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My main subject is QCD but

My main subject is lattice QCD
using domain-wall fermions

= Edge modes on 4D surface

Fugaku supercomputer at RIKEN

of 5D topological insulator.

Recently, | work on interdisciplinary subjects with condensed matter
people and mathematicians:

* curved defects in condensed matters [with M. Koshino, Y. Matsuki,
K. Yamamoto] = this talk

* defect - boundary correspondence for the Atiyah-Patodi-Signer
index theorem [with H. Fujita, M. Furuta, S. Matsuo, M. Yamashita]



Einstein’s equivalence principle

inertial mass = gravitational mass
Any acceleration = gravity (at least locally).

Cf.) centrifugal force in space colony.

Constraint force
= gravitational force




Curved defects between topological phases
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Curved defects between topological phases

Symmetry Protected
Topological (SPT)
phase 2
(= trivial phase)

Symmetry Protected
Topological (SPT)
phase 1

What kind of metric do
they feel ? (=this talk)

Edge modes constrained on the
defect should feel induced gravity.



“Gravity” in condensed matters
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Fig. 3: (Color online) The power-law dependence of the PES
spectral function shown in fig. 2 on the binding energy (a) and
temperature (b).



Gravity on curved graphene

[F. de Juan et al. 2012, Roberts & Wiseman 2023...]

Graphene = single-layer carbon material forming a hexagonal
lattice.

High electric and thermal conductivity.
Effective action = Dirac fermions.

Ll

Flexible - can sustain strains of ~¥25%.

Figure from R. Mckenzee’s webpage.

“analog gravity” was derived from the tight-binding Hamiltonian.



“Gravity” in SPT phases

There are some theoretical works on how the edge states of
spherical topological insulators feel gravity in continuum theory:

Parente, Lucignano, Vitale, Tagliacozzo, Guinea,
“Spin connection and boundary states

in a topological insulator,” PRB 83, 075424 (2011) L

Imura, Yoshimura, Takane, Fukui,
“Spherical topological insulator,” PRB 86, 235119 (2012) _|

but no experiment was so far reported.

Both works are
on a sphere in
continuum
theory.



In this work both in continuum and lattice space

We would like to

 predict what kind of “gravity” appears on general curved defects of
topological matters and how to detect it (numerically),

* get some hints for the real gravity in 4D if it is embedded into higher
dimensions = a new type of lattice regularization of gravity,

* give an interesting interpretation of a magnetic monopole in
topological insulator (Witten effect) by a curved defect.



Embedding theorem nash, 1956]

* Any Riemannian manifold Y can be isometrically embedded into a finite-
dimensional flat Euclidean space X=R".

1
t=a(y -, y") N5 ozt Oz”
* The metric on Y is induced by the embedding function: 94 — Z MY Oyt Oyd
[92%

which is unique up to general coordinate and local Lorentz transformations (so
is vielbein).

But the metric has both intrinsic and extrinsic parts.

Which metric do the edge-modes feel?
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[Jackiw-Rebbi 1976,

Massless fermion on flat defects  caian-tarvery 1985,

Kaplan 1992 ]

S — /d”“x\IﬁfyO(D + sgn(x,) M)V (x) o g

17577 = 20Y

V" (On + "sgn(zn) M) + > 7' D;| ¥(x) “
8 (2, y) = d(y) exp(—M|z,|)

> ' Digly) = Aé(y) T
1#n
Gapped fermion in bulk but

= /d"Hx\IﬁfyO

massless edge modes appear at the defect.
( a good model for topological insulator)



Massless fermion on curved defects [5.Aoki, HF 2022]

S = /d”“:p\IJHO

Domain-wall

where asmooth function f:R"™! — R determines
where Yis locatedby YV = {f =0} . We will show below
1) the edge localized modes generally exist,

2) they are “chiral” eigenstates of “Ynormal — TV = 7Y

3) they feel gravity through the induced spin connection.



Local Lorentz transformation

Let us perform a local Lorentz transformation to rewrite the coordinate

(y,- " t)\A

Coordinate on defect Normal direction to defect

so that the Dirac operator is expressed by
Dow = 3270, + sgn(f ()M = 37 [> et0ye + €] + sgn()M

h
where ooy Y

e, = - el = - are vielbeins.




