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wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .
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holomorphic 
disk

!(q2)
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Rshear(�) = 2.22
⇣
1 + 674.15��3/2 + · · ·

⌘

Rsound(�) = 2
⇣
1 + 481.68��3/2 + · · ·

⌘

<latexit sha1_base64="L/JoI1VQBwn1rncx/xZH7IAJTzo="></latexit>

N=4 SYM radius convergence  
[SG, Starinets, Tadić, JHEP (2021)]

I .  S P E C T R A L  R E C O N S T R U C T I O N  F R O M  O N E  Q N M
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claim: systematic reconstruction of all modes connected via level-crossing is possible by 
exploration (analytic continuations) of the Riemann surface connecting physical modes 

• algorithm combining a theorem by Puiseux and a theorem by Darboux 
• statement should hold for spectra that are ‘sufficiently complicated’ like the Heun function

<latexit sha1_base64="Ft8xQS7CNz1CPM6C7wsZ2nWBEZU=">AAACEHicjVDLSgMxFM34rPVVdekmWMS6KTNS1E2h6MZlBfuAznTIpJk2NMkMSUaYDv0EN/6KGxeKuHXpzr8xfSxUFDxw4XDOuST3BDGjStv2h7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw8uJ37olUtFI3Og0Jh5HfUFDipE2kl84ciNO+si3S6NjWIWuSrifiao97rpUhDqFyBdw1DXJolO2p4B/kyKYo+4X3t1ehBNOhMYMKdVx7Fh7GZKaYkbGeTdRJEZ4iPqkY6hAnCgvmx40hodG6cEwkmaEhlP160aGuFIpD0ySIz1QP72J+JvXSXR47mVUxIkmAs8eChMGdQQn7cAelQRrlhqCsKTmrxAPkERYmw7z/yuheVJ2TsuV60qxdjGvIwf2wQEoAQecgRq4AnXQABjcgQfwBJ6te+vRerFeZ9EFa76zB77BevsE+0ub9A==</latexit>

!0(z) =
1X

n=0

anz
n

<latexit sha1_base64="a1q/0CDV7cmoBDV1E2Xsn827aMo="></latexit>

!0(z) = �i
1X

n=0

e
i⇡n
2 bn(z � z1)

n/2

<latexit sha1_base64="9qUkg7sl9PR71ffhl4fb8kZRWYU="></latexit>

!1(z) = �i
1X

n=0

e�
i⇡n
2 bn(z � z1)

n/2

all UV modes from one IR mode

I .  S P E C T R A L  R E C O N S T R U C T I O N  F R O M  O N E  Q N M
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E X A M P L E :  D I F F U S I O N  O F  M 2  B R A N E S  ( A D S 4 / C F T 3 )

• start from 300 hydrodynamic coefficients

• use algorithm with 2 c.c. critical points, ’recover’ 12 coefficients and compute the gap with 
analytic continuation on the same sheet (Padé approximant, …)

<latexit sha1_base64="IFE8jq38qOsWcBHTZUlThlJnoto="></latexit>

w1(z) =

(N1=12)�1X

n=0

bn(z � z1)
n/2

<latexit sha1_base64="WFBTgWkH6dRB2xyWVlBGPD9f/kw="></latexit>

wcalc
1 (0) = 1.23506� 1.76338i

w(0) = 1.23455� 1.77586i

• (re)compute the first 300 coefficients, use algorithm with 2 general critical points,  
‘recover’ 12 coefficients and compute the gap

<latexit sha1_base64="VJxMvtnZDth+TfjWIiEV6824aEY="></latexit>

w2(z) =

(N2=12)�1X

n=0

cn(z � z2)
n/2

<latexit sha1_base64="ySyqexQQ5dF1L06fSOWyJRkjJqI="></latexit>

wcalc
2 (0) = 2.16275� 3.25341i

w2(0) = 2.12981� 3.28100i

• … exploration continues … 

• conceptually useful and instructive,  
practically not (yet)… 
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!0(z) =
1X

n=0

anz
n



I I .  S P E C T R U M  C A N  B E  
R E C O N S T R U C T E D  F R O M   
P O L E  S K I P P I N G
[SG, Lemut, Pedraza, PRD (2023)]



