
Inclusive Vcb
Exclusive Vcb
Exclusive Vub
Inclusive Vub

Vcb and Vub

Thomas Mannel

Siegen University

GGI, Feb. 2010

Some Transparencies borrowed from
A. Khodjamirian, F. Tackman, E. Gardi, R. van der Water

Thomas Mannel, Uni. Siegen Vcb and Vub



Inclusive Vcb
Exclusive Vcb
Exclusive Vub
Inclusive Vub

Contents

1 Inclusive Vcb

2 Exclusive Vcb

3 Exclusive Vub

4 Inclusive Vub

Thomas Mannel, Uni. Siegen Vcb and Vub



Inclusive Vcb
Exclusive Vcb
Exclusive Vub
Inclusive Vub

Inclusive Vcb

Structure of the expansion (@ tree):
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Power counting m2
c ∼ ΛQCDmb
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Present state of the b → c semileptonic Calculations

Tree level terms up to and including 1/m5
b known

O(αs) and full O(α2
s) for the partonic rate known

O(αs) for the µ2
π/m2

b is known
In the pipeline:

Complete αs/m2
b, including the µG terms

The upshot:
Vcb = (41.54± 0.44± 0.58HQE )× 10−3

(PDG 2010)

Relative uncertainty of 1.7% !!
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Higher Orders in the 1/m Expansion

Beyond µ2
π, µ2

G, ρD and ρLS: At O(1/m4)
Dimension 7 matrix elements = four derivatives

Spin-independent

2MBm1 = 〈
(
(~p)2)2〉

2MBm2 = g2〈~E2〉
2MBm3 = g2〈~B2〉
2MBm4 = g〈~p · rot ~B〉
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Spin-dependent

2MBm5 = g2〈~S · (~E × ~E)〉

2MBm6 = g2〈~S · (~B × ~B)〉

2MBm7 = g〈(~S · ~p)(~p · ~B)〉

2MBm8 = g〈(~S · ~B)(~p)2〉
2MBm9 = g〈∆(~σ · ~B)〉

In the published paper three of the matrix elements
were ommitted!
An erratum and a more sophisticated estimate of the
matrix elements will be published soon
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Quantitative Results

Estimate by “Ground State Saturation”: (Spatial Components only)

〈B(v)|b̄(iDµ1)(iDµ2)(iDµ3)(iDµ4)b|B(v)〉 ≈
1

2MB
〈B(v)|b̄(iDµ1)(iDµ2)b|B(v)〉 〈B(v)|b̄(iDµ3)(iDµ4)b|B(v)〉

+
1

2MB

∑
Pol

〈B(v)|b̄(iDµ1)(iDµ2)b|B∗(v)〉 〈B∗(v)|b̄(iDµ3)(iDµ4)b|B(v)〉

Calculate via “Trace Formulae”
→ reduce them to µπ and µG (Bigi, Zwicky, Uraltsev)
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With two time derivatives:

〈B(v)|b̄(iDµ1)(iD0)(iD0)(iDµ4)b|B(v)〉
≈ ε̄2〈B(v)|b̄(iDµ1)(iDµ4)b|B(v)〉

ε̄: Excitation energy to the first excited state
Numerical values
(µ2
π = 0.45 GeV2, µ2

G = 0.35 GeV2, ε̄ = 400 MeV)

m1 m2 m3 m4 m5 m6 m7 m8 m9

0.11 -0.07 -0.08 0.39 -0.06 -0.16 0.42 1.26 0.40
(all values in GeV4)
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Effect has been studied in detail on the moments
→ small effects of expected size!
Effect on the total rate:
(δΓ|1/mi

b
= (Γ|1/mi − Γ|1/mi−1)/Γparton)