Local Lorentz transformation

Fermions transform nontrivially: WU — exp([yi, yj]eij ()P

The transformed Dirac operator is

Dl = ol Jei (x)DDwe—[’Yia’Yj]eij () — nyi el (Oya + wa) + € (9 + wy) | + sgu(t)M

a=1
where

1

1
wa = 5heal?’. 1, Whea = —5(Chea + Ceab = Cave)s  Cane = dinel (el — ducf)

is the intrinsic spin connection on Y and

1 : .
Wy = ~3 Zwat,a is the extrinsic one (mean curvature).
a



Rewriting itself is nothing special.

It is just a complicated expression of flat-space Dirac operator.

But when the fermions follow the Dirac equation,

gravity appears as an effective field.

DbW — Z’Yé

n-dimensional gapless
curved space Dirac operator

n

>

La=1

(Oye + wa)

V=) e
+ 7" [0 + wi + ~'sgn(t) M|

Covariant derivative in the normal
direction + mass term

= Constraint force



Induced spin connection on the edge
V=D A

The Dirac operator

D = 3 [z. )

a=1

ok [at + wt + ’Ytsgn(t)M}

has edge-locallzed eigenmodes
t

Y = exp [—M|t| {1 + SMLH dt'trwy (y, t')}] v @ x(y)

(4
where 7Y U4 = —|—U+ and x(y) follows the Dirac equation on Y:

Zv {Z (Dye +cifa)

P mean curvature.

Instrinsic spin connection on Y = induced gravity |

x(y) = tAx(y) insensitive to the extrinsic



Insensitivity to the extrinsic information of bulk

t

1
— _7\[ 1 - / /

If you happened to be made of these edge-localized
eigenmodes of fermions, you would never realize

existence of the extra-dimensions.

* But we don’t know how to constrain gauge fields like this.



Short summary of Sec.2 5.A0ki, HF 202

Sz/d”“aﬂlﬁfy@ nyi(‘?i—l—sgn(f(:c))M U(x)

1
{74} =25
We have shown that on the general curved defects of
topological phases,
1) the edge localized modes generally exist,
2) they are “chiral” eigenstates of Vt —n -7
3) they feel intrinsic gravity through the induced spin connection,

4) they are insensitive to the extrinsic curvature (mean curvature).
5) Gravity effects appear in the Dirac operator spectrum.

Domain-wall
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S? defect in continuous R3

Let us consider a spherical domain-wall in ]RS

D = ii;ai (aii = z’Ai(:z:')> + m(z)

U(1) gauge field

where

m(z) = —m  for |z| < rg
| +M  otherwise '’




S? edge-localized modes

In polar coordinate, the Dirac operator becomes ;
a 1 S2 O, — O-Z:C
D =o, + -~ %p —m(x), r Z r
or r i=1,2,3
where (after some convenient gauge fixing ) effective 2D Dirac operator is

2 1 0 o 0 . ¢t 1cosb
sz 1 g 2 . 1
1D” = - o [01 (89 2A9> gy <(9(b 1Ay + 5 5 03)] .

Induced spin connection
This has edge-localized solutions = Weyl fermion appears!

1 1+ o,

Yy o= exp|—m(ro —r)|P1x(0,¢), P, = 5




S? defect on the |attice

Let us consider the lattice domain-wall Dirac operator

e L N B | al (! (x)= Uix)! (x+e)" ! (x)
Dow = o 2 + Q! b+ mix), al 1 (x)= U (x" &) (x" e)" ! (x)

where mz) =4 ™ for |z < rg
| +M  otherwise

mn . . . . .
* M ! limit makes the numerical analysis easier.

We numerically solve the

eigenproblem of Dpw Dow  Dpw Dpyy

This lattice DOESN’T know anything
about local Lorentz or general
coordinate transformations.




Dirac eigenvalue spectrum and chirality (Ap=0)
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2) have a gap from zero (as a gravitational effect), Ec =
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chirality



Dirac eigenvalue spectrum and chirality (Ap=0)
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We find edge-localized modes, which
1) are (almost) chiral !! ,\"# $ 1
2) have a gap from zero (as a gravitational effect),

3) agree well with the continuum theory.
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Dirac eigenvalue spectrum and chirality (Au=0)
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We find edge-localized modes, which
1) are (almost) chiral !! ,\"# $ 1
2) have a gap from zero (as a gravitational effect),

3) agree well with the continuum theory.
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Note: In this lattice study, no
gravitational degrees of
freedom are assigned to sites
nor links (gravity appears just
as “effective fields” )
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Continuum and large volume limits

0.0
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T

Deviation from continuum 1" eigenvalue
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Volume scaling of continuum (solid curve ) and lattice

Systematics due to finite lattice spacing and finite volume

are well under control.