• pole skipping: ubiquitous feature of thermal correlators and black hole perturbations  
[SG, Schalm, Scopelliti, PRL (2017); Blake, Lee, Liu, JHEP (2018); Blake, Davison,  
SG, Liu, JHEP (2018); SG, JHEP (2019)] 

• originally: all-order hydrodynamic sound mode 
 
passes through a ‘chaos point’ at where the associated 2-pt function is ‘0/0’: 
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I I .  S P E C T R U M  F R O M  P O L E  S K I P P I N G

!(q = i�L/vB) = i�L = 2⇡Ti
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!(q) =
1X

n=1

↵n (T, µi, hOji,�) q
n
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!n(qn) = �2⇡Tin

<latexit sha1_base64="52Pp18LmxP6NZ0TAphWDWnGM+Ms=">AAACFXicjVDLSgMxFM34rPU16tJNsAgVpM5IUTdC0YWupIp9QGcYMumdNjTzMMkIZehPuPFX3LhQxK3gzr8xfSxUFDwkcO4593KT4yecSWVZH8bU9Mzs3HxuIb+4tLyyaq6t12WcCgo1GvNYNH0igbMIaoopDs1EAAl9Dg2/dzr0G7cgJIuja9VPwA1JJ2IBo0RpyTN3z7wrfIydQBCaWQN9dHVRdNrAFXHiEDpkb1zgmx3PLNglawT8NymgCaqe+e60Y5qGECnKiZQt20qUmxGhGOUwyDuphITQHulAS9OIhCDdbPSrAd7WShsHsdA3Unikfp3ISChlP/R1Z0hUV/70huJvXitVwZGbsShJFUR0vChIOVYxHkaE20wAVbyvCaGC6bdi2iU6IKWDzP8vhPp+yT4olS/LhcrJJI4c2kRbqIhsdIgq6BxVUQ1RdIce0BN6Nu6NR+PFeB23ThmTmQ30DcbbJ40cnTk=</latexit>

GR =
0

0
= N(�!/�q)

• relation to maximal quantum chaos as measured by the out-of-time-ordered correlation 
functions 

• triviality of the Einstein equation at the horizon 

• infinite number of such ‘0/0’ points at negative Matsubara frequencies for   
[SG, Kovtun, Starinets, Tadić, JHEP (2019); Blake, Davison, Vegh, JHEP (2019)]

q ∈ ℂ
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n � 0



• consider diffusion in a neutral CFT dual to AdS-Schwarzschild black brane
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1X

n=1
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�
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�n

= �iDq2 + . . .
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a(w)| q
T
= 0
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!n(qn) = �2⇡Tin

analytic result in AdS4/CFT3 
[SG, PRL (2021)]
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claim: in holographic theories of the type discussed here (N=4 SYM, M2, M5, …),  
the entire spectrum can be computed from only a discrete set of pole-skipping points
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• unique solutions to interpolation problems are extremely hard in the absence of special 
known properties of the function (e.g. Weierstrass, Hadamard, Nevanlinna-Pick, …) 

• trick: ‘analytic continuation’ to d spacetime dimensions and expansion around infinite d 

• general relativity in large d drastically simplifies 

• recall: large-d limit of quantum mechanics is useful in atomic physics (e.g., for Helium) 

• convergence of such series depends on the details
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• ‘analytic continuation’ to d spacetime dimensions and expansion around infinite d

hydrodynamics pole skipping
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symmetry?
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• the rest of the spectrum follows from a reconstruction in Fact I.

