Theoretical description of SM process at the LHC

What is needed?

Fully differential cross-sections for the production of jets,
heavy quarks and gauge bosons
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|. Leading order calculations

* First estimates: leading order MC’s based on Born amplitudes

« Multi-leg processes (up to 8 or more legs ) are imporant at the LCH (see next slide)

« The use of standard Feynman-diagram approach already LO calculations are
problematic:

Stronger than factorial growth in number of external particles
N-gluon scattering: CPU grows as NN-3) (E-algorithm)

« Solution: use recursion relations ( Berends, Giele; Britto, Cachazo, Feng,Witten) :
CPU time has polynomial growth in the number of the external legs
Ne (P- algorithm)

* Tree-level general purpose softwares: ALPGEN, HELAC (P), MADGRAPH (E)

« More guantitative estimates require NLO (QCD and EW ) corrections
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Status of Leading Order Calculations

fully automated, user friendly Leading Order generators:

Alpgen, CompHEP, CalcHEP, Comix, Helac, Madgraph, Sherpa, Whizard, ...

best implementations are working efficiently up to 11 legs

Tree amplitude:

e generate Feynman diagrams, evaluate helicity amplitudes
numerically (Madgraph,Sherpa, CompHEP)

e use BG recursion relations (Alpgen, Helac,Comix)
evaluate recursion fully numerically (color included, or stripped)

Phase space integral:

* small denominators of individual Feynman diagrams
generate multi-chanel phase space integral according
* in case of recursion relations different recursion chains

generate propagotor denominators,

Difficulties:
quantitative description requires NLO accuracy
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The efficient codes use recursion relations

Berends, Giele ‘88

Berends-Giele recursions:

color ordered amplitudes are constructed > (‘\: =Z’_<g;+ Z" /%_:__
using off-shell currents v _— = \\0:
color can also be included (Helac, COMIX)

Cachazo. Svrcek Witten '04

CFW recursions: t -
helicity amplitudes are calculated from . + .
MHV amplitudes N \_ + 7 e
/ +
o .

BCF recursions: b/
amplitudes via on-shell recursion }:{ =Y TF +Y 3
+

using complex shift of external momenta

In numerical implementations of BG is most efficient 4
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The color-ordered off-shell currents can be constructed recursively
(=< <o

. n—1
JM(LQ)"'?W’): - { ZVSMVP (Pl,kapki—i—l,n) Ju(lavk)‘]ﬂ(k+177n)

P i =pi+pit1+...+pi—1+Dpj,

The color-ordered n-point gluon off-shell current can also be defined as the sum of all
color ordered Feynman-diagrams: n on-shell gluon, one off-shell gluon with polarization [t

VIYP (P g, Pos1n) and Vi "7 are color ordered vertices
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Color dressed Berends-Giele recursion relations

A%O)(l,Z,S,...,n) :gn—2 Z (57;13'257;23'3"'5%3'1 A%O)(l,Q,S,...,n)
P(2,3,...,n)
In the color-flow decomposition a color-dressed gluon off-shell current is

p E : J  §Joi Jon W
j]j( 52015202 (SInJ (0'1,02,...,On),
~c <
TV —
L e =
I, d "‘(,"
. K
J Th sl G=—"—"" unordered in on-shell gluons
I . [ — 0 H——— \
%
M~
70

Schematic structure:

Instead of ordering
we have partitioning

Jn (1) = P, () S: S: Vn (1, ..o,mn) Jiy (m1) o Ty (TN)

N=1Pp ()

7
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ll. Ingredients of traditional NLO calculations

tree-level corrections from N+1 parton processes

- local subtraction terms
- recursion relations
- divergences analytical: from phase space integration over the subtraction terms

virtual corrections to N parton processes

- Feynman diagram evaluation, automated tools are used
- Passarino-Veltman or vanNeerven-Vermaseren type of
reduction of tensor integrals to scalar integrals
- divergent terms: come from divergences of the scalar integrals

Straightforward calculations based on Feynman diagrams plagued by worse than
factorial growth of the computer time. Difficult to push beyond N=6.
Bottleneck: virtual corrections.

