
Monodromy defects in Chern-Simons
Symmetries, defects, and holography

Federico Ambrosino [Perimeter Institute]
May 26, 2026

Defects and Extended Excitations, GGI

Based on work to appear soon with
Jaume Gomis & Suriyah Kannagi Wµ̂

MρMρ

Wµ̂

µ̂ = C(µ̂)



Chern-Simons theory

Topological theory in 2+1 d

Gauge group G , level k

SCS[A] =
k
4π

ˆ
M(3)

Tr

(
A ∧ dA+ 2

3 A ∧ A ∧ A
)

No local operators

Line operators : WR(K) = TrR P exp

˛
K
A

Topological lines↔ 1-form symmetry Z(G)



Link and knots

Interesting observables onM(3) = S3

Knots↔ VEV 〈WR(K)〉S3 =

〈 〉

Links 〈WR1(K1)WR2(K2)〉S3 =

〈 〉



3D TFT- 2d CFT correspondance

Computed by 2d CFT!

CS(G)k ←→ Gk WZW–model

(Un)knots
〈
WR(S1)

〉
=

〈 〉
=

SR0
S00

Hopf
〈
WR1(S1)WR2(S1)

〉
=

〈 〉
=

SR1,R2
S00

Sij = Modular S–Matrix of ĝ(1)k



Charge conjugation symmetry

Symmetries of CS theory

1-form symmetry←→ Topological lines

Today: Charge conjugation

0-form symmetry←→ Topological surfaces!

New observables in CS theory!
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Charge conjugation symmetry

Charge conjugation C↔ Out(g)

g Out(g) Dynkin diagram

su(N) N > 2 Z2 · · ·

so(2N) Z2
· · ·

so(8) S3

e6 Z2



Topological operators of charge conjugation

WC(R)

WR
C- Surface

Mρ

Monodromy
Defect

Monodromy defects! (Cod 2)



Questions

Monodromy defects:

WC(R)

WR

Mρ

⋆ Monodromy around Mρ:
Aµ(ϕ+ 2πi) = C · Aµ(ϕ)

⋆ Mρ line defects of CS
→ How to compute with
them?

⋆ CS theory↔ Top Strings
→ Fit in the duality?
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Monodromy defects from twisted 2d CFT

Quantization of CS on solid T2
No monodromy defects:

WR

WR′

H(1,1) ↔ ĝ
(1)
k

R,R′ ⊂ Int. rep (ĝ(1)k )
Modular-S (ĝ(1)k )



Monodromy defects from twisted 2d CFT

Quantization of CS on solid T2
Monodromy defect wrapping A-cycle

Mρ

H(C,1) ↔ ĝ
(2)
k

' Conf.blocks(g(2)k )

C-twisted boundary conditions on B cycle

J α(z e2πi) = C(J α(z))

Monodromy = New line defects↔ Int. Rep(ĝ(2))



Monodromy defects from twisted 2d CFT

Quantization of CS on solid T2
Monodromy defect wrapping A-cycle, Wilson on B

WR

MρMρ

WC(R)

δR,C(R)

H(C,1) ↔ ĝ
(2)
k

' Conf.blocks(ĝ(2)k )
6= 0 iff R = C(R)

C-twisted boundary conditions on B cycle

J α(z e2πi) = C(J α(z))

Monodromy = New line defects↔ Int. Rep(ĝ(2))



Twisted affine Lie algebras

H(C,1) ' Conf.blocks(ĝ(2)k )

Twisted affine ĝ
(2)
k areclassified[Fuchs, Schweigert][Gaberdiel, Gannon][Kac]

Wµ̂

MρMρ

Wµ̂

µ̂ = C(µ̂)

= S(C,1)
ρ,µ̂

• µ̂: C-invariant weight of ĝ(1) ∼ Wilson Lines
that can link

• ρ: Int. Rep(̇̂g(2)k ) ∼ Monodromy defects

ĝ(2) obtained by folding



Twisted affine Lie algebras: SU(N) example

A(1)k '
1

1 1 1 1 1 1
· · ·

Fold by automorphism:

A(1)2m−1 7→ D(2)
m+1 :

22
· · ·

121 2

A(1)2m 7→ A(2)2m :
22

· · ·
221 2



Some more details

g(1) (1, 1) (C, 1) (1, C) (C, C)

A(1)2n−1 (n ≥ 2) A(1)2n−1 A(2)2n−1 D(2)
n+1 B(1)n

A(1)2n (n ≥ 1) A(1)2n A(2)2n A(2)2n A(2)2n
D(1)
n (n ≥ 4) D(1)

n D(2)
n A(2)2n−3 C(1)n−1

E(1)6 E(1)6 E(2)6 E(2)6 F(1)4
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With exact results comes hard questions

Now we know how to compute exactly with monodromy defects

What can we learn about holography?

SU(N)k CS on S3↔ Top. Strings on Resolved Conifold

gs =
−2πi
k+ N , ’t Hooft: t = Ngs fixed

N Lagr.
branes

t = Size of P1

Originally at Large N, even at finite!



