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My main subject is QCD but

My main subject is laSce QCD 
using domain-wall fermions
= Edge modes on 4D surface 
of 5D topological insulator. 
Recently, I work on interdisciplinary subjects with condensed maZer 
people and mathema[cians: 
 * curved defects in condensed maZers [with M. Koshino, Y. Matsuki, 
K. Yamamoto] = this talk
 * defect - boundary correspondence for the A[yah-Patodi-Signer 
index theorem [with H. Fujita, M. Furuta, S. Matsuo, M. Yamashita]
 

Fugaku supercomputer at RIKEN



Einstein’s equivalence principle

iner%al mass = gravita%onal mass
   Any accelera%on = gravity (at least locally).

Constraint force 
= gravita%onal force

Cf.) centrifugal force in space colony.



Curved defects between topological phases

Symmetry Protected 
Topological (SPT) 
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Symmetry Protected 
Topological (SPT) 

phase 2
(= trivial phase)



Curved defects between topological phases

Symmetry Protected 
Topological (SPT) 

phase 1

Symmetry Protected 
Topological (SPT) 

phase 2
(= trivial phase)

Edge modes constrained on the 
defect should feel induced gravity.

What kind of metric do 
they feel ? (=this talk)



“Gravity” in condensed maBers
Onoe et al. 2012
detected a “curvature”
of C60 peanut-shell-shaped
polymer through
photoemission spectroscopy of the surface electrons.
The result shows that electrons follow 

which is reflected to 
the density of states.



Gravity on curved graphene

Graphene = single-layer carbon material forming a hexagonal 
laDce.

 High electric and thermal conduc[vity.
 Effec[ve ac[on = Dirac fermions.
 Flexible - can sustain strains of ~25%.
 “analog gravity” was derived from the %ght-binding Hamiltonian. 

Figure from R. Mckenzee’s webpage.

[F. de Juan et al. 2012, Roberts & Wiseman 2023…] 

Figure from Wiseman’s slides



“Gravity” in SPT phases
There are some theore+cal works on how the edge states of
spherical topological insulators feel gravity in con+nuum theory:

Parente, Lucignano, Vitale, Tagliacozzo, Guinea, 
 “Spin connec+on and boundary states 
 in a topological insulator,” PRB 83, 075424 (2011)
 
Imura, Yoshimura, Takane, Fukui, 
         “Spherical  topological insulator,” PRB 86, 235119 (2012)
 
but no experiment was so far reported.

Both works are 
on a sphere in 
con0nuum 
theory.



In this work both in conHnuum and laIce space
We would like to 
• predict what kind of  “gravity” appears on general curved defects of 

topological maZers and how to detect it (numerically),

• get some hints for the real gravity in 4D if it is embedded into higher 
dimensions = a new type of laSce regulariza[on of gravity,

• give an interes[ng interpreta[on of a magne[c monopole in 
topological insulator (WiZen effect) by a curved defect.

  



Embedding theorem

• Any Riemannian manifold Y can be isometrically embedded into a finite-
dimensional flat Euclidean space X=Rn.

• The metric on Y is induced by the embedding funcIon:
which is unique up to general coordinate and local Lorentz transformaIons (so 
is vielbein).
 But the metric has both intrinsic and extrinsic parts.
 Which metric do the edge-modes feel?

<latexit sha1_base64="462gGdZUFFK8E/+b385UjaodsMw="></latexit>
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xµ = xµ(y1, · · · , yn)

[Nash, 1956]
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4. MagneIc monopole inside topological insulator 
(WiZen effect) and curved domain-wall fermion

5. Summary and discussion

✔



Massless fermion on flat defects 

  

  

Gapped fermion in bulk but 
massless edge modes appear at the defect.
( a good model for topological insulator)

[Jackiw-Rebbi 1976, 
Callan-Harvery 1985, 
Kaplan 1992 ]