N>5 leg processes will be important at the LHC
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NLO calculation for six-leg process based on Feynman diagrams

NLO corrections for pp — bbtt % 7
® pp — bbtt important background process for pp — ttH at LHC
® form factor approach, numerical tensor reduction \ 5
N\
® very efficient Feynman diagrammatic computation ! L 1

gg — bbtt 160 ms on 3 GHz Intel Xeon processor .

Bredenstein. Denner. Dittmaier. Pozzorini 2009

Ulﬂ’ PP — tthb + X o fbl PP — ttbb + X
9000 T T T T T 10000 ¢
0 3
8000 |, NLO :
7000 |- -
6000 F - BR = S0 } 1000
Ly g7
5000 | i s/-(J s h
o my = 172.6 GeV
4000 | i, E
- I TN | ol Ty
3000 i Y 100
2000 | s, P . L = 172.6 GeV
1000 | T L po/2 < p <2
0 P . L L 2 S 10 1 1 1 1 1 1 1 1
0125 025 05 1 2 4 8 20 40 60 80 100 120 140 160 180 200
Bredenstein et.al. hepéph:0905.0110 Mpp, cut [GEV]
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Generalized Unitarity Method

1) P-algorithm (exponential) for NLO virtual calculations
2) More suitable for automated implementations

10
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lll. The Unitarity Method: successful and promsing

approach for calculating NLO corrections

Bern, Dixon, Kosower (1994-...)

gauge theory one-loop amplitudes from tree amplitudes

1) BDK theorem: SUSY gauge theories have no rational parts
applications to N=1,N=4 SYM also multi-loops
i) Impressive QCD results: e.g. e* + e~ annihilation to four jets in NLO (1998)

series of nifty tricks: analytic results, only four-dimensional states on cut lines, spinor helicity formalism,
rational part is obtained from soft and collinear limits, triple cuts, SUSY identities etc.

DIFFICULTIES in QCD applications

1) Reduction of cut tensor integrals (Passarino-Veltman,Neerven-Vermaseren)
i) The cut lines are treated in four dimensions (no rational parts)
i) Only double cuts have been applied. Usefulness of triple cut.

11
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Constraints from Unitarity: M" - M = —iM™M

¢; ==
4 — I
Imaginary part from tree amplitudes, iterative in coupling 3 : e
N I N
S8 E ==
3 7 2
eg = kl — k>

AT 1S ATl S AT

* factorization structure on the cuts (only double cuts)
* discontinuity given by tree amplitudes

* how to get the real part?

* how to get the coefficients efficiently

12
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Insipiration from twistor formulations

1) witten: Tree amplitudes with on-shell complex momenta

i) Britto, Cachazo, Feng: Generalized unitarity , complex four momenta

OPP reduction and unitarity cut in D-dimensions

i) OPP: (QOssola, Papadopoulos, Pittau ,2006
an alternative to Passarino-Veltman (1979) reduction

ii) Unitarity in D-dimension: Giele ZK Melnikov (2008)
full reconstruction of loop amplitudes from on-shell tree amplitudes
but complex momenta and in D=8,6 dimensions

13
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Three-point amplitudes

On shell massless three point function is not well defined for real
kinematics: all kinematical invariants S;; vanish

Use spinor variables to take the kinematics complex

()\Z)CY = [u-l—(kz)]a ) (5\Z>Oé = [u—(kZ)]a ? 1= 17 27 2
we introduce also bra and ket notations

14

Thursday, September 10, 2009



For real momenta, \; and ); are complex conjugates of each other. Therefore
the spinor products are complex square roots of the Lorentz products,

(j1) = \/sj€"%" 1] = ++/5;e 7001,
if all the s;; vanish, then so do all the spinor products.

for complex momenta it is possible to choose all three letft-handed spinors to
be proportional,

Al =C1A3 Ay = Ca)3

while the right-handed spinors are not proportional, but because of momentum
conservation, ki + ko + k3 = 0, they obey the relation,