• complete reconstruction of the spectrum using only algebraic ‘near-horizon’ manipulations  
(local instead of global (ODE/PDE) analysis) 

• thermal product formula: meromorphic correlators follow from poles (QNMs) and a function 
of  [Dodelson, Iosso, Karlsson, Zhiboedov (2023)]q
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[SG, Vrbica, PRL (2024); SG, Vrbica, 2 x May]
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• two channels of perturbations in AdS4/CFT3 cases: even (or sound) and odd (or shear) 

• two meromorphic CFT retarded correlators (e.g. of  or )  with QNMs  

• CFT3s have S-duality or particle-vortex duality 
gravity in 4d has Chandrasekhar duality, Darboux duality, EM duality 

• finite-T bulk considerations and black holes:

Tμν Jμ G±(ω, q) ω±
n (q)
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algebraically special frequencies 
relation to pole skipping [SG, Vrbica, EPJC (2023)] 

easy to compute (Robinson-Trautman solution in GR) 
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• define infinite convergent product  

• duality relations, the thermal product formula and details about QNM and Greens function 
asymptotics give a ‘universal’ relation:
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• infinite towers of constraints 

• constraints 1:
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• AdS-Schwarzschild black brane 

•   is self-dual 
             poles must converge to Matsubara frequencies 
             … 

•  has 

             various hydro constraints follow, e.g.:   

⟨J, J⟩R

⟨T, T⟩R

D/Γ = 2
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<latexit sha1_base64="bykhvKthb7uQ5oeakh/Sbz4XxZI=">AAACFnicjZBLSwMxFIUz9V1fVZdugkUQwdJKqW4E0Y1LBatCp5Y76Z0azGNMMkIZ+ivc+FfcuFDErbjz35g+FioKHggczrmXJF+UCG5dufwR5MbGJyanpmfys3PzC4uFpeUzq1PDsM600OYiAouCK6w77gReJAZBRgLPo+vDfn9+i8ZyrU5dN8GmhI7iMWfgfNQqbNFQS+xAa3OP0zA2wLKwA1ICvbms9rIaDSMwISaWC616rUKxUioPRP82RTLScavwHrY1SyUqxwRY26iUE9fMwDjOBPbyYWoxAXYNHWx4q0CibWaDb/Xouk/aNNbGH+XoIP26kYG0tisjPynBXdmfXT/8rWukLt5tZlwlqUPFhhfFqaBO0z4j2uYGmRNdb4AZ7t9K2RV4Ns6TzP8Pwtl2qVIrVU+qxf2DEY5pskrWyAapkB2yT47IMakTRu7IA3kiz8F98Bi8BK/D0Vww2lkh3xS8fQJprZ70</latexit>

!⇤ = i
�q4

6✏̄

<latexit sha1_base64="HCwC5jGOPB/+7N73WK3VK8kDPw4="></latexit>

iDc�

2
lim
q!0

k2S(!) = sinh
�!

2

• AdS-Reissner-Nordström black brane  

• channels are coupled with

<latexit sha1_base64="Wohldd97ttO4BOvUimMITWYahKo="></latexit>

!⇤ = i
�q4

6✏̄

0

@1

2
±

s
1

4
+

✓
2Q�

3✏

◆2

q2

1

A
�1
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• duality relation for any pair of meromorphic correlators: 

• knowing one spectrum is sufficient for determining the other spectrum! 

• we also prove various statements 
about spectra (poles and zeros) 

• zeros and poles of any correlator:

I I I .  S P E C T R A L  D U A L I T Y  R E L AT I O N

<latexit sha1_base64="Mi6rkoissrYsyTGX+YHFdczWNs4=">AAACBXicjVDLSsNAFJ3UV62vqEtdDBahIi2JFHUjFF3UZQX7gDaEyXTSDp1HmJkIJXTjxl9x40IRt/6DO//G9IGoKHjgwuGce7n3niBiVBvHebcyc/MLi0vZ5dzK6tr6hr251dAyVpjUsWRStQKkCaOC1A01jLQiRRAPGGkGg4ux37whSlMprs0wIh5HPUFDipFJJd/erfqHhY7kpIcOYNUvfvIzWHR9O++WnAng3yQPZqj59lunK3HMiTCYIa3brhMZL0HKUMzIKNeJNYkQHqAeaadUIE60l0y+GMH9VOnCUKq0hIET9etEgrjWQx6knRyZvv7pjcXfvHZswlMvoSKKDRF4uiiMGTQSjiOBXaoINmyYEoQVTW+FuI8UwiYNLve/EBpHJfe4VL4q5yvnsziyYAfsgQJwwQmogEtQA3WAwS24B4/gybqzHqxn62XamrFmM9vgG6zXDzylldo=</latexit>

