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Message to take home
Callan-Symanzik equation:



Fast two-loop evaluation

Bakx, HR, Chisari, Vlah 2025;

See Thomas's slides from last week



Intro



How things change with scale?
(from food to galaxies) 



How things change with scale?
(from food to galaxies) 

First images of Rubin 



How things change with scale?

… Or on how to use a one-loop (renormalization group) to get 
information about higher-loop terms 'for free'



How things change with scale?

… Or on how to use a one-loop (renormalization group) to get 
information about higher-loop terms 'for free'

Intuition: (1loop)^n ~ n-loop
(for some part of the integrals domain)

p

q

Method of regions (Beneke and Smirnov):

- p>>q (or q<<p): Absorbed by (1loop)^2

- p~q: Intrinsic 2-loop



QFT101
Coupling constants evolve "flow" with the cutoff 

Observables don't depend on the cutoff!

Callan-Symanzik eq:



Contribution from arbitrarily 
small scales!

In a nutshell, it is an Operator Product Expansion (OPE)

Renormalizing the bias parameters
Bias review: Desjacques, Jeong, Schmidt



Renormalizing the bias parameters

Contribution from arbitrarily 
small scales!

+ counter-terms (     )

In a nutshell, it is an Operator Product Expansion (OPE)

Bias review: Desjacques, Jeong, Schmidt



Option 1: Renormalize bias
McDonald 09
Assassi, Baumann, Green, Zaldarriaga
D'amico+ 22, for 4th-order

Renormalized bias:

RG conditions (to match n-pt functions):

We find:

Bakx, Garny, HR, Vlah

5th-order bias and 2-loop

Order sigma^2
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Option 2 (this talk): live well with the Lambda-dep 
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Finite cutoff bias 
(This work)

How to connect both?
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How to relate the renormalization schemes?

How to connect both?

N-point function renormalized bias 
(McDonald and Assassi, Baumann, 
Green, Zaldarriaga)

Finite cutoff bias 
(This work)

Solution: Run the bias 
towards 

HR, Schmidt 23

Separate Universe



The equations



From       -independence to bias running
Then we expand…
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From       -independence to bias running
Then we expand…

HR, Schmidt, 23one-loop:

two-loop: Bakx, Garny, 
HR, Vlah
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Single-hard and double-hard limits
For the 1-loop:

For the 2-loop:

'one-loop squared'

'Intrinsic' two-loop

Bakx, Garny, HR, Vlah

p

q



The (one-loop) solutions



Solutions (one-loop) 
Wilson-Polchinski RG-equations

HR, Schmidt 23



Why should you care?



We can always 
diagonalize the bias 
basis

Bakx, Garny, HR, VlahWhat do the solutions of the RG tell us?
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We can always 
diagonalize the bias 
basis

If we stop at second-order, we find:

Extending to third-order: Irrelevant

Marginal Relevant

from Skinner notes

Some parameters are more 
important than others

Reduce dimensionality of the 
problem

Some parameters are 
supersensitive to the UV

What 
happens 
when going 
to higher 
order?

What I want to say vs. what I can say



Why should you care II?



Resumming terms with the RG equations

1Loop RG eq.

Solution 

+…

Bakx, Garny, HR, Vlah

1-loop (1-loop)^2 (1-loop)^3
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RG resums the series!



Partial conclusion

1-loop RG resums part of higher-loop contributions (p>>q or q<<p regions)

…But is the other part ('intrinsic 2-loop', p~q region) small? 

If YES: amaaaazing, 1-loop RG is doing something

If NO: out, I have to calculate the loops anyway to 
get most of info

p

q

Method of regions (Beneke, Smirnov):

- p>>q (or q<<p): Absorbed by (1loop)^2

- p~q: Intrinsic 2-loop



The (two-loop) solutions



Solutions (two-loop) Bakx, Garny, 
HR, Vlah

'Intrinsic' 
two-loop part is 
small! 



Not just small, it is PARAMETRICALLY small

Ratio 2Loop over (1Loop)^2

Good news: 1Loop RG takes care of most of the information

LCDMPower law

Bakx, Garny, 
HR, Vlah
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Observables don't depend on the cutoff!

Callan-Symanzik eq:

For the fine-structure constant (QED):

Solution to the RG

Suppose you have an amplitude



What for galaxies?
Where are the large logs?



What I want to say vs. what I can say

RG allows for resummation of part of the information from higher loops

In High-Energy, RG is powerful: resumming information from integrating in 
between different scales

We still have to better understand which scales can the RG for LSS help 



Finally:
PNG and stochasticity



PNGs Free term

New interaction

Now a 
coupled set of 
ODEs

Nikolis, HR, Schmidt

Rederivation 
of Dalal+ 07
(in an elegant 
way)



PNGs



Simple expression for how stochastic terms talk to each other 

Simple 
diagrammatic 
interpretation

Stochasticity

HR, Schmidt, 24



- Cross-check for EFT inference;

- Systematic renormalization (+ stochastic +PNG); 

- More information from resummation? TBD!

- Still to be understood: 

1) RG stability when going to higher-order
2) scales in between which RG can operate

First images of Rubin 

Conclusions



Thank you!


