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This talk is about some basic questions 

regarding perturbations of black holes

Through AdS/CFT: AdS black holes provide real-time, non-perturbative 
description of a strongly coupled plasma

Focus on linear perturbations around thermal equilibrium



non-hydrodynamic
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H = i@t

These are quasinormal modes (QNMs)

of the black hole

the mathematical tools utilised there [5, 6, 10, 31–33], we demonstrate the existence of

transient dynamics in the energy of linear perturbations of black hole spacetimes. Note

that with the energy of a perturbation as the object of study, we are inescapably led

to explore non-normality of the Hamiltonian with respect to an energy inner product,

previously argued to be a natural norm for computing pseudospectra [13]. For previous

discussions of the possibility of transients in the context of gravitational wave physics see

[18, 34].
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Figure 1. Hyperboloidal slices used in this work (shown in blue), covering a de Sitter static patch

(upper left), an exterior region of the Schwarzschild-AdS black brane (upper right) and an exterior

region of Schwarzschild in asymptotically flat spacetime (lower). The Hamiltonian associated to

evolution of linear perturbations on these slices is a non-normal operator with respect to the energy

inner-product, and we study the associated transient e↵ects through sums of its eigenfunctions,

quasinormal modes.

We consider linear perturbations of cosmological spacetimes and black holes, studying

transient behaviour by computing energies on hyperboloidal slices piercing their future

horizons (see figure 1). Contrary to the Orr-Sommerfeld case, where the disturbance can

draw energy from the mean flow even at a linear level, here energy can only leave the

– 3 –

• Ingoing at the horizon (regularity)


• Normalisable at the AdS boundary
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Often characterised by eigenfunctions of the Hamiltonian

sound

shear

<latexit sha1_base64="PLVh1rJVvzZhntRmpxw7gG+2lmM=">AAACCXicbVBNS8NAEN34WetX1KOXxSLowZKIVI9FLx4rWBWaWjbbSbq4m4TdiVBCr178K148KOLVf+DNf+O25uDXg4HHezPMzAszKQx63oczNT0zOzdfWaguLi2vrLpr6xcmzTWHNk9lqq9CZkCKBNooUMJVpoGpUMJleHMy9i9vQRuRJuc4zKCrWJyISHCGVuq5NJAQ4U5ghKJwXeyJIFUQM4qjQIt4gLs9t+bVvQnoX+KXpEZKtHrue9BPea4gQS6ZMR3fy7BbMI2CSxhVg9xAxvgNi6FjacIUmG4x+WREt63Sp1GqbSVIJ+r3iYIpY4YqtJ2K4cD89sbif14nx+ioW4gkyxES/rUoyiXFlI5joX2hgaMcWsK4FvZWygdMM442vKoNwf/98l9ysV/3G/XG2UGteVzGUSGbZIvsEJ8ckiY5JS3SJpzckQfyRJ6de+fReXFev1qnnHJmg/yA8/YJ4tmZ1w==</latexit>�
⇠ e�i!t

�



<latexit sha1_base64="WqeU47rJT6pGPfsO34U8F1E37KQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh6KbLCvYBTQiT6aQdOnkwcyOUUHDjr7hxoYhbf8Kdf+OkzUJbDwwczrn3zr3HTwRXYFnfRmlldW19o7xZ2dre2d0z9w86Kk4lZW0ai1j2fKKY4BFrAwfBeolkJPQF6/rj29zvPjCpeBzdwyRhbkiGEQ84JaAlzzxyQgIjSkTWnOJrzLGTEAmcCA88s2rVrBnwMrELUkUFWp755QximoYsAiqIUn3bSsDN8nlUsGnFSRVLCB2TIetrGpGQKTeb3TDFp1oZ4CCW+kWAZ+rvjoyESk1CX1fmG6tFLxf/8/opBFduxqMkBRbR+UdBKjDEOA8ED7hkFMREE0Il17tiOiKSUNCxVXQI9uLJy6RzXrPrtfrdRbVxU8RRRsfoBJ0hG12iBmqiFmojih7RM3pFb8aT8WK8Gx/z0pJR9ByiPzA+fwBMa5dS</latexit>

H = i@tFor black holes                       is not Hermitian

This arises due to dissipation through the horizon
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the mathematical tools utilised there [5, 6, 10, 31–33], we demonstrate the existence of

transient dynamics in the energy of linear perturbations of black hole spacetimes. Note

that with the energy of a perturbation as the object of study, we are inescapably led

to explore non-normality of the Hamiltonian with respect to an energy inner product,

previously argued to be a natural norm for computing pseudospectra [13]. For previous

discussions of the possibility of transients in the context of gravitational wave physics see

[18, 34].

