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Exploring ultra-high energy neutrino experiments through the
lens of the transport equation
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with about 50% of audience

https://arxiv.org/abs/2507.10665


Outline of the talk

1 Introduction
2 Transport Equations

3 KM3-230213A
4 Summary and Conclusions
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KM3-230213A

In February, KM3NeT announced highest-energy event ever KM3NeT Collaboration, ’25

https://www.nature.com/articles/s41586-024-08543-1
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Neutrino Telescopes

In this sense neutrino telescopes are huge “fixed” target experiments

Angle-Right Measure flux of neutrinos (or other particles!)
Angle-Right Infer properties of neutrino, Earth density profile, ...
Angle-Right Indirect detection of dark matter
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Neutrino Telescopes

Angle-Right Neutral current interactions within detector → cascade events
Angle-Right Charged current (far away) → Mostly muon tracks
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Muon Telescopes?

Angle-Right Computation of rate of muon tracks from first principles

〈Nµ〉 =
∫
V

∫
d3pµ

(2π)3
fµ (t, ~x, ~p) −→ Boltzmann Equation

Beacom, et al., 02
Dutta, et al., 02
Dutta, et al., 05

Gonzalez-Garcia, et al., 09
Gaisser, et al., 16

Angle-Right Only unknown →

Angle-Right Solve neutrino-tau system once and for all, feed into equation for muons

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.66.021302
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.66.077302
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.72.013005
http://dx.doi.org/10.1016/j.astropartphys.2009.05.002
https://www.cambridge.org/de/universitypress/subjects/physics/cosmology-relativity-and-gravitation/cosmic-rays-and-particle-physics-2nd-edition?format=HB
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Muon transport equation

Boltzmann Equation

∂fµ
∂t

+ ~̇x · ∂fµ
∂~x

+ ~̇p · ∂fµ
∂~p

= K (t, ~x, ~p)

Angle-Right Kernel encodes upscatterings ⊃ dσ
d3pµ

, decays ⊃ dΓ
d3pµ

Angle-Right QED processes are fast, and they contribute to ~̇p (here it gets tricky)

−dE`

dt
= −v

dE`

dx
≈ −b`vE`

Angle-Right Muon decay and νµ repopulation is slow, we neglect it

Under these approximations, system of PDEs
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Line-of-sight

Find trajectories along which equation is ordinary


dt/dξ = 1/v
d~x/dξ = n̂p

d~p/dξ = −bµ(ξ)~p
=⇒


t(ξ) = t+ (ξ − Lx,p)/v
~x(ξ) = ~x− (Lx,p − ξ)n̂p

~p(ξ) = p n̂p exp(
∫ Lx,p

ξ
dξ′b(ξ′))

★
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7/13

Line-of-sight

Angle-Right
dfµ
dξ

= K (t(ξ), ~x(ξ), ~p(ξ)) −→ fµ (t, ~x, ~p) =
∫ L

0
dξK(t(ξ), ~x(ξ), ~p(ξ))

Angle-Right Neutrino energy - conversion point relation:

Emeas
µ ∼ Eprod

µ e−bµξ ∼ Eνe
−bµξ

Angle-Right Integral ranges over Reff ∼ 1/bµ & Rdet
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Expected rate of events

〈
dNµ

dtdEµdΩµ

〉
=

number of muons
time × muon energy × solid angle =

4πATE
2
µ

[ ∫ L

dξ

∫
dEν (Att.) nN (ξ)

dσ

d3pµ(ξ)
φ⊕
ν (Eν)

+

L∫
dξ

ξ∫
dξ′

∫
dEν d

3pτ (Att.) nN (ξ′)
dσ

d3pτ (ξ′)

dΓ

d3pµ(ξ)
Dτ

(
ξ, ξ′

)
φ⊕
ν (Eν)

]

ξµ

νµ

νµ → µ

ξ

ξ′

µ

τ

ντ

ντ → τ → µ
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KM3-230213A

Case study: KM3-230213A

Angle-Right Assessment of tension with IceCube
Angle-Right Tension quantified in terms of

∆ =
#IC

#KM3NeT

∣∣∣∣
KM3-230213A bin

1 Diffuse flux, both power law and energy localized

2 Point source , which may be transient
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Diffuse power-law

φ⊕
ν = φ∗

0

(
Eν

E∗

)−γ

−→ ∆ ∼ 70 −→ 3.1σ tension compatible w/ Li, et al., 25

Angle-Right Egg: IceCube through-going

Angle-Right Veg. bacon: KM3NeT

https://arxiv.org/abs/2502.04508v2
https://iopscience.iop.org/article/10.3847/1538-4357/ac4d29
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Point source

φ⊕
ν (Ων) ∝ δ(2) (Ων − ΩPS(t))

∆PS ≈ [TA]IC
[TA]KM3NeT

· 〈Att.〉IC
〈Att.〉KM3NeT

· RIC
eff

RKM3NeT
eff

≈ 140 Larger tension than diffuse
unlike Li, et al., 25

https://arxiv.org/abs/2502.04508v2
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Neutrino transparency
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Transparency

〈e−L/Lν 〉IC ≈ 0.99

〈e−L/Lν 〉KM ≈ 0.48



U
H

E
ν

ex
pe

rim
en

ts
w

ith
tr

an
sp

or
t

eq
ua

tio
n

—
S.