δΓ
∣∣∣
1/m4

b

≈ +0.29% δΓ
∣∣∣
1/m3

b

≈ −2.84% δΓ
∣∣∣
1/m2

b

≈ −4.29%

Impact on Vcb: Slight improvement of the uncertainly
related to the application of the HQE
Total improvement small, O(0.25%)
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O(αsµ
2
π/m2

b) corrections

One-Loop αs corrections known since a long time
Corrections to the leading (partonic) rate
Make use of Reparametrization invariance:

v → v ′ = v +
k

mb

Relates different orders of the 1/mb expansion
Valid to all orders in αs

→ Compute O(αs)-Correction with pb = mbv + k
and expand in k

kµkν → (gµν − vµvν)
µ2
π

3
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For the complete αs/m2
b also the O(αsµ

2
G/m

2
b)

Corrections need to be computed
Significantly more complicated
→ Needs the one gluon matrix elements at one loop
Doable, is in the pipeline
The knowledge of the partonic α2

s corrections also
give us the α2

sµ
2
π/m2

b by RPI
.... and the αsm1/m4

b, and the α2
sm1/m4

b
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O(α2
s) corrections Czarnecki, Pak; Melnikov

Technically challenging
Partially numerical calculation
Analytic Results for limiting cases
→ allows for an interpolation
Recenty: Complete differential distributions available
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Contributions to the Moments ( dΓ0: Partonic rate )

Ln(Ecut) =
〈(El/mb)n θ(El − Ecut)dΓ〉

〈dΓ0〉

Hn(Ecut) =
〈(Eh/mb)n θ(El − Ecut)dΓ〉

〈dΓ0〉

Expansion:

Ln(Ecut) = L(0)
n +

αs

π
L(1)

n +
(αs

π

)2 [
β0L2,BLM

n + L(2)
n

]
Hn(Ecut) = H(0)

n +
αs

π
H(1)

n +
(αs

π

)2 [
β0H2,BLM

n + H(2)
n

]
β0 = 11− 2Nf/3 and αs = αMS,Nf=5

s (mb)
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Tables from Melnikov
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Even higher orders: O(1/mn
b),n > 4 Corrections

1/m5
b has been studied in the context

of “intrinsic charm”
Numerical estimates of the 1/m5

b are available
General Structure of the higher order terms have
been studied
Proliferation of new parameters
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Estimates of 1/m5
b

In total 18 parameters (Singlet and Triplet)
Estimates of the parametes by “Ground State
Saturation”
Full expressions for doubly differential rates are
available
Numerical estimates

Γ|1/m5
b

complete

Γ0
≈ 0.36%

Γ|1/m5
b

1/m2
c

Γ0
≈ 0.46%
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Beyond 1/m5
b

Proliferation of parameters in high orders 1/mb:
Dim 5 Dim 6 Dim 7 Dim 8 Dim 9 Dim 10 Dim 11

1 1 1 4 7 24 60 216
σ 1 1 5 11 48 150 624
tot 2 2 9 18 72 210 840

At high orders: (n = Dim - 3)

N1(n) ≈ 1
2

[ n
2 ]∑

ng=1

(2ng − 1)!!

(
n − 2

n − 2ng

)

Nσ(n) ≈ 1
2

[ n
2 ]−1∑

ng=1

(2ng − 1)!!

(
n − 2

n − 2ng − 2

)(
2 + 2ng

2

)
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Exclusive Vcb

Kinematic variable for a heavy quark: Four Velovity v
Differential Rates

dΓ

dω
(B → D∗`ν̄`) =

G2
F

48π3 |Vcb|2m3
D∗(ω2 − 1)1/2P(ω)(F(ω))2

dΓ

dω
(B → D`ν̄`) =

G2
F

48π3 |Vcb|2(mB + mD)2m3
D(ω2 − 1)3/2(G(ω))2

with ω = vv ′ and
P(ω): Calculable Phase space factor
F and G: Form Factors
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Heavy Quark Symmetries

Normalization of the Form Factors is known at
vv ′ = 1: (both initial and final meson at rest)
Corrections can be calculated / estimated

