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WHAT IS HOLOGRAPHY?

DISGUIS

4

D HAMILTONIAN

DYNAMICS




SUMMARY

HOLOGRAPHY VS HAMILTONIAN DYNAMICS - A TOY SYSTEM
THE REFINED 2+1 SPULIT FORMALISM OF GRAVITY
HOLOGRAPHY VS THE INITIAL VALUE FORMULATION OF GRAVITY

EXAMPLES: HOLOGRAPHIC RENORMALIZATION, KOUNTERTERMS, BLACK--
HOLE HOLOGRAPHY, SELF-PUAL CONFIGURATIONS.
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A TOY-SYSTEM: THE INVERTED HARMONIC OSCILLATOR

I:/ dt [pq'—%( 2—w2q2)
0

4o

“HORIZ.ON" \

b0 “BOUNDARY”

T = oC

=1
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THE GENERAL SOLUTION DESCRIBING THIS MOTION (S
B
q(t) = qo cosh wt + —pg sinh wt
W

[F ONE REQUIRES THAT THE MASS ‘JUST CLIMBS” THE POTENTIAL, ONE NEEDPS

TO IMPOSE THE “REGULARITY” CONDITION

“LINEAR RESPONSE”

g(0) =0 = pp=—wao

THEN, THE VARIATION OF THE ON-SHELL ACTION IS

5Io.s. > _p05QO —

“TWO-POINT FUNCTION”
I— ——
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TRY TO HAVE SOMFE FUN WITH THE INVERTED H.0. - CHANGE TIME

O @)
t="TeT = t‘ Hp‘
0 —0oC

o 1
IHI=/ dp [p(J’—gep/T (p2—w2q2)]

GlVING THE (2ND-ORDER) E.O.M.

T2 P
1 cSW
q//_ _q/_62p/Tw2q_0 \,\—6@ -
O\/e Me P‘é‘%
=
SOLVE THIS BY FROBENIUS t©
. - _
i) = P & g
n=0

THIS FORM S DICTATED BY THE REQUIREMENT sl= —es) = 0

w 7/
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RELATION TO HOLOGRAPHY - MASSIVE SCALAR ON FIXEP E-ADPS4

ds? = dt? + e2t/L g2 | t —>oc [BOUNDPARY

I — =50 “HORIZON”

THE 1ST-ORDPER ACTION (S

/= /dtdf [wqﬁ ) % (7r2 — ge2/L 8,8, — gm2¢2)]

THE HAMILTONIAN E.O.M. ARE

e %m ﬁ:\/g(m2¢_€2t/L(§2¢)

SOLVE THE RADIAL (“TIME”) EVOLUTION BY FROBENIUS

o

) = ) ¢S b ()

n=0
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THE CANONICAL MOMENTUM IS ALSO EXPANDED AS

m(t7) =) (AZ n) e

n=0

THE FIRST TERMS IN THE EXPANSION READ

A+ 1)(A - 2)t
L2

[A(A 3

- _m2] qbo(f)e(A_g)t/L g [(

B m2] b (2)e D=/

- K(A 8 22(2A <2 m2> ¢2(T) + 52%(5)] i

= [((A+3)A _m2> d3(Z) +5’2¢1(37)] Am

THE TERMS IN THE BRACKETS MUST VANISH. THIS YIELDPS RELATIONSHIPS

BETWEEN A, m? AND THE COEFFICIENTS OF THE SERIES.
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SINCE THIS IS A HAMILTONIAN SYSTEM, ONE NEEDS TO IPENTIFY THE TWO

INDEPENDENT COEFFICIENTS IN THE SERIES EXPANSION.

THESE WILL BE THE RERUIRED INITIAL PATA: “INITIAL POSITION"” AND

“INITIAL VELOCITY” FOR THE HAMILTONIAN EVOLUTION ALONG “TIME”.

NEVERTHELESS, THE ISSUE IS WHETHER THE “BULK” CANONICAL
VARIABLES ARE WELL-DEFINED:

NAMELY, WHETHER THEIR LEADING BOUNDARY VALUES YIELD THE
TWO INDEPENDENT COEFFICIENTS RESPECTIVELY. THIS (S WHAT

HAPPENS IN FLAT SPACE.

