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Conventions and references

Double-log enhancement: two additional logs L per additional orderin o

Qan ~ Leo(#LG_l_ #LG—l_l_#Lz’n—Z_I_‘..) _I_ o
LL NLL NNLL
LL, NLL, ...: leading logarithms, next-to-leading logarit hms, ...

Counting of a resummation, cf. small- x, not of a (stronger) exponentiation,
cf. soft gluons:  NNLL resummation < (re-expanded) NLL exponentiation
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Conventions and references

Double-log enhancement: two additional logs L per additional orderin o

Qan ~ LEO(#L2n+ #LZn—l_I_#LG—z_'_”.) _I_ o
LL NLL NNLL
LL, NLL, ...: leading logarithms, next-to-leading logarit hms, ...

Counting of a resummation, cf. small- x, not of a (stronger) exponentiation,
cf. soft gluons:  NNLL resummation < (re-expanded) NLL exponentiation

$ Non-singlet NNLL (NLL for DY) resummation from physical ker nels
MV, arXiv:0902.2342 (JHEP), arXiv:0909.2124 (JHEP)

$» Singlet NNLL for fourth-order splitting functions and Fr, in DIS
SMVYV, arXiv:0912.0369 (NPB), arXiv:1008.0952 (proc. LL20 10)

£ Large- x resummation of splitting & coefficient functions in DIS and S IA*
A.V., arXiv:1005.1606 (PLB); ASV, arXiv:1012.3352 (JHEP) ; % to appear

&£ Small- x resummation of splitting & coefficient functions in SIA and D |IS*
A.V., arXiv:1108.2993 (JHEP); = to appear
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Hard lepton-hadron processes in pQCD ()

Inclusive deep-inelastic scattering (DIS), semi-incl. [T 1~ annihilation (SIA)

l

Left — right: DIS, g spacelike, Q% = —q*

P = ¢p, fI = parton distributions

Top — bottom: [T1—, q timelike, Q? = g2

p = £ P, fragmentation distributions

Drell-Yan (DY) 1+~ production: bottom — top, 2" hadron from right ( {...})
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Hard lepton-hadron processes in pQCD ()

Inclusive deep-inelastic scattering (DIS), semi-incl. [T 1~ annihilation (SIA)

l

Left — right: DIS, g spacelike, Q% = —q*

P = ¢p, fI = parton distributions

Top — bottom: [T1—, q timelike, Q? = g2

p = £ P, fragmentation distributions

Drell-Yan (DY) 1+~ production: bottom — top, 2" hadron from right ( {...})

DIS and SIA structure functions, DY cross section F,: coefficient functions
Fo(2,Q%) = |Caigjy(os(4?), 1%/ Q%) ® F (W) {®FF (1)} (=) + ©(1/Q®)

Scaling variables: x = Q?/(2p-q) in DIS etc. p: renorm. /mass-fact. scale
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Hard lepton-hadron processes in pQCD (lI)

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

dlnp, fi&n®) = [ P (as(1?) @ filp )] (&)

&® = Mellin convolution. Initial conditions incalculable in p erturbative QCD.

= predictions: fit-analyses of reference processes, univers ality of f (&, 1?)
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Hard lepton-hadron processes in pQCD (lI)

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

d 2 (S,T) 2 2
iz 6w = [P () @ fiuln®)] (©)
&® = Mellin convolution. Initial conditions incalculable in p erturbative QCD.
= predictions: fit-analyses of reference processes, univers ality of f (&, 1?)

Expansion in ag: splitting functions P, coefficient fct's ¢, of observables

P = a P9 +a2PY 4+ a2P® 4 oa2pP® 4 ..
Ca = a|c? +aefP+a?c? + adcl® + ...

\ . J/
Ve

NLO: first real prediction of size of cross sections
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Hard lepton-hadron processes in pQCD (lI)

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

d

inz 16 n) = [P (0:) ® fu)] ©)

&® = Mellin convolution. Initial conditions incalculable in p erturbative QCD.

= predictions: fit-analyses of reference processes, univers

ality of f; (¢, u?)

Expansion in ag: splitting functions P, coefficient fct's ¢, of observables

P = a P9 +a2PY 4+ a2P® 4 oa2pP® 4 ..
Ca = a|c? +aefP+a?c? + adcl® + ...

\ . J/
Ve

NLO: first real prediction of size of cross sections

NNLO, P2, ¢(2): first serious error estimate of pQCD predictions

New: Pi(kz)T now (almost) completely known AMYV, arXiv:1107.2263 (NPB)
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MS splitting functions at large  x/ large N

Mellin trf. f(IN) = fold:n (™~ '{-1}) f(x)¢{1y: M-convolutions — products

n _ _1\n+1 1\
In™(1—=) M (=1) In" TN+ ..., In"(1—x) M (=1) In" N + ...
(1—x), n+1 N
Diagonal splitting functions: no higher-order enhancemen tat N°, N~
(£—1) _A® (£) 0y 1 _
PijeeMN) = Ay, MmN+ B, +Co/ —InN+ ..., Ag=Ca/Cp Aq