C1A1 + oA+ A3 =0

[12]=[23][=[31] =0,
(12) , (23) and (31) are all nonvanishing

15
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(N _ _ L
AF(17,27,3%) = —= |e] -5 ea -(k1—ko)+ey -eq €7 -(ka—k3)+ &5 -] €5 -(ks—k1)

2
where +pu 4. . <qﬂ7“’kf>
e; " = e Mk q) = £ Eoy
choose g2 = q1 and q3 = k1, then e; e, = 5§f g1 =0
4
o . _ _ g1 3] (12) [q12](21) , (12)
Alee(17,27,31) = iV2ey el e7 -k :z[ = 1
. | 2= ek TN ] (12)@3) B31)
Park-Taylor formula for LHC amplitudes
.o\ 4
Atree MHV, gk — = glree(1+ 5= kT,...,nT) = i K

16
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Generalized unitarity

\

2
AvpD) = Y dii | | 43 e Do+ 20 (= AR
\

P

P3 P4
l3=14+p;+P2tpPs
lo=1+p;+p2
1,=1+p;+pa+ps+p,
le=1
P2 P1 Pe Ps

Quadrupole cut d;=d;=d,=d=0 (two solutions)

i — \f;" + a3 n.’l’
Complex valued loop momenta

Bo— YH g D e
I, =V, =1 \/V4 m; X ny

17
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OPP method to determine the coefficient of scalar integrals

iIn D=4 dimension in terms of tree amplitudes

The unintegrated one-loop amplitude is linear combination of
quadro-, triple-,double-,single-pole and polynomial terms

partial decomposition for the integrand

An(p1,p2,...,pN: 1) = — L =

Z digizisis (1) | Z Cuasl) Z bii, (1) | Z ai, (1)
dd.did. didids d;. d;, d;

1<11<12<13<1a <N 1<11<12<13<N 1<11<12<N 1<::<N

18
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Parametrization of the numerators

Aiyinigis (1) Ciyinis (1) biyiy (1) a;, (1)
Av(l)= Y dddd+z ;dd+2 szad.

1<i1 <io<iz<ig <N 23T 1 <G <ig<ig <N UL 3 1<ii<ia<N 1

parametric integral over the loop momentum

18 structures but only 3 non-vanishing integrals

Ez’jkl(l) = Ez’jkl(n A1) = diji + Jz‘jkz 51 7

eielD) = e+ o + e + <27 — )+ sr5a(ellL T oo + o)

bi;(l) = bz(-;-))+b§;)81+b§?)82+b§§-’)83+b$)(8% )+ b( )(32—33) b( s 32+b( >5133+b( ) 8983

19

Thursday, September 10, 2009



Carry out the integral over the loop momentum

d; 51 (1) / diitl + CZ@ R/ / 1
/[ | d;d;drd, 1 d;d;drd, gkt [ 141} d;d;dyd; JRUZiTRL

Scalar integrals

20
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loop momenta on the cut

1. Quadrupole cut di=d;=d,=d=0 (two solutions)

R T S
"=V, +a1n;

o M : 2 2 H
I =V +i\/VZ—m?xn
2. Triple cut, infinite number of solutions ( on a circle circle )

A e R e
il \3/ + a1ny + az2n;,

I =Y Foan: T azns; a% -+ o:g — —(\/32 — m,%)

Q102

3. Double cut, infinite number of solutions (on a “sphere”)

T M Sz e
" = V5 + ainf + azn, + aszng

Complex valued loop momenta

. | - 5 2 £ 7. 2 2
I s = VQ“ + a1 n‘ll + azn;, + a3 ng, ai t+ a5+ a5=—(V5 — mj) .

21
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The parameters are fixed by linear algebraic equations
iIn terms of products of loop amplitudes

generalized unitarity: the residues are taken with (complex) “cut loop momenta”

Res;;... [F(1)] = [(1,-(1)(1_,-(1)---d,l.(z)F(l)lem .