EG.FOR A=0,=2m*=0,¢;1 =0, ¢9 ¢3 ARE INDEPENDENT COEFFICIENTS

HENCE 7(t,Z) IS NOT WELL-DEFINED
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CONSIDPER THE MINIMAL CASE OF A CONFORMALLY COUPLED SCALAR
m?L?=-2, A=1

THE GENERAL SOLUTIONS OF THE E.OM. ARE

B
ot.8) = [ e o(t.

:/ d3ﬁ eiﬁfet/L [¢O(ﬁ) cosh (et/LL‘m) ¢ ¢1(ﬁ)

2m)? Lif sinh (et/LL]ﬁl)]

W(tv ZE)) == \/gé(tv CE))

3 =
d°p PT /L [¢1(P)

RS S cosh (et/LL]ﬂ) + ||¢0 (7) sinh (et/LL]ﬁl)]
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CLEARLY, THE BULK CANONICAL MOMENTUM IS NOT WELL-DEFINED.

r i |

A = ) @%gb(t, 7)

AS USUAL, C.T. CORRESPOND TO BOUNDARY TERMS IN THE ACTION. HERE:

A SHORT CALCULATION THEN YlELDPS

1

5ion—shell o _Z / d3£¢1 (.CU)(Sgbo(f) -+ ..
oM
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BUT THIS IS NOT HOLOGRAPHY JUST YET! WE NEED TO IMPOSE THE REGULARITY

CONDITION |LE. REQUIRE THAT THE FIELD VANISH AT THE “HORIZON". THIS GIVES

1
L|p]

| - .
Po(P) + ¢1(p) =0 O gy sl = / iy D] ¢0(P)0o (D)

(27)°
THE E.0M. FOR THE SCALAR ON ADPS4 (S
.. e g
6(t,9) + T 6(t,P) — e L5 (¢, B) — m*é(t, p) = 0

FOR m?[?% = —9 THE ABOVE CANONICAL TRANSFORMATION IS ERUIVALENT TO

8(t,7) = e/ (8, ) = F(t,7) — 7 f(t,5) — PV (8, 7) = 0

HENCE, IT IS EQUIVALENT TO THE H.0. WITH THE IDENTIFICATION 2 — 2
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[R. G. Leigh and T. P. (07)]

THE FIRST-ORDPER FORMULATION OF 4-D GRAVITY STARTS FROM THE ACTION

A
Ipg = —16mG4SEy = / (Rab A — Eea oo /\ed) bt

WITH THE USUAL DPEFINITIONS FOR THE VIELBEIN AND THE SPIN-CONNECTION
R — P Ao A e IR RN B (= 0,12, )

TO MAKE CONTACT WITH THE METRIC FORMALISM WE NOTE:

3
SEHHG,UJV—FAQMV:O, A:—ﬁO'J_, O30 ==l

THE 2+1 SPUIT IS A REFINED ADM FORMULATION FOR 4-D GRAVITY:

WE ASSUME A LOCAL 32-P SLICING AND SPUIT EVERYTHING ACCORPINGLY
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e = Ndt, e —INTHdl e ene

a,pB,v=1,2,3
wOoz e qudt_I_ O'J_Ka, waﬁ . _ealey (Qt S ny) ' 6 Y

NOVELTY IS THE INTROPUCTION OF THE “ELECTRIC” AND “MAGNETIC” FIELDS
K%, B so(@)-so(2,1) VECTOR-VALUED 1-FORMS

THE MAIN ISSUE IS TO IDENTIFY THE CORRECT DYNAMICAL VARIABLES

AFTER SOME WORK THE GRAVITATIONAL ACTION TAKES THE FORM

Sen = - At A {—Ka NS+ NWo A& +01Q NKg A&
70
+01¢*DS, — N%q5, DKP A éW}
_ L (e e o ) S
87TG o B
Q — Q SO oY * ~Q 1 o ~0 ~~ e 1 I6] Y 1
= at PEse— e =§e G NG Wa:pa—§eamK N K +€—2§]a.