G+(!)G�(!) = �1
<latexit sha1_base64="KP/OQ048MAUh+JIQctszwUdZFjs=">AAACUnicjVJLSwMxGEzru76qHr0Ei1ARS1dEvQgFLx4VbSt065JNv22D2WRJvhXK0t8oiBd/iBcPavpQVBQcCBlm5iNhkjCRwmK1+pTLT03PzM7NLxQWl5ZXVotr6w2rU8OhzrXU5jpkFqRQUEeBEq4TAywOJTTD29Oh37wDY4VWV9hPoB2zrhKR4AydFBTFZdnXMXTZDj2hfmJ0J1DUlxBh2aN71I8M49k4MZjsgbrZHfhGdHu48xnd/Su69xENiiWvUh2B/k1KZILzoPjgdzRPY1DIJbO25VUTbGfMoOASBgU/tZAwfsu60HJUsRhsOxtVMqDbTunQSBu3FNKR+nUiY7G1/Th0yZhhz/70huJvXivF6LidCZWkCIqPD4pSSVHTYb+0IwxwlH1HGDfC3ZXyHnPVoHuFwv9KaOxXvMPKwcVBqVab1DFPNskWKROPHJEaOSPnpE44uSfP5JW85R5zL3n3S8bRfG4ys0G+Ib/0Dv5bs2Y=</latexit>

S(!) =
Y

n

✓
1� !

!+
n

◆✓
1 +

!

!�
n

◆

<latexit sha1_base64="PnoWXUfCIaI3nGMQ9M0bJA5kNvg=">AAACKXicjVDLSgMxFM3UV62vUZdugkWoC0tbiroRCm5cKtpW6JRyJ73ThmYyQ5IRytDfceOvuFFQ1K0/YvoQVBQ8EDg559w8jh8Lrk2p9Opk5uYXFpeyy7mV1bX1DXdzq6GjRDGss0hE6toHjYJLrBtuBF7HCiH0BTb9wenYb96g0jySV2YYYzuEnuQBZ2Cs1HFrlwUvCrEH+/SAXhYOPjcntEI59YQ9qQvU01z2qRcoYKnno4FpbJRWRh03Xy6WJqB/kzyZ4bzjPnrdiCUhSsMEaN0ql2LTTkEZzgSOcl6iMQY2gB62LJUQom6nk5+O6J5VujSIlF3S0In6dSKFUOth6NtkCKavf3pj8TevlZjguJ1yGScGJZteFCSCmoiOa6NdrpAZMbQEmOL2rZT1wfZhbLm5/5XQqBTLh8XqRTVfq83qyJIdsksKpEyOSI2ckXNSJ4zcknvyRJ6dO+fBeXHeptGMM5vZJt/gvH8A6yekuw==</latexit>

S(!)� S(�!) = 2i� sinh
�!

2

<latexit sha1_base64="NO/zkg2ctmVtGbOP+pUEofRHyBo=">AAACCXicjVDLSgMxFM3UV62vUZdugkWoi5YZKepGKLioywr2Ae1YMmmmDc1jSDJCGbp146+4caGIW//AnX9j+kBUFDxw4eSce7m5J4wZ1cbz3p3MwuLS8kp2Nbe2vrG55W7vNLRMFCZ1LJlUrRBpwqggdUMNI61YEcRDRprh8HziN2+I0lSKKzOKScBRX9CIYmSs1HVhEVYLHclJHx3C6nVa9MefzzNr+l0375e8KeDfJA/mqHXdt05P4oQTYTBDWrd9LzZBipShmJFxrpNoEiM8RH3StlQgTnSQTi8ZwwOr9GAklS1h4FT9OpEirvWIh7aTIzPQP72J+JvXTkx0GqRUxIkhAs8WRQmDRsJJLLBHFcGGjSxBWFH7V4gHSCFsbHi5/4XQOCr5x6XyZTlfqczjyII9sA8KwAcnoAIuQA3UAQa34B48gifnznlwnp2XWWvGmc/sgm9wXj8AhXKXCw==</latexit>