Pa
lm

isa
no

13/13

Take-home

Summary of tension with IC

Model ∆IC/KM B factor ∆σ

Diffuse (power-law) 70 21 3.1

PS 140 ≈ 35 3.8
PS (transient) 12 ≈ 2.2 1.6
Diffuse (energy localized) 70 ≈ 3.4 2.4

Advantages

Angle-Right Physical parameters (φν , new-physics, ...) ↔ Measured quantity (Eµ, Ehad)
Angle-Right No need to re-run simulations for new-physics/unprobed regions of SM
Angle-Right Fit directly from measured quantities, not relying on ν energy reconstruction

Outlook
Angle-Right Extension to cascades and other event topologies
Angle-Right Neglects diffusion, does not conserve number of particles (dissipative system)
Angle-Right τ -induced muons: several scales, subtle
Angle-Right Implementation of formalism in a public code



Thank you for the attention!
And thank you for a great year!
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i/xiii

Liouville Equation

Hamiltonian systems

d3p d3xf(t, ~x, ~p)

det J = 1

d3p′ d3x′f(t′, ~x′, ~p′)

ḟ + ~̇x · ∇f + ~̇p · ∇~pf = 0→ C[f ]

Dissipative systems

d3p d3xf(t, ~x, ~p)

det J = e
∫
dξ

(
∇~p·~F

)

d3p′ d3x′f(t′, ~x′, ~p′)

ḟ + ~̇x · ∇f + ~̇p · ∇~pf+∇~p ·
(
~Ff

)
= 0→ C[f ]
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ii/xiii

Approximate Boltzmann Equation

ḟ + ~̇x · ∇f + ~̇p · ∇~pf + ~F · ∇~p︸ ︷︷ ︸
~̇p=−bµ~p

(f) = C[f ]

Angle-Right Does not conserve number of particles even in the collisionless limit
Angle-Double-Right Would need an extra source term ∼ 3bµfµ

Comments

Angle-Right Neglecting diffusion underestimates energy loss → larger effective volume
Angle-Right Loss of particles mostly from R > 1/bµ → smaller effective volume

Interpretation of bµ as a nuisance can take into account approximations
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iii/xiii

Earth density profile

101 102 103
1

2

5

10

0.6

1.2

3.

6.

Radial distance (km)

ρ
(g
/c
m
3
)

n
N
×
10
2
4
(c
m

-
3
)

PREM 1D



U
H

E
ν

ex
pe

rim
en

ts
w

ith
tr

an
sp

or
t

eq
ua

tio
n

—
S.

Pa
lm

isa
no

iv/xiii

Neutrino cross-section

Angle-Right In the limit of small x (Eν > 10PeV), neutrino DIS cross section scales as

d2σνN

dxdy
≈ G2

FM
2
W

πxλ

[
(1 + (1− y)2)s̃

(1 + xys̃)2

]

σν N (Eν)1.48× 10−33 cm2 ×
(

Eν

10 PeV

)λ

1 3 10 30 100 300 1000

1

3

10

Eν (PeV)

σ
νN

×
10
33

(c
m
2 )
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Angle-Right Eventually it can scale at most as log2(Eν) Froissart, 1961
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Neutrino cross-section

Angle-Right Expected number of events in UHE bins largely independent on λ
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Inelasticity

1

σνN

dσνN

d3pµ
= δ(2)(Ων − Ωp)

(1− y)

E3
µ

P(y)

λ=0.3

λ=0.4

λ=0.5

MadGraph
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Attenuation of neutrinos

D(ξ, Eν) = exp

(
−

ξ∫
0

dζ

Lν(ζ, Eν)

)
= exp

(
− ξwe

Lwater
ν (Eν)

)
,

Eν = 50 PeV

Eν = 5 EeV
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Neutrino-τ system