5 1 - A
Pa = dBa + S€apy B’ A B DV* =dV*+ €% B AV
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VARYING WRT THE LAGRANGE MULTIPLIERS WE GET THE CONSTRAINTS

S R,
—87TGO'J_5N — e e =1
5S = i
e — = —euDKP ANET =0,
— 871G 2 — o, DY — i — A 0 za
T O-J_éq =5 s a — UlCapy = Uy q=q q€
55
— g, Ne =0, |
(SS = = 16 A ~Q¢
—8rGo,— - +(dN+aLK5N —q)/\e =

2T

AN +0, KgN? —G=0 7= Dg* =

THE MAGNETIC FIELD IS THE LAGRANGE MULTIPLIER FOR THE ZERO TORSION

CONSTRAINT
A NATURAL GAUGE-FIXING IS THEN N=N@E),N*=0=§=0

THIS ACCOUNTS FOR ALMOST ALL HOLOGRAPHIC BACKGROUNDS

Wednesday, September 29, 2010



TO PROCEED WITH THE REMAINING GAUGE FIXING NOTE THAT UNDER SO(3,1)

/
g e =0

w = W =gwg +gdg
A TRANSFORMATION THAT PRESERVES THE FORM OF THE VIERBEIN (S
4 = Wl = g, =10

HENCE, WE ARE HAVE AT OUR DISPOSAL TRANSFORMATIONS IN

o W SO(S) if O] — —1
ok L_{SO(2,1) if o, = +1 }CSO(S’U

WITH THEIR HELP ONE CAN GAUGE-FIX TO ZERD ®:

W = P1(Q. dt + B,) = —€%3,Q7 = (g71)*1 475

T-INDEPENDENT L-ROTATIONS REMAIN:

CAN SET TO LERO THE ANTISYMMETRIC PART OF THE MAGNETIC FIELD
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VARIATION WRT TO THE DYNAMICAL VARIABLES GIVES THE DPYNAMICAL E.O.M.

6S :
—87TGO'J_5K = —€afB~y (éﬁ+Kﬁ)/\é'7:O,
S - 2 L
—81GoL — =Wa+ %0 + €apre” NKY =0

GATHER BVERYTHING - ALL CLASSICAL BACKGROUNDS (N 4D SATISFY:

K,NéY =0, Dé* =0, e+ K=0

. 5 . 1
WoAE* =0, e DEKPAE =0,W, + €ap (Kﬁ £—2é5> NE =10

AN IMPORTANT QUANTITY N THE FOLLOWING IS THE ON-SHELL WEYL TENSOR

W = R® 4 Ae® A €°

WHOSE COMPONENTS ARE

] (5
o W = dt A (Ko‘—l—

o >+ﬁKO‘, W = “=¢%5 W5 = dt A B® + W*

2
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CONSIDER A 2-DIM MANIFOLD >
WITH A PREIBEIN, SPIN-CONNECTION AND 1-FORM (€%, %, K*)
SATISFYING

D=0y BN =0 G el =10

| 1 1
By = @l == 5%57196 bl = ieaﬁwﬁ A KT F 2—62%7&43 A £l

THERE EXISTS A UNIRIUE (IN THE ABRSENCE OF A COSM. CONST.) SPACETIME
(M, g) g=01dtRdt + e ® e,
WITH DREIBEIN, SPIN-CONNECTION AND EXTRINSIC CURVATURE OF THE SLICES
tli_)n;() eY =& tli_)r?o Bt tli_)n;lo K& =5

I CAUCHY SURFACE
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TRY TO IMPLEMENT A SIMILAR ARGUMENT IN THE PRESENCE OF A C.C.