..., Korchemsky (89); Dokshitzer, Marchesini, Salam (05)
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MS splitting functions at large  x/ large N

Mellin trf. f(IN) = fold:n (™~ '{-1}) f(x)¢{1y: M-convolutions — products

n _ _1\n+1 1\
In™(1—=) M (=1) In"TIN+ ..., In"(1—a) M (=1) In" N+ ...
(1—x), n+1 N
Diagonal splitting functions: no higher-order enhancemen tat N°, N~
(e—1) —A® (£) 0y 1 _
PijeeMN) = Ay, MmN+ B, +Co/ —InN+ ..., Ag=Ca/Cp Aq
..., Korchemsky (89); Dokshitzer, Marchesini, Salam (05)
Off-diagonal: double-log behaviour, colour structure wit h Cyr = Ca—Cr
— £ — £
Cr P /nitPY = LIn*N #Clp

+ A I IN(#Chp + #Cp+ #1)Cup "+ ...

Double logs In" N, £+1 < n < 2¢ vanish for Cr = C4 (— SUSY case)
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MS coefficient functions at large  x/ large N

‘Diagonal’ [ O(1)] coeff. fct's for F2 3,4 iN DIS, Fr 4,4 in SIA, Fpy = Gioccll"—c;jl

Cot) gy = #M* N A N H#W* ' N4.) + ...

NP parts: threshold exponentiation Sterman (87); Catani, Trentadue (89); ...

Exponents known to next-to-next-to-next-to-leading log ( N3LL) accuracy - mod. A(4)
=> highest seven (DIS, SIA), six (DY, Higgs prod.) coefficients known to all orders

DIS: MVV (05), DY /Higgs prod.: MV (05); Laenen, Magnea (05); Idilbi, Ji, Ma, Yuan (05)
(+ SCET papers, from 06), SIA: Blumlein, Ravindran (06); MV, arXiv:0908.2746 (PLB)
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MS coefficient functions at large  x/ large N

‘Diagonal’ [ O(1)] coeff. fct's for F2 3,4 iN DIS, Fr 4,4 in SIA, Fpy = Gioccll"—c;jl

Cot) gy = #M* N A N H#W* ' N4.) + ...

NP parts: threshold exponentiation Sterman (87); Catani, Trentadue (89); ...

Exponents known to next-to-next-to-next-to-leading log ( N3LL) accuracy - mod. A(4)
=> highest seven (DIS, SIA), six (DY, Higgs prod.) coefficients known to all orders

DIS: MVV (05), DY /Higgs prod.: MV (05); Laenen, Magnea (05); Idilbi, Ji, Ma, Yuan (05)
(+ SCET papers, from 06), SIA: Blumlein, Ravindran (06); MV, arXiv:0908.2746 (PLB)
‘Off-diagonal’ [ O (as)] quantities: leading N ~* double logarithms
¥4 — 0—
C ey = N7 # W™ IN ) 4
Longitudinal DIS /SIA structure functions [ convention: £ = orderin ag — 1]
) = N“Y #Wm®N+...)+ ..., &) = N 2#IWm®N+...) + ...
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Flavour singlet—non-singlet decomposition

Quark-quark splitting functions: quqk = Pg,5, = OikPqq+
— Pq'z,qk: — "'kP
| |
3 .
| |
l l
b
| |
Py = O(ay) PSy, Pgag : :
Three types of difference (non-singlet) combinations: Pt = P, £ Py5, Py
Evolution of gluon and flavour-singlet quark distributions g and Qs
n d P, P,
_ f = ds \ _ aq ag ds
oo Sern, gk (%) - (e B )e (%)
2r=1 ( ) dlnp? \ g Peq FPgg g
with (ps = ‘pure singlet’) P, = Pt + N (Pyyq + Pay) = PI+P

Quark coefficient fct’s: analogous decomposition Ca,q{g} = Ca,ns + Ca,ps
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Second- and third-order IN-space Cj s IN DIS

n=4 (OU60) ] | 7 n, = 4 (02/2000)

_2 I 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 _5 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0 5 10 15 20 O 5 10 15 20

N N

N~ terms relevant over full range shown, O(IN~2) sizeable onlyat N < 5
Sum of N~ In* NV looks almost constant: half of maximum only at N ~ 150
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Second-order C7rIn SIA and Cpy In IN-space

T | T T T T | T T T T T T T T 100 T T T T T T T T | T T T T
20 . I
: 80 |
15 |- ' [
60 |
10 | I
: 1 L
a I
: 20 |
0 -/ e
: n=5 (J1/160) - L n =5 (01/160)
| | | | | | | | | | | | | | | | | | | O | | | | | | | | | | | | | | | | | | |
0 5 10 15 20 0 5 10 15 20
N N