<latexit sha1_base64="QurQbKzRhLrJnO02bMRnRjoOELw="></latexit>xn

<latexit sha1_base64="RV3BsGUv9/SeRD6SvTrtb/0bSsY="></latexit>

ψedge(xn, y) = φ(y) exp(−M |xn|)

<latexit sha1_base64="Sk1iNInIntiSOfec4htNEyvPhvo="></latexit>

S =

∫
dn+1xΨ†γ0(D + sgn(xn)M)Ψ(x)
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<latexit sha1_base64="dW05MqLuMq+KiuffbdIQulWxAFw="></latexit>∑

i !=n

γ0γiDiφ(y) = λφ(y)

<latexit sha1_base64="bxcK84Uwx9vSOua4ihEEHW6SeWY="></latexit>

{γi, γj} = 2δij



Massless fermion on curved defects

where  a smooth funcIon                               determines
where Y is located by                              .    We will show below 
1) the edge localized modes generally exist,
2) they are “chiral” eigenstates of 
3) they feel gravity through the induced spin connecIon.

[S.Aoki, HF 2022]

<latexit sha1_base64="sVnc7eahJzgEc1PK/F2B3LdQHGw="></latexit>

Y = {f = 0}

<latexit sha1_base64="AmcGaLjs+10dCwzC31XRR5Hs3Ws="></latexit>

�normal = n · �
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S =

∫
dn+1xΨ†γ0

[
]

i

γi∂i + sgn(f(x))M

]
Ψ(x)

<latexit sha1_base64="HDF/rjDGqlXKo2ZDGdYdL9MvKTA="></latexit>

f : Rn+1 → R



Local Lorentz transformaHon
Let us perform a local Lorentz transformaIon to rewrite the coordinate 

so that the Dirac operator is expressed by

where
                                                              are vielbeins.

<latexit sha1_base64="b0qNflaiTdIEl3Sha2AzCb5OXFE="></latexit>�
y1, · · · , yn, t

�

Normal direc0on to defectCoordinate on defect
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∂xi
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Local Lorentz transformaHon
Fermions transform nontrivially : 

The transformed Dirac operator is

where 

 is the intrinsic spin connecIon on Y and
   is the extrinsic one (mean curvature). 

<latexit sha1_base64="8IY7hQu0+GyAvHd5AgDZBRJa7u8="></latexit>

Ψ → exp([γi, γj ]εij(x))Ψ
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RewriHng itself is nothing special.

It is just a complicated expression of flat-space Dirac operator.

But when the fermions follow the Dirac equa[on, 
gravity appears as an effec[ve field.
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#
+ ωt

⇥
∂t + ωt + ωtsgn(t)M

⇤

Covariant deriva0ve in the normal
 direc0on  + mass term

= Constraint force

n-dimensional gapless 
curved space Dirac operator
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The Dirac operator

has edge-localized eigenmodes 

where                                      and                follows the Dirac equaIon on Y:

Induced spin connecHon on the edge

Instrinsic spin connecIon on Y = induced gravity ! 

insensiIve to the extrinsic
mean curvature.

<latexit sha1_base64="zh5Wwid9zFBUpbDSx45kuulW+P4="></latexit>

χ(y)
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If you happened to be made of these edge-localized 
eigenmodes of fermions, you would never realize 
existence of the extra-dimensions.

* But we don’t know how to constrain gauge fields like this.

InsensiHvity to the extrinsic informaHon of bulk
<latexit sha1_base64="+dfa4SfAKNZdalTnA/E1z6/bzoM="></latexit>
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Short summary of Sec.2

We have shown that on the general curved defects of 
topological phases, 
1) the edge localized modes generally exist,
2) they are “chiral” eigenstates of 
3) they feel intrinsic gravity through the induced spin connecIon,
4) they are insensiIve to the extrinsic curvature (mean curvature).
5) Gravity effects appear in the Dirac operator spectrum.