[C. Fefferman, C. R. Graham “The

THE FEFFERMAN-GRAHAM EXPANSION ambient metric” 0710.0919]

G 6t/€Ea(x) 4 e—t/ﬁ ZF[%+2] (x)e—kt/é
k=0

=y

1 128 nle’ I 14 o —kt/t
—Zet/E ‘l‘ze & Z(k+1)F[k+2]€ t/

k=0

e = 3 By
k=0

THE FIRST FEW TERMS IN THE EXPANSION YIELD

K =

THE COEFFICIENTS ARE SYMMETRIC  B_O IS BOUNDARY SPIN-CONNECTION
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NEXT WE COMPUTE THE ON-SHELL WEYL TENSOR

©.@)

e’ 1 ~Qu 1 o —
et = =l 2)? — 1]F | qe” FH2H/E
k=0
~ 2
DK® = —e—t/ﬁzeamBg] A E?
_6—275/6%6@6’73?3] AT G (e—3t/€) ;
- 1 — ol
B = —Z (k - Q)B[k—|—2]6 (fosR2)tyic :
k=0
o o 2 o 6 ~ —t/¢ 3 o 16 ~y
W = o+ 5o Fg AET +e oy FENE
4
A2 [D[o]Bﬁ] + g—zeo‘ﬁfyF[i] A E”] + O (6_375/6)
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THESE GIVE

Copn D B U VS TS W B A T, =
SIS A SYMMETRIC TENSORS

. . 1
W + €ay (Kﬁ - E_Qéﬁ> ANET =0

o 2 o 16 —2t /4 o 4 o) 1§ —3t/4
ol + € oy Fig N EY + e [D[O]B[z] — 52€ prEg NE +O(e g ) .

THIS ASSOCIATES THE F-COEFFICIENTS TO BOUNDARY GEOMETRIC RQUANTITIES

2
o o B s
,0[0] 4= _gze /B'YF[Q] YA\ E’Y — O

R
———F = 8% = Ric® — T Rlite® — g2, B= B, | Ric®

SCHOUTEN TENSOR
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THE MAGNETIC FIELD HAS AN INTRIGUING GEOMETRICAL MEANING

™

e

Bfy = —o. Dy Fg = 5 "C° {CO‘ = Dy $° }

|'F[?);] /\Ea = O, , EaﬁryF[%é] /\Eﬁ N — O, GaﬁfyD[()]F[g] R— Ow
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THE PROBLEM, HOWEVER, IS THAT BOTH THE DREIBEIN AND THE ELECTRIC

FIELDS GQIVE THE SAME BOUNDARY PATA - RECALL THE SCALAR FIELD CASE

A —%éo‘ + O (e_t/g)

THE RUANTITY THAT APPEARS TO YIELD THE INDEPENDENT BOUNDARY DATA

IS RELATED TO THE WEYL TENSOR

W = 6_t/£€%eo‘57F§] AR (6_275/6)

| 1 Q o ~ | | 3
W =0 ¢ 57775 N e’ Y =L 6—26_2t/€F§] + O (e_gt/e)

(F ONE WANTS TO PROPERLY PEFINE THE HAMILTONIAN EVOLUTION IT

APPEARS THAT ONE HAS A CHOICE OF TWO SETS OF VARIABLES

{éoz,7poz}7 {KQ,PQ}
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THE CHOICE IS TO EBITHER

PO A CANONICAL

FIX IN THE — K¢ s PO
BOUNDARY = TRANSFORMATION
PO A CANONICAL - :
FIX IN THE : ~ ) 5
Ko e*—Pr=3,— W,
BEOUNDARY TRANSFORMATION

IN THE FIRST CASE WE APD THE GIBBONS-HAWKING TERM AND OBTAIN

01

0S| = —
oS 87TG OM

eagvKa AéEP A be

IN THE SECONP CASE WE PO NOT APP THE GIBBONS-HAWKING TERM AND OBTAIN

et > ASK®

o) P i e
SEH oS 87TG OM

WE EXPECT THAT IN BOTH CASES WE OBTAIN THE SAME PHYSICAL INFO
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WE WISH TO CANONICALLY TRANSFORM K TO THE RQUANTITY W SUCH THAT

= 9 |

/ 3 ]