F(ω) = ηQEDηA
[
1 + δ1/µ2 + · · ·

]
(ω − 1)ρ2 +O((ω − 1)2)

G(1) = ηQEDηV

[
1 +O

(
mB −mD

mB + mD

)]

Parameter of HQS breaking:
1
µ

=
1

mc
− 1

mb

ηA = 0.960± 0.007, ηV = 1.022± 0.004,
δ1/µ2 = −(8± 4)%, ηQED = 1.007
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B → D(∗) Form Factors from the Lattice

Unquenched Calculations become available!
Heavy Mass Limit is not used
Lattice Calculations of the deviation from unity

F(1) = 0.927± 0.024

G(1) = 1.074± 0.018± 0.016

F(1): Milc/Fermilab 2009, G(1): A. Kronfeld et al. 2005
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B → D∗`ν̄`

2ρ
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 = 12χ ∆
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B → D`ν̄`

2ρ
1 1.5

]
-3

| [
10

cb
 |V×

G
(1

) 
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CLEO

BELLE

BABAR global fit

BABAR tagged

AVERAGE

 = 12χ ∆

/dof = 1.3/ 82χ
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Vcb,excl = (38.7± 1.1)× 10−3

from Zero Recoil Sum Rules: Hints that F(1) ≤ 0.9
Uraltsev, Gambino, TM: Work to be completed at GGI

Likewise, old estimate by Kolya for G(1)

G(1) = 1.04± 0.02
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Ist there a problem V incl
cb vs. V excl

cb ?

Take the Vcb value from the (very mature!) inclusive
determination
... and compute F(1) and G(1) !

F(1) = 0.86± 0.03
G(1) = 1.02± 0.04

Both lattice results are on the high side.
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Exclusive Vub: B → π`ν̄`

Problem: Calculation of the form factor:

dΓ(B̄0 → π+l−ν)

dq2 =
G2

F |Vub|2

24π3 p3
π |f +

Bπ(q2)|2 + O(m2
l )

Lattice QCD
QCD (Light Cone) Sum Rules
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Tools: Form Factor Parametrizations

Becirevic Kaidalov Parametrization

f+(q2) =
f+(0)

(1− q2/m2
B∗)(1− αq2/m2

B∗)

z parametrization

P(t)φ(t , t0)f+(t) =
∞∑

k=0

ak (t0)zk (t , t0)

with

z(t , t0) =

√
t+ − t −

√
t+ − t0√

t+ − t +
√

t+ − t0
, t+ = (mB + mπ)2
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R. van der Water, Vxb @ SLAC 2009, Fermilab Milc
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Exclusive Vub: PDG Average 2010

Vub = (3.38± 0.36)× 10−4

(PDG 2010)
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]-3 10×|  [ub|V
2 3 4 5

]-3 10×|  [ub|V
2 3 4 5

 HFAG Ave. (BLNP) 
 0.15 + 0.25 - 0.27±4.06 

HFAG Ave. (DGE) 
 0.15 + 0.21 - 0.17±4.25 

HFAG Ave. (GGOU) 
 0.15 + 0.20 - 0.25±4.03 

HFAG Ave. (ADFR) 
 0.13 + 0.23 - 0.20±3.84 

HFAG Ave. (BLL) 
 0.38± 0.24 ±4.87 

 BABAR (LLR) 
 0.29± 0.45 ±4.43 

 BABAR endpoint (LLR) 
 0.48± 0.29 ±4.28 

 BABAR endpoint (LNP) 
 0.47± 0.30 ±4.40 

HFAG
Winter09
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Inclusive Vub: PDG Average 2010
Vub = (4.27± 0.24)× 10−4

(PDG 2010)

Recent BELLE Analysis of inclusive Vub:
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Instead of conclusions ...

Exclusive Vcb vs Inclusive Vcb:
My point of view: The Problem lies in the Latice
calculation of the Form Factors
Exclusive Vcb vs Inclusive Vcb: More severe ...
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