[S.Aoki, HF 2022]
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{γi, γj} = 2δij
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S =

∫
dn+1xΨ†γ0

[
]

i

γi∂i + sgn(f(x))M

]
Ψ(x)
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γt = n · γ
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S2 defect in con2nuous  R3

Let us consider a spherical domain-wall  in 

where

<latexit sha1_base64="8z+tOWEc+BxrOV/1DcAhCquv0gk="></latexit>

R3
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@
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◆
+m(x)

U(1) gauge field
<latexit sha1_base64="PDQI6UI04/F59aGifNe3MeGnyBo="></latexit>

m(x) =

⇢
−m for |x| ≤ r0
+M otherwise

,



S2  edge-localized modes

In polar coordinate, the Dirac operator becomes

where (aeer some convenient gauge fixing ) effecIve 2D Dirac operator is 

This has edge-localized soluIons = Weyl fermion appears!  

<latexit sha1_base64="of0xGhnVgK2AZXRttBZQTjExn5o="></latexit>
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Induced spin connecIon
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S2 defect on the  la;ce
Let us consider the laVce domain-wall Dirac operator

where 

We numerically solve the
eigenproblem of 

<latexit sha1_base64="Ng64dXtPeW5cbc1Ygx/uRnK7PLM="></latexit>
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m(x) =

⇢
−m for |x| ≤ r0
+M otherwise

,

*                        limit makes the numerical analysis easier.
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This laSce DOESN’T know anything 
about local Lorentz or general 
coordinate transforma[ons.



Dirac eigenvalue spectrum and chirality (Aμ=0) 

   
We find edge-localized modes, which
1) are (almost) chiral                ,
2)  have a gap from zero (as a gravita0onal effect),
3) agree well with the con0nuum theory.

<latexit sha1_base64="vRQ2nIun77ryfEMLqE0idPxu2bo="></latexit>
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Dirac eigenvalue spectrum and chirality (Aμ=0) 

   

We find edge-localized modes, which
1) are (almost) chiral                ,
2)  have a gap from zero (as a gravita0onal effect),
3) agree well with the con0nuum theory.

EigenfuncYon amplitude 
distribuYon
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Dirac eigenvalue spectrum and chirality (Aμ=0) 

   

We find edge-localized modes, which
1) are (almost) chiral                ,
2)  have a gap from zero (as a gravita0onal effect),
3) agree well with the con0nuum theory.

EigenfuncYon amplitude 
distribuYon

<latexit sha1_base64="4UtwXHJNFrrTS4YvftEL5RNQXjA="></latexit>
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Note: In this laVce study, no 
gravitaIonal degrees of 
freedom are assigned to sites 
nor links (gravity appears just 
as “effecIve fields” )



Con2nuum and large volume limits

SystemaIcs due to finite laVce spacing and finite volume
are well under control.

DeviaYon from conYnuum 1!" eigenvalue Volume scaling of conYnuum (solid curve ) and la]ce



Recovery of rota2onal symmetry on finer la;ces

← conYnuum limit

The zigzag peaks become 
rota0onal-symmetric 
towards the con0nuum limit. 

max-min peak plot

Standard deviaYon of
peaks normalized by 
their average
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What is a magne2c monopole?

In our world, every magne%c object is paired N and S poles. 
    

Figure from sozai-library.com
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What will happen to monopole in topological insulator?

WiZen effect [1979]: magne[c monopole inside topological insulator 
(θ=π vacuum) will become a dyon with 1 / 2 of unit electric charge.

What is the microscopic mechanism ?
We find that curved domain-wall fermion can describe it. 

[Cf. Recent works: Hidaka et al. 2020,2021, Fukuda-Yonekura 2021,,,]

N N 
e/2



Topology change by magne2c fields

Topological phase can change by
magne[c field in quantum Hall systems.
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If the monopole
has strong enough 
magne[c field, 
it may create a 
small trivial phase 
region + curved 
domain-wall



Numerical analysis on a 3D flat la;ce
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Addi2ve mass renormaliza2on
at z=(L+1)/2 slice

n=1
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A small spherical domain-wall is created near the 
monopole, which may capture electrons.