USING W’ INSTEAD OF K, THE ACTION BECOMES _

/ .
—Uﬂ/ 7L N e [Ba/\é“/\dtera/\é“

1
i A el A
8 817G g2 cap® Ne e}

302

SUBTRACTING THOSE, WE OBTAIN:

r |

30| s
. Jé; t/¢
5Sren OS—— —y / EQBWF[ 3] ANEP ANOET + (9( )
3.5’ 30| B ~ o1t t/e1x i * — 3 F)
ren. E' et Rt |/‘/ T’L s — Eaz’ 3 o o 19
s B« 87?(?660‘6717[3] e t—>h+mooe (T35 ( 4 )J snGe Bl
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WE WISH TO CANONICALLY TRANSFORM E TO THE QUANTITY W SUCH THAT

~ Z
Yo = LWy — oy + Taﬁ,yKﬁ A K7

USING W INSTEAD OF €, THE ACTION BECOMES

ULEZ o~ e
S (G e [WQAKQ DKa/\BO‘]
EH = OrH SWC;jCA .
ULKQ 1
SN =S A TP T
+87TG/3['0 SRt ]

THE BOUNDARY TERM IS MINUS THE EULER PENSITY

Usz

o 12
Pdises /eabcdRab /\RCd = =

(¢

1
£ JAKS - e KN
647G /a[p 6 *F7 ]

SUBTRACTING THE EULER DENSITY, GIVES

UL€2
Sren.

OS: S]/_EH—I—X:—87TG /MWQ/\CZKQ

.

Tt /eabchab AN WCd
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BLACK-HOLE HOLOGRAPHY

CONSIDER THE GENERIC AADS4 BLACK HOLE

dr” oM r?

st = — o V(r)dr* + r’dQ; — Ol
S UJ_V(T) o V(r)dr® +r7dSQ; V(r) =01k R
dQ2 = eV dww, e’ = (1+klw|?/4)™, w=1z+iy

THE BULK PREIBEIN, ELECTRIC AND MAGNETIC FIELDS ARE

e® =V (r)~2%dr, &3 =V (r)%dr, e® = re’dw

M g
K°=— (fr_Q =4 £—2> W K* = -V (r)2e7dw

B = (Oydw — 5fydu_}) : B®* =0

THE TENSOR P RELATEDP TO THE WEYL TENSOR IS
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SINCE HERE WFE HAVE A NON-TRIVIAL LAPSE, WE NEED TO BE MORE CAREFUL
DEFINING THE BOUNDPARY QUANTITIES.

GENERICALLY, FOR A METRIC OF THE FORM

ds® = a1 N(p)*dp® + hi;(p,Z)dz*dz’ , N(p) =1+ ¢(p), ((p) =0, p— o<

WE CAN DEFINE THE FG VARIABLE T AS:

N(p)dp =dt, e = e”’*[1 +€(p)] , %f) B i(f()p)

IN SADS4 BLACK-HOLE THIS CAN BE PONE AND WE OBTAIN THE USUAL
E3 =dr, E® =/¢edw

M 02 MYV MYV
9 => == e — T.; P
& <T33>8 7L A7G’ < > S7(H

IM ¢?

S P 3 Of s
g =2 iidels
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IN THE CASE OF TAUB-NUT-ADPS4

dleg” = e ‘;li) — o V(r)(dr+0) + (r* + n?) e dwdw
Vo= (ot B S - M o A
THE VARIOUS RUANTITIES ARE:
&> = V()2 (dr + o), &* = (r2 + n?)2e7dw
K= VOV, K= - () e
B3 =i"eY (ww — wd) — = i SV g A ZnZV(r)l/Qé'
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MOREOVER

PP = 0 2F(r)&, P =0 F(r)e

Mr (7“2 — 3n2) Al o (O’J_/ﬁ) — 46%2) (3r2 — n2)

F —
(r) (72 1 n2)3
THE BOMNDARY PREIBEIN IS THEN:
5 ol
ESZCZT—l—O', E‘:fefyd’w k=1 :>g¢¢:SHl 9—166—281n §<0
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SELF-PUALITY (N ADS4

MORALLY SPEAKING, WE DID NOT DO HOLOGRAPHY SO FAR.
HOLOGRAPHY WOULD EMERGE FROM GRAVITY FLUCTUATIONS AROUND THOSE

BACKGROUNDS WITH THE IMPOSITION OF THE APPROPRIATE B.C.