�G(!)G�1(!) = �1

<latexit sha1_base64="pDD64/gNipRRTXJeNqFhB8Dkesc="></latexit>

S(!) =
Y

n

✓
1� !

!n

◆✓
1 +

!

zn

◆

thermal product  
formula

<latexit sha1_base64="9vXFISc/W7Ut1QAUGvTUh7+dJnE="></latexit>

rn = �G(0)
!n sinh

�!n

2

2
Q
m

m 6=n

⇣
1� !2

n
!2

m

⌘
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• large-N field theory and double-trace deformed RG flow 

• using duality relations between UV and IR CFTs 

• same statement applies to correlators 
in any pair of theories related by  
Legendre transform

I I I .  S P E C T R A L  D U A L I T Y  R E L AT I O N

<latexit sha1_base64="aKZDTT1oFQKae4xcmPErmbE/isA="></latexit>

Zf [J ] = e�[J,f ] =
D
e
R
OJ� f

2

R
O

2
E <latexit sha1_base64="sNTG1VYWhjgjby5Qxs3LfkHzJKU=">AAACA3icjZBLSwMxFIXv1Fetr1F3ugkWoSKUGSnqRii4qMsK9gHtMGTSTBuayQxJRihDwY1/xY0LRdz6J9z5b0wfCxUFDwQO59xLki9IOFPacT6s3MLi0vJKfrWwtr6xuWVv7zRVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQwvJ33rlkrFYnGjRwn1ItwXLGQEaxP59l6tFB5ddEOJSVbznXHmomMUoon17aJbdqZCf5sizFX37fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdYgSOqvGz6hzE6NEkPhbE0R2g0Tb9uZDhSahQFZjLCeqB+dpPwt66T6vDcy5hIUk0FmV0UphzpGE2AoB6TlGg+MgYTycxbERlgw0MbbIX/QWielN3TcuW6UqxW5zjysA8HUAIXzqAKV1CHBhC4gwd4gmfr3nq0XqzX2WjOmu/swjdZb5+78ZWq</latexit>

G(f) =
G0

1 + fG0

<latexit sha1_base64="/BPiGTajmjbJ8G7XZ7IBP3kD4c0=">AAACTHicjZDNSwJBGMZnrczsa6tjlyEJlFBckeoSCB3qaJAfoMsyO87q4OwHM+8GIv6BXTp066/o0qGIoHHdg0VCDwz85nnfhxkeNxJcQbX6YmTW1jeym7mt/PbO7t6+eXDYVmEsKWvRUISy6xLFBA9YCzgI1o0kI74rWMcdX8/nnQcmFQ+De5hEzPbJMOAepwS05Zi0L5gHPXyDi55jlXBy1VjDZayNvuTDEZTwGbbwgu3lQG1loJySfVW2HLNgVaqJ8GoooFRNx3zuD0Ia+ywAKohSPasagT0lEjgVbJbvx4pFhI7JkPU0BsRnyp4mZczwqXYG2AulPgHgxF1OTImv1MR39aZPYKR+z+bmX7NeDN6lPeVBFAML6OIhLxYYQjxvFg+4ZBTERAOhkuu/YjoiklDQ/ef/V0K7VrHOK/W7eqHRSOvIoWN0gorIQheogW5RE7UQRY/oFb2jD+PJeDM+ja/FasZIM0fohzLZbwW4rhA=</latexit>