∂fνµ
∂t

+ ~̇x ·
∂fνµ
∂~x

+ ~̇pνµ ·
∂fνµ
∂~pνµ

= Cflavor−ind.(t, ~x, ~pνµ) +Kτ
decay(t, ~x, ~pνµ) ,

∂fντ
∂t

+ ~̇x · ∂fντ
∂~x

+ ~̇pντ · ∂fντ
∂~pντ

= Cflavor−ind.(t, ~x, ~pντ ) +Kτ
decay(t, ~x, ~pντ ) ,

∂fτ
∂t

+ ~̇x · ∂fτ
∂~x

+ ~̇pτ · ∂fτ
∂~pτ

= Kντ
scattering(t, ~x, ~pτ )− Γτ (~pτ )fτ

Angle-Right Neutrino attenuation Beacom, et al., 02

∂φν

∂ξ
= − 1

λ(Eν)

φν(ξ, Eν)−
1∫

0

dy

1− y
P(y)

σNC

σtot
φν(ξ,

Eν

1− y
)


Angle-Right Taus are more complex Dutta, et al., 05

fτ ∼
∫

dξ′
∫

dEνAtt.φ
⊕
ν (Eν)n

far
N E2

τ
dσ

d3pτ (ξ′)
exp

[
(mτ/Eτ ) / (dτ bτ )

(
1− e−bτ ξ′

)]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.66.021302
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.72.013005
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Charged particles

−
〈
dE`

dx

〉
= a`(E`) + b`(E`)E` ≈ b`E` PDG

Very different for the three leptons

Angle-Right b−1
µ ∼ few km → tracks, bangs

Angle-Right b−1
e ∼

(
me
mµ

)2

b−1
µ ≈ 0 → no tracks, only bangs

Angle-Right b−1
τ ∼ tens of km, with large uncertainties due to DIS
Angle-Double-Right But decays in shorter lenghts (unless very high energy) →

muon tracks, double bangs
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Effective Area

Aeff(Eν ,Ων) = AT

L(Ω~p)∫
0

dξ

∫
∆Eµ⊗∆Ω~p

dEµdΩp ε (Eµ,Ω~p)︸ ︷︷ ︸
???

4πE2
µ(Att.)

dσ(p(ξ))

d3p(ξ)
nN (ξ)︷ ︸︸ ︷

T (Eµ,Ω~p|Eν ,Ων ; ξ)

PR
EL
IM
IN
AR

Y

IC: Aartsen, et al., 14

KM3NeT: Caiffi, et al., 25

https://iopscience.iop.org/article/10.1088/0004-637X/796/2/109
https://agenda.infn.it/event/37867/contributions/227901/attachments/121528/177256/neutrino2024_antarca_final_Caiffi_12062024.pdf
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τ -induced events

Angle-Right Neglecting ξ′ dependence of attenuation, as bτ → 0 (pτ (ξ) ≈ pτ )

fτ ∝
(
1− eξ/dτ

)
→

(
1− e−L/dτ

)
Angle-Right Naïvely, at Eτ & 1EeV, yield from PS is

Angle-Double-Right unsuppressed at KM3NeT
Angle-Double-Right supressed as LIC/dτ . 0.2

Angle-Right min{b−1
τ , dτ} sets the rules of the game, never drastically larger than LIC
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<latexit sha1_base64="m04/aXu6r/n0LZQKlojWcv+nNQQ=">AAACDnicdVDLTsJAFJ3iC/GFunQzEUxcKGkBi0uiG5eYyCOBSqbDFCbMtHVmakKa/oM7t/oT7oxbf8F/8CMcoCZi9CQ3OTnn3tyT44aMSmWaH0ZmaXlldS27ntvY3Nreye/utWQQCUyaOGCB6LhIEkZ90lRUMdIJBUHcZaTtji+nfvueCEkD/0ZNQuJwNPSpRzFSWnKKbr+nUHQbn1pJsZ8vmKWqZVfsM2iWzBk0qZYrNduCVqoUQIpGP//ZGwQ44sRXmCEpu5YZKidGQlHMSJLrRZKECI/RkHQ19REn0olnoRN4pJUB9AKhx1dwpv68iBGXcsJdvcmRGsnf3lT8y+tGyjt3YuqHkSI+nj/yIgZVAKcNwAEVBCs20QRhQXVWiEdIIKx0TwtfGA1lxE/m2RJdz3cH8H/SKpcsu1S9LhfqF2lRWXAADsExsEAN1MEVaIAmwOAOPIIn8Gw8GC/Gq/E2X80Y6c0+WIDx/gXglpyk</latexit>