E,‘_‘,';‘./(l) — Res,-‘]-;,./ (A\(l)) di=dj=dk=d|=0 two solutions

dijri(l
cijk(l) = Res;j | An(l) — E 710 di=dj=dk=0 infinite # of solutions
([,'(l,’(];\.([/
I#i gk

(1) = Res; | Ax(1) — Z cije(l) 1 Z dijri() | di=d;=0

didjdy, 2! did;jdyd, infinite # of solutions

ki, ] kl55i, ]

unitarity: the residues factorize into the products of tree amplitudes

we fully reconstruct the integrand in terms of product of tree amplitudes

in combination with the S; factors and denominator factors, no Feynman %agrams
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The box residue

ReS»346 (Ae(li)) — J\/lgo)(lét; D1, P2, —lQi) X ./‘\/léo)(lét; D3] —léC)J\/lgo)(l?f; D4, —lf)

Xu\/lgO)([j:y Ps; P6, _[ét)

Ps

l3=1+p;+p2+ps

lo=1+p;+p2 A

16=l

P2 P1

P4

1,=1+p1+p2+pPs+Ps

Ps

Ps

dijki =

dijkl =

dijr (1) = dijrr + dijra 1 - 1

ReS.,-,jk.,[ (Af\’(l+)) " Resijktl (AN(l—))

2
ReS; ki (AN (l+)) — Res; ki (AN(Z—))

21 \/ V42 — m[?
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Unitarity in D-dimension: uniform treatment of

the cut constructible and rational parts (GKM)

Two sources of D-dependence

i) spin-polarization if) loop momentum component live in D.

states live in D, N)
d’Q NPI({pi}, {1i}:0)

AwpyUpih D) = [ o p g

We can calculate the s dependence before carrying out the integral over
the loop momentum

D.—2
C ] Ja [ [)/ —+_ b l/
Z (3/(1 )(l)(?.,_(,’)(l) — —!l/(z.z[/') b 2 ’, 3 el ’
g==1 i

D
P=P-P=8-1-15-5-Y 7

!

1=5
24
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Dirac spinors in 6 dimensions

gamma-matrices in Dy =4 {7, ~", 7,77, 4"}

: : _ 0 __ 70 0 i=1,2,3 __ ’Yi 0 4
gamma—matrlcestS—GF_(O 70), r _<0 77;), P_<
[, ITH S
U’(S)(l?m) — ( Ml —|_—|_m)775337 S = 17"'72DS/2_1 774(11)
V o m

(1)
nél) _ < ?7;1) ) | 77((52)

conjugate spinors:

') (l,m) =

_(s) (ZMIW +m)

— P rm

[, 1s not conjugated

25
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Two key features

Dependence on D, is linear

NP (1) = N (D) + (Ds — 4)N7 (1) full D, dependence

Choose two integer values D, =D, and D, = D, to reconstruct the full D

dependence.
Suitable for numerical implementation
D_=4-2¢: ‘t Hooft Veltman scheme, D.,=4 FDHS (Bern, Koswer)

for closed fermion loops N7 (1) = 2(P==1/2 N (1)

The loop momentum effectively has only 4+1 component

~ ~

N =N(,p),  1P=1"—p

maximum 5 unitarity constraints: pentagon cuts

Loop integrals are in D < . dimensions [) — 4 — 2¢

26
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e We need to carry out the analytic continuation to ) = 4 — 2¢ only at the evaluation
of the scalar integral functions.

e In D dimensions the loop momenta allow for

i) penta poles,
i) new structures in the numerators
iii) four new non-vanishing integrals

N(DS)(Z) o Z _i3223i4D+ Z d§5223@4(l)

d1d2 ’ dN (i1 |is] dzld d d oA z1d di3di4
E(Ds) pLps ) =(Ds )
4 [Z|:] B 15 3d 4 Z 1112 _I_ Z 1