Holographic duality

N Langrangian branes wrapping S3 → geometry

N Lagr.
branes

t = Size of P1

log SSU(N)0,0 = (non-per) +
∑
m>0

e−mt
m[m]2

= logZcon

Partition function of the Resolved Conifold!
Count maps from Σg → CY3



Holographic duality

N Langrangian branes wrapping S3 → geometry
We can add branes to the geometry:

N→ N+ 1 t→ t+ gs
x ∼ n

log SSU(N)Λn,0 =
∑
m>0

e−mt̂
m[m]2

+
∑
m>0

e−mx + e−m(̂t−x)

m[m]
= logZcon +Zopen



Adding orientifold planes

Projection by Ω︸︷︷︸
Worldsheet

parity

◦ σ
SO/Sp
−︸ ︷︷ ︸

Geometric
involution

[Hori, Vafa][Sinha,Vafa]

σ− : CY3 → CY3 target anti-hol inv. ω(z) = −1/ω(z) on P1

O∓
2N Lagr.
branes

log SSO/Sp00 =
1
2
∑
m

e−mt̂
m[m]2︸ ︷︷ ︸

oriented

∓
∑
m odd

e−mt̂/2
m[m]︸ ︷︷ ︸

not−oriented

SUCS→ SO/Sp CS (̂t = t∓ gs)
maps Σ→ CY3 and unoriented equivariant Σ/σ− → CY3

(e.g RP2 → CY3 . . . )



Adding monodromy defects

What is the dual to monodromy defects? We find:

Projection by Ω ◦ σSO/Sp+

σ+ : CY3 → CY3 target anti-hol inv. ω(z) = 1/ω(z)
Fixed locus S1 ⊂ S3 (RP1 ⊂ P1): support of M0

N Lagr.
branes

O∓

log S(C,1)00 =
1
2
∑
m

e−mt̂
m[m]2︸ ︷︷ ︸

oriented

∓
∑
m even

e−mt̂/2
m[m]︸ ︷︷ ︸

not−oriented

Monodromy defects add a non-oriented sector!



Tricky signs

Theory Background
SU(2N+ 1)k, k odd ΩσSO

+ ⊕ D
SU(2N+ 1)k, k even ΩσSO

+

SU(2N)k, k odd ΩσSp
+

SU(2N)k, k even, N ≤ k ΩσSp
+

SU(2N)k, k even, 2N > k+ 2 ΩσSO
+

Very non trivial dependence on k,N

New feature of monodromy defects

You can ask about it if interested



Monodromy defects of SO(2N)

SO(2N) has “chirality flip”: · · ·

Start with SU(2N): t = 2Ngs

2N Lagr.
branes

Using D(2)
N we find:

log S(C,1)00 =
1
2
∑
m

e−mt̂
m[m]2︸ ︷︷ ︸

oriented

∓
∑
m even

e−mt̂/2
m[m]︸ ︷︷ ︸

not−oriented

, t̂ = (2N− 2)gs✓



Monodromy defects of SO(2N)

SO(2N) has “chirality flip”: · · ·

Insert O−: t→ (2N− 1)gs
O−

2N Lagr.
branes

{1,Ωσ−}

Using D(2)
N we find:

log S(C,1)00 =
1
2
∑
m

e−mt̂
m[m]2︸ ︷︷ ︸

oriented

∓
∑
m even

e−mt̂/2
m[m]︸ ︷︷ ︸

not−oriented

, t̂ = (2N− 2)gs✓



Monodromy defects of SO(2N)

SO(2N) has “chirality flip”: · · ·

Insert other O− plane with fixed locus: t→ (2N− 2)gs

2N Lagr.
branes

O−
O−

{1,Ωσ−,Ωσ+, σ−σ+︸ ︷︷ ︸
orbifold

} ' Z2 × Z2

Using D(2)
N we find:

log S(C,1)00 =
1
2
∑
m

e−mt̂
m[m]2︸ ︷︷ ︸

oriented

∓
∑
m even

e−mt̂/2
m[m]︸ ︷︷ ︸

not−oriented

, t̂ = (2N− 2)gs✓



Summary

Wµ̂

MρMρ

Wµ̂

µ̂ = C(µ̂)

= S(C,1)
ρ,µ̂

• Monodromy = ∂ Charge conjugation defects
• New line defects of CS:

• Wilson lines↔ Int(ĝ(1)k )

• Monodromy defects↔ Int(ĝ(2)k )

• Non-oriented sector in topological strings!
• Test of holography at finite N and k
• New Gromov-Witten invariants, new knots invariants?



Resolved conifold

Simplest CY3: O(−1)⊕O(−1)→ P1:

{|z1|2 + |z4|2︸ ︷︷ ︸
P1 size t

−|z2|2 − |z3|2 = t}

Start from T∗S3 ' xy− uv = a ∼ 1/N

a→ 0 singular, resolve by x = λv,u = λy

x = z1z3, y = z2z4, u = z1z2, v = z2z3, P1 3 λ = z1/z4

gives exactly the resolved conifold. S3 is Lagrangian in T∗S3

branes wrapping
Transition replaces S3 by P1



Involutions

σ− : {z1, z2, z3, z4} 7→ {z4,−z3,−z2, z1}

Fixed locus : z1z4 − z2z3 = |z1|2 + |z2|2 = t↔ S3

On the P1 3 z after transition f(z) 7→ −f(1/z)

σ− : {z1, z2, z3, z4} 7→ {z1, z2, z3, z4}

Fixed locus : zi ∈ R: real quartic z1z4 − z2z3 = t f(z) = 1/f(z)

Fix(σ+) ∩ P1 ' S1

Clearly : σ2± = 1 = Ω2

Orbifold : σ+σ− : {z1, z2, z3, z4} 7→ {z4,−z3,−z2, z1} holomorphic



Action of charge conjugation

su(N) : Aµ(ze2πi) = CAµ(z) = A∗µ(z) = −ATµ
WR → WR̄

so(2N) : Aµ(ze2πi) = CAµ(z) = MAµ(z)MT

M ∈ O(2N)/SO(2N), WS+ → WS−

Non trivial result: M↔ odd partition of 2N
Inv algebra : = SO(2N− 1)→ SO(N1)× SO(N2)

N1 + N2 = 2N− 1
Resulting ĝ2k are isomoprhic