[G(f1) (f2 � f1) + 1] [G(f2) (f2 � f1)� 1] = �1

<latexit sha1_base64="vo7/SSlS1lDTT2KZCcDl0lsv4Rc="></latexit>

Zf� [J�] = e��[J�,f�] =
D
e
R
O�J��

f�
2

R
O

2
�

E

�

Zf+ [J+] = e�+[J+,f+] =
D
e
R
O+J+�

f+
2

R
O

2
+

E

+

<latexit sha1_base64="ng2GtaYrg7mzBe3OquR3CXvXkLY="></latexit>

�+ +�� = d

f+f� = �1

G�(f�) = f+ [f+G+(f+)� 1]

<latexit sha1_base64="G2CIc4p5htSQdg1Y2j5X1zI9FrU=">AAAB+nicjVDLSgNBEOyNrxhfGz16GQyCIAm7EtSLEPAQjxHMA5LNMjuZTYbMzi4zs0qI+RQvHhTx6pd482+cPA4qChZ0U1R1000FCWdKO86HlVlaXlldy67nNja3tnfs/G5DxakktE5iHstWgBXlTNC6ZprTViIpjgJOm8Hwcuo3b6lULBY3epRQL8J9wUJGsDaSb+er3aLvoGr32HR0UXSRbxfckjMD+psUYIGab793ejFJIyo04Viptusk2htjqRnhdJLrpIommAxxn7YNFTiiyhvPXp+gQ6P0UBhLU0Kjmfp1Y4wjpUZRYCYjrAfqpzcVf/PaqQ7PvTETSaqpIPNDYcqRjtE0B9RjkhLNR4ZgIpn5FZEBlphok1bufyE0Tkruaal8XS5UKos4srAPB3AELpxBBa6gBnUgcAcP8ATP1r31aL1Yr/PRjLXY2YNvsN4+Afj7kTo=</latexit>

G�
0 G

+
0 = �1
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• QFTs and gravity exhibit extremely interesting and powerful (mathematical) structures 

• large classes of large-N QFTs exhibit stringent constraints on spectra 

• results apply to gravity 

• keep exploring…  
… ideally in realistic QFTs

S U M M A R Y  A N D  F U T U R E  D I R E C T I O N S
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<latexit sha1_base64="Y97GYW5JMfRHl7azEKihkFV3JAU="></latexit>

!0(q) = �i

✓
qp
d

◆2

� i
1X

m=2

1

dm

mX

j=2

cm,n

✓
qp
d

◆2j
<latexit sha1_base64="d7F9GHcHUdH4kAOrcVIIEm0Aq5M="></latexit>

qnp
d
=

r
nd

2

 
1 +

1X

m=1

bn,m
dm

!

<latexit sha1_base64="DDboPTC9K1eMoiydDbFDZX+e3ps=">AAACFXicjZBNS8MwGMdTX+d8q3r0EhzCBttox1AvwtCLxwnuBbZa0izdwpK2JKkwy76EF7+KFw+KeBW8+W1Mux1UFHwg4cf//zw8yd+LGJXKsj6MhcWl5ZXV3Fp+fWNza9vc2W3LMBaYtHDIQtH1kCSMBqSlqGKkGwmCuMdIxxufp37nhghJw+BKTSLicDQMqE8xUlpyzTJ2E16uTeEpzIinVKzYpetEY03fFXvavyUKFXnJNQt21coK/g0FMK+ma773ByGOOQkUZkjKnm1FykmQUBQzMs33Y0kihMdoSHoaA8SJdJLsV1N4qJUB9EOhT6Bgpn6dSBCXcsI93cmRGsmfXir+5vVi5Z84CQ2iWJEAzxb5MYMqhGlEcEAFwYpNNCAsqH4rxCMkEFY6yPz/QmjXqvZRtX5ZLzTO5nHkwD44AEVgg2PQABegCVoAgzvwAJ7As3FvPBovxuusdcGYz+yBb2W8fQI5Kpxh</latexit>

cm,2 = cm,m = (�1)m2m�1⇣(m)