Recovery of rotational symmetry on finer lattices
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What is a magnetic monopole?

In our world, every magnetic object is paired N and S poles.

Figure from sozai-library.com
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What will happen to monopole in topological insulator?

N
e/2

Witten effect [1979]: magnetic monopole inside topological insulator
(6=mt vacuum) will become a dyon with 1 / 2 of unit electric charge.

What is the microscopic mechanism ?
We find that curved domain-wall fermion can describe it.

[Cf. Recent works: Hidaka et al. 2020,2021, Fukuda-Yonekura 2021,,,]



Topology change by magnetic fields

Topological phase can change by
magnetic field in quantum Hall systems.

O

If the monopole

has strong enough
magnetic field,

it may create a
small trivial phase
region + curved
domain-wall

I"HSY08, )+ Yot 5./ +*0 B+(2%34%
56/7/(*

'9"+>
IRILF—

BFH1-D DER h
8*+9'";%</= =
e



Numerical analysis on a 3D flat lattice
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Additive mass renormalization
at z=(L+1)/2 slice

E= —0.001017, chirality=0.007892
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A small spherical domain-wall is created near the
monopole, which may capture electrons.



Near-zero eigenvalues/functions

N : monopole charg

Monopole charge n=1.
We can see two
zero modes

while the continuum

ET’()

prediction at outside

surface is only one.
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Near-zero eigenvalues/functions
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The zero modes at outer surface and near monopole appear in pairs and mix by
tunneling effect.
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Near-zero eigenvalues/functions
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tunneling effect.



Gravity of the S? domain-wall

A magnetic monopole locally gives a positive mass shift to turn its
neighbor into a normal insulator.

E= —0.001017, chirality=0.007892 1.00

20

. 7 30
Curvature is so strong that only zero modes are captured: 100

is too big unless J + 1/2 = ‘nV 2.
n : monopole charg

(G +1/2)2" n?/4

1

E !



"#5%&()*+,--.)-/%+-" ' 0.1$() &£%$33
DS™1jj ,0(",#)=0 for j = |2|! 1/2

The degeneracy is 2j+1 = |n]. |
The 2-dim chiralityis 'r i .,0(# 3) =sign(n)" jj ; o(# %)

2 "
? IndDS" = n. n : monopole charg:
1 1 ,
Geometrical indexis ——  d°X"™Fy, = =~  d°xB an = n,
4 g2 2l 2

Namely, the zero modes on the domain-wall around the monopole
are topologically protected by the Atiyah-Singer index theorem.



Mixing with surface zero modes makes

the amplitude around monopole !
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This explains why the electric charge is fractional.
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Original description by Witten

| " sl z n ' . A —"!qn
WFH = P = i BB = o i aB = R

Our reinterpretation : monopole makes a defect of the 6 term.

| 1 ! alll Z n 1 n z
!UFH' = | Elu #(r)F“ Cb: d3X!I akE = m dBX! (r) aB
—_— 1 . 3 " Z —_— II%
="z d°x!# (r" ri)e, aB = T

The result is the same!
But our case does not require a true monopole with | aB =0



Comment on Monopole-massless electron scattering

[Callan 1982, Rubakov 1982]
Our observation indicates

E= —0.001017, chirality=0.007892

that monopole makes

electrons effectively very massive.

For codimension-one defect, there is no
local boundary condition which can
keep chiral symmetry.

It may be just impossible to keep electrons massless 7 = % 5 %~

in the presence of the magnetic monopole.
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1. Einstein’s equivalence principle and Nash’s embedding theorem
tell us anything = gravity. “Anything” can be curved defects
between topological matters.

2. We find that massless edge-localized fermion on curved domain-
walls on a square lattice feels gravity through the induced
intrinsic spin connection and is insensitive to the extrinsic

curvature.

3. Witten effect is explained by the electron zero modes on a small
spherical domain-wall created by the strong magnetic field of

the magnetic monopole :
dyon = bound state of monopole + electron (half) edge zero mode



5$6-®06.1+-1+77%*+

In mathematics, there have been two surprises about “curvature”:

1. Gauss’s Theorema Egregium [1827] : Gauss curvature can be
written by intrinsic quantities only.

2. Nash’s embedding theorem [1956] : Any intrinsic curvature can
be described by an extrinsic flat space.

In physics, we have been surprised only once by
1. Einstein’s general relativity, which requires only intrinsic metric.

Why don’t we have a 2% surprise?
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