I +

I �

N
or

th
p
ol

e

S
ou

th
p
ol

e
H

+

@
A

d
S

H
+ I +

I �

Figure 1. Hyperboloidal slices used in this work (shown in blue), covering a de Sitter static patch

(upper left), an exterior region of the Schwarzschild-AdS black brane (upper right) and an exterior

region of Schwarzschild in asymptotically flat spacetime (lower). The Hamiltonian associated to

evolution of linear perturbations on these slices is a non-normal operator with respect to the energy

inner-product, and we study the associated transient e↵ects through sums of its eigenfunctions,

quasinormal modes.

We consider linear perturbations of cosmological spacetimes and black holes, studying

transient behaviour by computing energies on hyperboloidal slices piercing their future

horizons (see figure 1). Contrary to the Orr-Sommerfeld case, where the disturbance can

draw energy from the mean flow even at a linear level, here energy can only leave the
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h·, ·i
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ha,Hbi = hHa, bi+ fluxes through H
+
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H 6= H
†So, for black holes
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H,H†⇤

6= 0Moreover the Hamiltonian is non-normal:

• QNMs are generically not orthogonal to each other


• Leads to transient effects that a spectral analysis misses

This is important because there exists 
a complete, orthonormal basis made of 
eigenfunctions iff
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(spectral theorem)
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~u = (1� y2, 0, 0)

Eigenvalue analysis
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Plane Poiseuille flow
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~u =
�
1� y2 + @y�,�@x�, 0

�
Linear perturbations

Critical Re = 5772.22 [Orszag] (1971)



Evolution of linear perturbations
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E =

Z 1

�1

�
|@y�|2 + ↵2|�|2

�
dyKinetic energy

For a single mode:
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Transient growth
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3.4 Flow visualization

This experiment is designed to study the evolution of turbulent structures in the chan-

nel. In water, the turbulent structures or patterns are not visible to the naked eye.

Therefore, flow visualization is necessary in order to observe these structures as they

advect and evolve downstream. For the flow visualization, water in the channel is

seeded with the synthetic mica particles. They are not spherical in shape but flat/ellipsoidal.

These particles are coated with T iO2, which can reflect incident light specularly. Though

they are little heavier than water, because of the high velocities ( 0.6m/s), they remain

in the channel for a very short time. It reduces the possibility of the particles settling

in the channel. Instead, they follow the flow well enough, allowing us to visualize the

turbulent patterns in the flow. We used synthetic mica particles (Eckart SYMIC C001)

with diameter (10µm� 40µm).

Figure 3.5: A turbulent stripe at Re = 675. The stripe is surrounded by bright laminar

flow, and dark patches mark the turbulent region of the stripe. This difference is visible

because of the difference in the reflected light intensities of the mica particles in the

laminar and turbulent regions.

When the particles are in the laminar region, they align with the flow in the direction

of the shear. Whereas in the non-laminar regions, on the other hand, the particles fol-

low the eddies and their orientation changes continuously. Therefore these two regions

show a difference in the intensity of the reflected light. The channel is illuminated with

the LED banks installed on both sides of the channel parallel to the channel axis at the

height of 140cm from the channel top. The LED banks are tilted at 60� with the vertical

Laminar

Turbulent stripe

From ‘Onset of turbulence in plane Poiseuille flow’  
C Paranjape, PhD Thesis (2019)

Nonlinearities

Phenomenological importance
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 provided suitably large amplitude initial data
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the mathematical tools utilised there [5, 6, 10, 31–33], we demonstrate the existence of

transient dynamics in the energy of linear perturbations of black hole spacetimes. Note

that with the energy of a perturbation as the object of study, we are inescapably led

to explore non-normality of the Hamiltonian with respect to an energy inner product,

previously argued to be a natural norm for computing pseudospectra [13]. For previous

discussions of the possibility of transients in the context of gravitational wave physics see

[18, 34].
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Figure 1. Hyperboloidal slices used in this work (shown in blue), covering a de Sitter static patch

(upper left), an exterior region of the Schwarzschild-AdS black brane (upper right) and an exterior

region of Schwarzschild in asymptotically flat spacetime (lower). The Hamiltonian associated to

evolution of linear perturbations on these slices is a non-normal operator with respect to the energy

inner-product, and we study the associated transient e↵ects through sums of its eigenfunctions,

quasinormal modes.