N



Near-zero eigenvalues/func2ons

Monopole charge n=1.
We can see  two 
zero modes 
while the con0nuum 
predic0on at outside 
surface is only one.
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GradaYon: chirality
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n : monopole charge



Near-zero eigenvalues/func2ons
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The zero modes at outer surface and near monopole appear in pairs and mix by
tunneling effect.



Near-zero eigenvalues/func2ons

n=-2

We  have four zero 
modes.

The zero modes at outer surface and near monopole appear in pairs and mix by
tunneling effect.
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n : monopole charge



A magneIc monopole locally gives a posiIve mass shie to turn its 
neighbor into a normal insulator. 

Curvature is so strong that only zero modes are captured:

      is too big unless  

Gravity of the S2 domain-wall
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j + 1 / 2 = |n|/ 2.
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n : monopole charge
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The degeneracy is  2j+1 = |n|.
The 2-dim chirality is
    →  

Geometrical index is

Namely, the zero modes on the domain-wall around the monopole
are topologically protected by the A[yah-Singer index theorem.
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S2
d2xB án = n.
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n : monopole charge



Mixing with surface zero modes makes
the amplitude around monopole !  1/2

n=1

n=-2
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Saturates to 1/2 
un+l r !  0.8 r0
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This explains why the electric charge is frac[onal.
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Original descrip+on by Wi\en

Our reinterpreta+on : monopole makes a defect of the θ term.
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The result is the same! 
But our case does not require a true monopole with
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Comment on Monopole-massless electron scaWering

Our observa+on indicates
that monopole makes
electrons effec+vely very massive.

For codimension-one defect, there is no
local boundary condi+on which can
keep chiral symmetry.

It may be just impossible to keep electrons massless
in the presence of the magne+c monopole.

[Callan 1982, Rubakov 1982]
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1. Einstein’s equivalence principle and Nash’s embedding theorem 

tell us anything = gravity. “Anything” can be curved defects 
between topological maZers.

2. We find that massless edge-localized fermion on curved domain-
walls on a square laSce feels gravity through the induced 
intrinsic spin connec[on and is insensi[ve to the extrinsic 
curvature.

3. WiZen effect is explained by the electron zero modes on a small 
spherical domain-wall created by the strong magne[c field of 
the magne[c monopole : 

  dyon = bound state of  monopole + electron (half) edge zero mode 
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In mathema[cs, there have been two surprises about “curvature”:
1. Gauss’s Theorema Egregium [1827] : Gauss curvature can be 

wriZen by intrinsic quan[[es only.
2. Nash’s embedding theorem [1956] : Any intrinsic curvature can  

be described by an extrinsic flat space.

In physics, we have been surprised only once by
1. Einstein’s general rela[vity, which requires only intrinsic metric.

Why don’t we have a 2&) surprise?



Deriva[ve in y direc[on 
is insensi[ve to the extrinsic 
curvature.

<latexit sha1_base64="vBbZRrNmw7UBiWoMyDwqK3iVfbU="></latexit>

! = exp
!
! M |t|

"
1 +

1
8M |t|

# t

0
dt! tr " t (y, t!)

$%
v+ " #(y)

= exp
!
!

# t

0
dt! { M sgn(t !) ! tr " t (y, t!)}

%
v+ " #(y)

= exp

&

!
# 1/M

0
dt! { M sgn(t !) ! tr " t (y, t!)}

'

( )* +
=: exp 1

exp

&

!
# t

1/M
dt! { M sgn(t !) ! tr " t (y, t!)}

'

( )* +
=: exp 2

v+ " #(y)

!""#$%&'()(&$*#$*&+,&-.(-/(#'-0&$*&1(120,3-20#

<latexit sha1_base64="JrGOGln4uqpnLWJvAtcfy8VUrLY="></latexit>

!
! yj exp1 = O(1/M ),

!
! yj exp2|t< 1/M = O(1/M ),

!
! yj exp2|t> 1/M = O(exp(! M |t|))