• first level:
<latexit sha1_base64="+97s8H86mnfrQ8v7NRb/XCTEqV4=">AAACLXicjZDLSgMxGIUz9VbrbdSlm2ARXGjplKJuCkVddFnBXqAzDpk004bJZIYkI5RhXsiNryKCi4q49TVML+AdPBA4nPP/JPm8mFGpyuWxkVtYXFpeya8W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzgYtJ3bomQNOLXahQTJ0QDTn2KkdKRa156bsqPrAzW4DG0fYFwamVpJYMNl//IbJmEbhrUrOyGfxRB5ppFq1SeCv5timCupms+2v0IJyHhCjMkZc8qx8pJkVAUM5IV7ESSGOEADUhPW45CIp10+tsMHuikD/1I6MMVnKafN1IUSjkKPT0ZIjWU37tJ+FvXS5R/5qSUx4kiHM8u8hMGVQQn6GCfCoIVG2mDsKD6rRAPkaagNODC/yC0KyXrpFS9qhbr53McebAH9sEhsMApqIMGaIIWwOAOPIAxeDbujSfjxXidjeaM+c4u+CLj7R2xBqaz</latexit>

bn,1 = �1

2
Hn = �1

2

nX

k=1

1

k

<latexit sha1_base64="IrXrR8q3dmpJhIxVPmBRJXxnlKg=">AAACGnicjZBNS8MwHMbT+Tbn29Sjl+AQNoTRylAvg6GXHSe4F1hrSbN0C03TkqSyUfo5vPhVvHhQxJt48duYvRxUFHwg8PA8/z9Jfl7MqFSm+WHklpZXVtfy64WNza3tneLuXkdGicCkjSMWiZ6HJGGUk7aiipFeLAgKPUa6XnA57bu3REga8Ws1iYkToiGnPsVI6cgtWk2XQ1tFsFkeV2Ad2jIJ3TSoW9mNTbmvJtD2BcLpOEuD8vg4qGRusWRVzZng36YEFmq5xTd7EOEkJFxhhqTsW2asnBQJRTEjWcFOJIkRDtCQ9LXlKCTSSWdfy+CRTgbQj4Q+XMFZ+nUjRaGUk9DTkyFSI/mzm4a/df1E+edOSnmcKMLx/CI/YVCjmHKCAyoIVmyiDcKC6rdCPEIahdI0C/+D0DmpWqfV2lWt1LhY4MiDA3AIysACZ6ABmqAF2gCDO/AAnsCzcW88Gi/G63w0Zyx29sE3Ge+fP7mf0g==</latexit>

Hn ! H(x) =
1X

k=1

x

k(x+ k)

<latexit sha1_base64="nkrriuplekChIvAXtRwzvMRFHlQ="></latexit>

!0(q) = �iq̄
2 � i

q̄
2

d
H2q̄2/d + . . .

• second level, …  

• results:

M O R E  D E TA I L S  O N  I I .  S P E C T R U M  F R O M  P O L E  S K I P P I N G

<latexit sha1_base64="PrdTuMRLXQpKhssbZoWvRza7SEw="></latexit>

c3,2 ⇡ �1.000⇥ 4⇣(3),

c4,3 ⇡ 7.001⇥ 8⇣(4),

c5,4 ⇡ �15.548⇥ 16⇣(5),

c6,5 ⇡ 27.546⇥ 32⇣(6)

<latexit sha1_base64="vAjLjHZo8w0u6Xhy74T9l8SFQ9k="></latexit>

c4,2 ⇡ 1.000⇥ 8⇣(4),

c5,3 ⇡ �15.502⇥ 16⇣(5)