We consider linear perturbations of cosmological spacetimes and black holes, studying

transient behaviour by computing energies on hyperboloidal slices piercing their future

horizons (see figure 1). Contrary to the Orr-Sommerfeld case, where the disturbance can

draw energy from the mean flow even at a linear level, here energy can only leave the

– 3 –
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Analytic example (BTZ)

the mathematical tools utilised there [5, 6, 10, 31–33], we demonstrate the existence of

transient dynamics in the energy of linear perturbations of black hole spacetimes. Note

that with the energy of a perturbation as the object of study, we are inescapably led

to explore non-normality of the Hamiltonian with respect to an energy inner product,

previously argued to be a natural norm for computing pseudospectra [13]. For previous

discussions of the possibility of transients in the context of gravitational wave physics see

[18, 34].
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Figure 1. Hyperboloidal slices used in this work (shown in blue), covering a de Sitter static patch

(upper left), an exterior region of the Schwarzschild-AdS black brane (upper right) and an exterior

region of Schwarzschild in asymptotically flat spacetime (lower). The Hamiltonian associated to

evolution of linear perturbations on these slices is a non-normal operator with respect to the energy

inner-product, and we study the associated transient e↵ects through sums of its eigenfunctions,

quasinormal modes.

We consider linear perturbations of cosmological spacetimes and black holes, studying

transient behaviour by computing energies on hyperboloidal slices piercing their future

horizons (see figure 1). Contrary to the Orr-Sommerfeld case, where the disturbance can

draw energy from the mean flow even at a linear level, here energy can only leave the

– 3 –
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Optimal perturbations: Schwarzschild-AdSd+1
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But what about growth? 
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Physical mechanism

Classical wave analogue of pair production
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Runaway process (to broken phase)
Process still occurs, but transiently

Figure 6 also shows the spatial distribution of the scalar field and its energy density,

E , as well as the densities E, EF and Q3. They show a perturbation initially localised

near the horizon, while at intermediate timescales it spreads out to fill in the whole bulk

and at late times it dies away in a modal manner.

Figure 6. Optimal perturbation in the subcritical regime, demonstrating a period of transient

growth despite modal stability. E , |�|, �EF , Q, E +�EF densities as functions of ⌧ and z, showing

that the scalar field is localised close to the horizon. Integrating these on the hyperboloidal slice

⌃⌧ , the last panel we also show the time evolution of E , EF , Q, E + �EF given optima, clearly

showing transient growth for a period of time, before it eventually decay modally. The dotted line

GW (⌧) gives a sharp upper bound on E for all possible initial data. The choice of parameters is

q = 1, µ = 2.9, ~k = 0 and ⌧⇤ = 9.83.

The magnitude of the coe�cients in the eigenfunction decomposition of this optimal

perturbation, |dn|, are shown in grey in figure 8. On the same plot, we indicate the values

of |cn| in black. Note that while the QNM coe�cients, |cn|, are large and exhibit precise

cancellations, the coe�cients in the orthonormal basis for M QNMs are not. Even though

3
These densities are computed by evaluating the integrands of (??) and (??), without any total deriva-

tives being removed.
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“Transient superradiance”



Even when                  the non-modal instability is faster than the QNM
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Orthogonality… but with respect to a bilinear (not inner product)

Aside: QNM orthogonality relations

de Sitter [Jafferis, Lupsasca, Lysov, Ng, Strominger] (2013) 
Kerr [Green, Hollands, Sberna, Toomani, Zimmerman] (2022) 
AdS black holes [Arnaudo, Carballo, BW] (2025)

Constructions:

• Complex contour:

• Discrete symmetry operators:

Main ingredients:

<latexit sha1_base64="kiTbkJCcGp2IQ0MmcdMH4/vnuf4="></latexit>
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Summary

Thank you for your attention!

• In non-normal systems, eigenvalue analysis misses transient effects


• Perturbations of BHs are non-normal


• Govern perturbations of strongly coupled plasmas


• We identified transient effects:


• States which take an arbitrarily long time to thermalise


• Holographic superconductors are non-modally unstable for 

(just like transition to turbulence for water in a pipe) 
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