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Introduction

• How many orbifolds of C3 ?

• Class of backgrounds in string theory

• Class of finite theories in 3+1 dimensions 
with a cubic superpotential

• Brane Tilings with hexagonal tiles
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Motivation

• M2 branes probing CY4
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Motivation

• M2 branes probing CY4

• How Many Abelian CY4?
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Simple orbifolds
one per each N
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Higher dimensions
more than 1 per N
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action ambiguity
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action ambiguity

• For D=3, N=5, (1,1,3) is the same as (2,2,1) 
and the same as (3,3,4), same as (4,4,2)
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action ambiguity

• For D=3, N=5, (1,1,3) is the same as (2,2,1) 
and the same as (3,3,4), same as (4,4,2)

• Count these solutions only once
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D=3 Orbifolds
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D=3 Orbifolds

• Are all orbifold actions of the form
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D=3 Orbifolds

• Are all orbifold actions of the form

• (1,a,-1-a)?
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D=3 Orbifolds

• Are all orbifold actions of the form

• (1,a,-1-a)?

• First case it is not: N=30 with orbifold 
action (2,3,25)
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Product groups
higher dimensions
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Results
orbifold actions
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How to Compute 
these numbers?
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Similar problems
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Similar problems

• Toric diagrams - lattice triangles of area N

• Brane Tilings - hexagonal tilings; N hex.

• Hexagonal sub-lattices of index N

• lattice tetrahedra of volume N

• lattice simplices of hyper-volume N
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Look at Toric Diagrams
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More than 1 in higher 
dimensions
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notation ambiguity in 
higher dimensions
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Product groups
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Two dimensions
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Two dimensions

• One way to construct lines of length N
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Count toric diagrams  
precisely once?

17

Tuesday, October 12, 2010



Count toric diagrams  
precisely once?

• Use Hermite Normal Form

17

Tuesday, October 12, 2010



Count toric diagrams  
precisely once?

• Use Hermite Normal Form

• For a toric diagram with k vertices vi act 
with a matrix M vi

17

Tuesday, October 12, 2010



Count toric diagrams  
precisely once?

• Use Hermite Normal Form

• For a toric diagram with k vertices vi act 
with a matrix M vi

• M upper diagonal matrix with integer 
entries further restricted

17

Tuesday, October 12, 2010



Count toric diagrams  
precisely once?

• Use Hermite Normal Form

• For a toric diagram with k vertices vi act 
with a matrix M vi

• M upper diagonal matrix with integer 
entries further restricted

• det M = N 

17

Tuesday, October 12, 2010



Count toric diagrams  
precisely once?

• Use Hermite Normal Form

• For a toric diagram with k vertices vi act 
with a matrix M vi

• M upper diagonal matrix with integer 
entries further restricted

• det M = N 

• For D=3:   N = n1 n2;   M12 < n2
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Hermite Normal Form
on 3 vertices
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Hermite Normal Forms
(HNF)
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Hermite Normal Forms
(HNF)

• Used for Hecke Operators to construct 
generic sublattices in various dimensions

• in 2 dimensions (D=3): N fold mapping of 
torus

• 2d sub-lattices of index N

19

Tuesday, October 12, 2010



Symmetries
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Symmetries

• In the absence of symmetries for the toric 
diagram, we are done

• Abelian orbifolds: specify HNF

• However, some toric diagrams are 
symmetric under a finite discrete group

• Makes some HNF’s equivalent

• Use Polya Enumeration Theorem!
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Symmetries
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Burnside’s Lemma
Polya Enumeration
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Cycle Index
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Cycle Index
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4 different sequences

• Toric diagrams with area N - HNF’s

• Subset invariant under reflections

• Subset invariant under rotations

• inqeuvalent orbifolds:

• Average according the Cycle Index 
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Examples
reflection; no rotation

1
6
3 +

1
2
1 +

1
3
0 = 1
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Examples
Reflection; Rotation

1
6
1 +

1
2
1 +

1
3
1 = 1
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No reflection
No rotation

1
6
6 +

1
2
0 +

1
3
0 = 1
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Example
No reflection; Rotation

1
6
2 +

1
2
0 +

1
3
2 = 1
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The hexagonal 
sequences
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Example; HNF’s
D=4, N=2
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number of generic 2d 
sublattices

σ(n) =
∑

d|n
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number of generic 2d 
sublattices

• This problem is well known and involves 
the divisor function

• 1,3,4,7,6,12,8,15,13..

σ(n) =
∑

d|n
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Scatter Plot
Triangle Toric Diagrams

33

Tuesday, October 12, 2010



growth
3+1d theories
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growth
3+1d theories

• Divisor function

• Order of group of symmetries

• G=S3, |G|=6 for D=3
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Results
computer code
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Multiplicative 
sequences
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Dirichlet Convolution
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generic 2d toric 
diagrams - HNF’s
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reflection invariant
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rotation invariant
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Dirichlet Series
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Useful for Multiplicative 
Sequences
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Multiplicative 
Sequences
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Partition Functions
Hexagonal Tilings
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Hexagonal Tilings
partition functions
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Hexagonal Tilings
partition functions

1 + f(t) =
1

(1− t)(1 + t2)(1− t3)
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Hexagonal Tilings
partition functions

1 + f(t) =
1

(1− t)(1 + t2)(1− t3)

g(t) =
∞∑

k=1

f(tk)
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Convolution preserves 
multiplicativity; is 

additive on primes
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Use basic sequences
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C4 sequences
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C5 sequences
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Series Convolutions
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Generating Functions
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Summary
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Summary

56

• Counting Abelian Orbifolds of CD

• Reveal a rich structure

• Methods from Crystalography

• Number Theory

• Good for orbifolds of any toric diagram, in 
any dimension
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Summary
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Summary

• Can study statistical aspects of such 
backgrounds with the explicit generating 
functions
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Summary

• Can study statistical aspects of such 
backgrounds with the explicit generating 
functions

• Growth like nD-2/|G|  for large n
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Thank you!
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