27
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—FIH{
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—FDH
Cﬁjkn(l)‘_C#o)

zykn

—(Dg

New structures and new integrals

o(Ds:(0))

zgkmn

FIPCO

2 )
<9>< 3T

wk>é + cw% +c

(9) 2
+ bz’j Se

9) 2

z]k8€7

no new scalar integrals

two new scalar integrals

one new scalar integrals

one new scalar integrals
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dependence

/ 47 Sg — _H[D—FZ
(im)D/2 d;, d;, d; d;, — o tivizigia)
/ dP1 s4 B (D—2)(D—4)1D+4
(iW)D/Q dil dz'2 diB d@'4 o 4 119213%4
/ dPj 5° __(D—4)[D+2
(ZT‘-)D/2 dil dig d’ig o ) 111213
/ dP1 sg ——(D_4)ID+2
(iW)D/Q d;, d;, N 9 1112
11)1214 ) ]i1i2i3i4 — 07
i Q=902 o0 _ 1
D—4 4 11121374 37
i (P =4 o 1
D—4 ) 111213 27
. (D —4) (D42 m2 +m2 1 .
élgll 2 [’L'(1i2 ) = —— 9 = =+ 6 (QM - QZQ)

29
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One-loop amplitudes up to terms of order ¢

One loop amplitudes as sum of cut-constructible and rational parts:

— ACC
AN — -AN + RN-

The cut constructible part is as before (EGK):

CC __ “(O) (4 2¢) (0) (4 2¢) (O) (4—2<) (0) (4—2¢)
Al\"' T ' 11191314 11191314 +Z 111713 111713 +Z 111? 1]17 +Z a ] ’
li1]ia] [i1]i3] [i1]42] i1=1

The rational part is new (GKM):

(4) A7)

d. G, — 0i)> i M o)
- 7117/2@37/4 117/27/3 L1 12 o 11 L2
Ry = - 3 e 3 S 3 (g 7)o

[i1|i4] ’I,1|7,3 ’Ll|’l,2

30
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The residues are sum over the products of tree amplitudes

In D=6 and 8 dimensions

P2 (1) = Res;, ... [A%?S)(e)] = d; (0) - di, (0) AL ()

?;1”’?/5

diy (£)=--=d;, (£)=0

the residues are products of tree amplitudes of D, dimensions
with complex on-shell D=5 loop momenta/! summed over helicities

Dgs—2

M
Resil...iM [Ag\?s)(f)} — Z { H M(()) (fz(.:k);pik+1, cee s Pigyqs _éii‘fjﬂ) }
k=1

(A1, A t=1

sum is over internal polarization states

bi, =L+ G, — Qipy

31
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Example for OPP reduction: the tensor bubble

D, v le [V 5 5
Ay (@ v) =127 = i(m)P/2 dydy where dy =17, dy = (I +¢)

the integrand
L b(1)
didy  dyds

Apy(q, p,v; 1) =

general parameterization of a double cut is given by

V(1) = bEY b sy + b so 4 bV s34 DY (52 — s2) 4 bV (52 — s2) + DY sg85
+ bEs189 + bV s183 4 bhY 2,

s1=10-ny, s9=10-n9 and s3 =1 -ng

32
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3
1
* = —§q“ S Z sint + sent
i=1
note that with this parametrization if

?=((+q)?=0

the sum of the diagonal terms is not independent

, 1 .
sitsytsy=w=—s— ¢
3 3
1 1
PV = Zq“q” s Z si(¢"n¥ +¢"nt)+ ...+ Z nt'n’s? + nfnY s
i=1 =1

33
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We can read out analytically

1 q° 1
ULV K -1 THL HV o I7HYV

—

OPP reduction gives

dP1 [V v (D) L q°
i = b1 + bHY =
/ ‘I'.(’T.")[-)."'l2 dqdo 0 72 ) 0

Passarino Veltman reduction gives

o S (o 1 i o , o
/ A . _ /0 = — q/-l ql-’ [‘) D) . (1 I‘ v [,l) D )
. 1.(.77)1_),,'.-_ (]1(12 4 2 1D 1 :

We can read out the coefficients also numerically by solving the linear equations
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