IN THE HOLOGRAPHIC LANGUAGE, THOSE BACKGROUND CONFIGURATIONS
CORRESPOND TO THE VACUUM OF THE BOUNDARY THEORY:
THEY PROVIDE THE BOUNDARY METRIC AND AN INDEPENDENT EXPECTATION

VALUE OF THE E.M. TENSOR

USUALLY, ONE POES NOT THINK OF THE BOUNDARY METRIC AS A SOURCE -

FLUCTUATIONS OF THE METRIC SOURCE THE BOUNPARY E.M. TENSOR.

HOWEVER, LETS US MOMENTARILY VIEW THE BOUNDARY METRIC - OR RATHER
(TS CONFORMAL CLASSES - AS SOURCES FOR THE BOUNPARY E.M. TENSOR. (N
PRINCIPLE, SUCH A PROCEPURE COULD CLASSIFY ALL 3P VACUA ON NON-

TRIVIAL BACKGROUNDS - AT ZERO TEMPERATURE.
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IN VIEW OF ALL THE ABOVE, AN EQRUIVALENT VIEW OF 3P VACUA IS THE

CLASSIFICATION OF POSSIBLE “POSITIONS” (METRICS) AND “VELOCITIES” (E.M.

TENSORS) THAT DEVELOP INTO TO WELL-DEFINED BULK METRICS.

A SIMPLE EXAMPLE: ZERO BOUNPARY E.M. TENSOR  [K. Skenderis & S. Solodukhin (99)]

THIS MEANS F[%é] =

AS ARESULT, THE BULK DREIBEIN HAS A FINITE FG EXPANSION, THE
BOUNDARY PREIBEIN IS CONFORMALLY FLAT AND THE BOUNDARY COTTON
TENSOR VANISHES. THE BOUNDARY GEOMETRICAL DATA SATISFY THE E.O.M.
OF A SO(3,2) OR SO(4,1) CHERN-SIMONS THEORY WHOSE SOLUTIONS ARE

CONFORMALLY FLAT CONNECTIONS.

THE RESULTING BULK METRIC HAS ZERO WEYL TENSOR AND (S

TORSIONLESS.
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THE E.O0.M. OF EINSTEIN GRAVITY (N THE PRESENCE OF A C.C. READ:

*We Aneb =0, T =0 implies W% Ae? =0
HENCE, THEY ARE SOLVED BY SELF-DUAL CONFIGURATIONS

. 1
Wab i :l:*Wab WOOé iy iieaﬁ’ywﬁ’y Tl :FWQ

IN TERMS OF THE ELECTRIC AND MAGNETIC FIELDS, THEY IMPLY:

(K* £ B*) = —A&*,
- 1
d(K® & B") £ Se, Wi e BN (U S BT = AT

THEIR ON-SHELL WEYL TENSOR HAS THE EXPANSION

Woz il _e—t/éi

Jé; _o9t/¢ O g
626@ﬁ7F3 AT — e 2 _6a67F4

vy —3t/¢
3] 7 []/\E —I—O(e )
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RECALL THAT

WE CAN SEE THAT THE SELF-PUAULITY CONDITIONS IMPLY:

1 2

2 [k +2? —1) Fit g = F (5 + 2) By

HENCE, 'T'H'EY IM'PLY A PARTICULAR RELATIONSHIP THAT THE “INITIAL
VELOO!TY” HAS WRT TO THE “INITIAL POSITION"

03 02 .

(84 2 (84 (84

3

THE EFFECTIVE ACTION OF THE BOUNDARY THEORY IS THE GRAVITATIONAL

CHERN-SIMONS
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CONCLUSIONS-PROSPECTS

*HOLOGRAPHY (S INTIMATELY RELATED TO HAMILTONIAN DPYNAMICS
REVERSING THE LOGIC IT SEEMS NATURAL TO EXPECT THAT MANY
INTERESTING PYNAMICAL SYSTEMS (INTEGRABLE SYSTEMS, CHAOCS,
TURBULENCE) SHOULD HAVE GRAVITATIONAL DESCRIPTIONS.

* “HOLOGRAPHIC RENORMALIZATION” = CANONICAL TRANSFORMATIONS.
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