b�1
⌧

<latexit sha1_base64="MCpaG2JdoqXV+HZQtYA5bmn31Qs=">AAACD3icdVDLSsNAFJ3UV62vqks3g63gQkLS1tRl0Y3LCvYBTSyTybQdOpmEmYlQQj/CnVv9CXfi1k/wH/wIp20EK3rgwuGcc7mX48eMSmVZH0ZuZXVtfSO/Wdja3tndK+4ftGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj69mfueeCEkjfqsmMfFCNOR0QDFSWroru0xnA9R3FUrK/WLJMmu2U3XOoWVac2hSq1Trjg3tTCmBDM1+8dMNIpyEhCvMkJQ924qVlyKhKGZkWnATSWKEx2hIeppyFBLppfOvp/BEKwEcREIPV3Cu/txIUSjlJPR1MkRqJH97M/Evr5eowYWXUh4ninC8ODRIGFQRnFUAAyoIVmyiCcKC6l8hHiGBsNJFLV1hNJZJeLb4barr+e4A/k/aFdN2zNpNpdS4zIrKgyNwDE6BDeqgAa5BE7QABgI8gifwbDwYL8ar8baI5oxs5xAswXj/AhkunVU=</latexit>

�⌧

<latexit sha1_base64="Tt30RKlPAjV5UGQZcvK51Iowg2M=">AAACDXicdVDLTgIxFO3gC/GFunTTCCYudNJBYGBHdOMSE3kkgKRTCjS0M5O2Y0ImfIM7t/oT7oxbv8F/8CMsDxMxepKbnJxzb+7J8ULOlEbow0qsrK6tbyQ3U1vbO7t76f2DugoiSWiNBDyQTQ8ryplPa5ppTpuhpFh4nDa80dXUb9xTqVjg3+pxSDsCD3zWZwRrI7WzXrctorv43Jlku+kMsl0nX3YLENkXBVRGyBBUKjquAx0bzZABC1S76c92LyCRoL4mHCvVclCoOzGWmhFOJ6l2pGiIyQgPaMtQHwuqOvEs8wSeGKUH+4E042s4U39exFgoNRae2RRYD9Vvbyr+5bUi3S91YuaHkaY+mT/qRxzqAE4LgD0mKdF8bAgmkpmskAyxxESbmpa+cBaqSJzNs01MPd8dwP9JPWc7RTt/k8tULhdFJcEROAanwAEuqIBrUAU1QEAIHsETeLYerBfr1Xqbryasxc0hWIL1/gU11JxL</latexit>

b�1
µ

<latexit sha1_base64="kU4iteCrJsgrDYhAsqhl+dPdUsk=">AAAB9HicdVDLSsNAFJ34rPVVdelmsBVchSS1re6KblxWsA9oQplMJu3QySTOTAol9DvcuFDErR/jzr9x0lZQ0QMDh3PO5d45fsKoVJb1Yaysrq1vbBa2its7u3v7pYPDjoxTgUkbxywWPR9JwignbUUVI71EEBT5jHT98XXudydESBrzOzVNiBehIachxUhpyau4TGcDNHB5WhmUypZZr9rVWg1aplVvOJc5sS3Hth1om9YcZbBEa1B6d4MYpxHhCjMkZd+2EuVlSCiKGZkV3VSSBOExGpK+phxFRHrZ/OgZPNVKAMNY6McVnKvfJzIUSTmNfJ2MkBrJ314u/uX1UxVeeBnlSaoIx4tFYcqgimHeAAyoIFixqSYIC6pvhXiEBMJK91TUJXz9FP5POo5p183zW6fcvFrWUQDH4AScARs0QBPcgBZoAwzuwQN4As/GxHg0XozXRXTFWM4cgR8w3j4BZseR4Q==</latexit>
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Bayes Factors

B1→2(D) ≡
∫
P (θ̂1|D)dθ̂1∫
P (θ̂2|D)dθ̂1

=

∫
LD(θ̂1)π1(θ̂1)dθ̂1∫
LD(θ̂2)π2(θ̂2)dθ̂2

,

Angle-Right B1→2 � 1 → model 1 favored by data wrt model 2

BD1/D2
=

∫
LD2(θ̂|M)π(θ̂)dθ̂∫

LD2(θ̂|M)πrefD1(θ̂)dθ̂

Angle-Right πrefD1(θ̂) yields a good fit of D1 for model M
Angle-Right If π(θ̂) such that BD1/D2

� 1 → tension between datasets D1 and D2

Remark (B ∼ χ2 with d d.o.f)

∆σ =
√
2 erfc−1

[
Q

(
d

2
; 2 lnB

)]
,

where Q(a, z) ≡ Γ(a, z)/Γ(a, 0), and Γ(a, z) =
∞∫
z

dt ta−1e−t.
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Energy-Localized Sources

LIC,0(N̂) = e−∆×N̂ and LKM3,1 = N̂e−N̂ .
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