<latexit sha1_base64="DDboPTC9K1eMoiydDbFDZX+e3ps=">AAACFXicjZBNS8MwGMdTX+d8q3r0EhzCBttox1AvwtCLxwnuBbZa0izdwpK2JKkwy76EF7+KFw+KeBW8+W1Mux1UFHwg4cf//zw8yd+LGJXKsj6MhcWl5ZXV3Fp+fWNza9vc2W3LMBaYtHDIQtH1kCSMBqSlqGKkGwmCuMdIxxufp37nhghJw+BKTSLicDQMqE8xUlpyzTJ2E16uTeEpzIinVKzYpetEY03fFXvavyUKFXnJNQt21coK/g0FMK+ma773ByGOOQkUZkjKnm1FykmQUBQzMs33Y0kihMdoSHoaA8SJdJLsV1N4qJUB9EOhT6Bgpn6dSBCXcsI93cmRGsmfXir+5vVi5Z84CQ2iWJEAzxb5MYMqhGlEcEAFwYpNNCAsqH4rxCMkEFY6yPz/QmjXqvZRtX5ZLzTO5nHkwD44AEVgg2PQABegCVoAgzvwAJ7As3FvPBovxuusdcGYz+yBb2W8fQI5Kpxh</latexit>

cm,2 = cm,m = (�1)m2m�1⇣(m)
<latexit sha1_base64="1/qASGAIirQuME3XbMcr81BxDtc=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8SNiVoB6DXjxGMA9IljA7mU2GzM4OM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuirQUFn3/w1taXlldWy9sFDe3tnd2S3v7TZtmhvEGS2Vq2hG1XArFGyhQ8rY2nCaR5K1odD31W/fcWJGqOxxrHiZ0oEQsGEUntaJerk6DSa9UDir+DORvUoYF6r3Se7efsizhCpmk1nYCX2OYU4OCST4pdjPLNWUjOuAdRxVNuA3z2bkTcuyUPolT40ohmalfJ3KaWDtOIteZUBzan95U/M3rZBhfhrlQOkOu2HxRnEmCKZn+TvrCcIZy7AhlRrhbCRtSQxm6hIr/C6F5VgnOK9Xbarl2tYijAIdwBCcQwAXU4Abq0AAGI3iAJ3j2tPfovXiv89YlbzFzAN/gvX0C7VSPUA==</latexit>

bn,1
<latexit sha1_base64="Bx6XfatlbadCGq/qRUJYyf0LlFE=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LQ9qCj4YODx3gwz84JECoOu++EUVlbX1jeKm6Wt7Z3dvfL+QdvEqWa8xWIZ625ADZdC8RYKlLybaE6jQPJOMLnO/c4910bE6g6nCfcjOlIiFIyilTrBIFNntdmgXPGq7hzkb1KBJZqD8nt/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGz+bnzsiJVYYkjLUthWSufp3IaGTMNApsZ0RxbH56ufib10sxvPQzoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAmV/hdCu1b1zqv123qlcbWMowhHcAyn4MEFNOAGmtACBhN4gCd4dhLn0XlxXhetBWc5cwjf4Lx9Au7Zj1E=</latexit>

bn,2<latexit sha1_base64="bgzJJ9lkfLhmQ9V6shsFugu72U4=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgQcKuBvUY9OIxgnlAsoTZSW8yZHZ2mZkVwrIf4cWDIl79Hm/+jZPHQUXBgoaiqpvuriARXBvX/XAKS8srq2vF9dLG5tb2Tnl3r6XjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fXUb9+j0jyWd2aSoB/RoeQhZ9RYqR30M3lylvfLFa/qzkD+JhVYoNEvv/cGMUsjlIYJqnXXcxPjZ1QZzgTmpV6qMaFsTIfYtVTSCLWfzc7NyZFVBiSMlS1pyEz9OpHRSOtJFNjOiJqR/ulNxd+8bmrCSz/jMkkNSjZfFKaCmJhMfycDrpAZMbGEMsXtrYSNqKLM2IRK/wuhdVr1zqu121qlfrWIowgHcAjH4MEF1OEGGtAEBmN4gCd4dhLn0XlxXuetBWcxsw/f4Lx9AvBej1I=</latexit>

bn,3

• hidden symmetry?