DIS — SIA — DY : increase of the IN° terms, IN ~*corrections less important
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MS splitting functions at small &/ N—1 or 0

i i . _ a n M (_1)nn!
Logs in ax-space < polesin N-space, zx In x = (N + a)n+1

Spacelike case: x ! terms single-log enhanced
PO% = o7 (# I a4 L)+ (#F e .) + L

2~ 1 part: BFKL (77/78); Jaroszewicz (82); Catani, Fiorani, Marchesi  ni (89);
Catani, Hautmann (94); ..., Fadin, Lipatov; Camici, Ciafal oni (98)

Non-singlet combinations: no ! terms, leading z° double logarithms :
Kirschner, Lipatov (83); Blumlein, A.V. (95)
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MS splitting functions at small &/ N—1 or 0

i i . _ a n M (_1)nn!
Logs in ax-space < polesin N-space, zx In x = (N + a)n+1

Spacelike case: x ! terms single-log enhanced
PO% = o7 (# I a4 L)+ (#F e .) + L

2~ 1 part: BFKL (77/78); Jaroszewicz (82); Catani, Fiorani, Marchesi  ni (89);
Catani, Hautmann (94); ..., Fadin, Lipatov; Camici, Ciafal oni (98)

Non-singlet combinations: no ! terms, leading z° double logarithms :
Kirschner, Lipatov (83); Blumlein, A.V. (95)

Timelike case: huge ! double logarithms
POT = a7 (# In* a4+ # Wz +..0) + ...

LL: Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8  2). NLL: Mueller (83)
— but latter notin MS, see Albino, Bolzoni, Kniehl, Kotikov (2011)

Behaviour of gauge-boson exchange coefficient functions an alogous
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Third-order diagonal splitting functions

T: small-  double logs, extreme rise from x ~ 10~2 Moch, A.V. (2007)
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Third-order off-diagonal splitting functions

g — g: not entirely fixed by Crewther-like  ST-relation, N =2, SUSY limit
Dash-dotted: 6P (x) = £ 2¢280 (Ca—Cr) (11 + 24 Inz) P " (x)
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Fixed-order approximations for Pq(iz)T(a:, Qs)
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= \.\ I . = \.\ 'f'_

002 [ '\. !‘ ] 004 — '\. u"_
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NLO: no 1 lnx terms. NNLO:upto a~11n®z. Unstable at x < 0.02
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Fixed-order approximations for Pg(iz)T(a:, Qs)
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NLO/NNLO: termsupto x~'In?z /' In*z. Unstable at = < 0.005
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Non-singlet (NS) physical evolution kernels

Eliminate quark densities from  scaling violations of observables (u = Q)

dF. dC, dC,
A— a C,Pqg = ' +c,P\C'F,
d1n Q2 d1ln Q2 q + q (B(aS) da. + ) a
dln C,
= (Pat Blag) = " )Fa = KaFo = Y aM Koy Fa
das £=0

K, : physical kernel for the NS observable F, in IN-space.
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Non-singlet (NS) physical evolution kernels

Eliminate quark densities from  scaling violations of observables (u = Q)

dF, dC,

= Ca,P =

din Q2 dngz 9 + q (B(as)
dln C,

— (Pa + IB(O'S) das

dC,
das

)Fa = KoFa = Y altV'K., F,
£=0

4 C, P) ClF,

K, physical kernel for the NS observable F, in N-space. For cq,0 = 1:

e—1
Ko = asPao + Y a5t} (Pa,e — > B 5a,£—k:>a as = oy /(47)
l=1 k=0

with
~ L ~ — 92 2
Ca,1 — ©Ca,1 5 Ca,2 — 44Ca,2 —Cq 1
~ 3
Ca,3 = 3¢C43 —3Ca,2Ca,1 +C4 1
~ 2 2 4
Ca,4a — 4Ca,4 _4Ca,3 Ca,1l —an’z ‘|‘4Ca,2 Ca,1 — Ca,1 >

Manipulations of harmonic sums  /polylogarithms, (inverse) Mellin transform
FORMS3 + packages: Vermaseren (00); TFORM: Tentyukov, Verma seren (07)
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Large- x logarithms in the physical kernels

Softlimit 1—x <1 < large L = In IN: threshold exponentiation
Co(N) = goexp{Lg;(asL) 4+ g5(asL) + ...} + O(1/N)

= single-logarithmic (SL) enhancement of physical evolutio n kernels K,

d
das

Ko (N) = — ZezlAeaf L + B(as) {Lg;(asL) +gz(asL) + ...} + ...
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Large- x logarithms in the physical kernels

Softlimit 1—x <1 < large L = In IN: threshold exponentiation
Co(N) = goexp{Lg;(asL) 4+ g5(asL) + ...} + O(1/N)

= single-logarithmic (SL) enhancement of physical evolutio n kernels K,

d
das

Ko (N) = — ZezlAeaf L + B(as) {Lg;(asL) +gz(asL) + ...} + ...

Crucial observation: all K, singly enhanced to all ordersin N ~'or (1—x)

DIS/SIA a# L leading-logarithmic kernels, with  pgq(z) =2/(1—z) —1—=
K, o(z) = 2Cppaq()
K,,(z) = In(1—2) pgq(x) [~2CpBo F 8CE Inx]
K, 2(z) = In?(1—x) paq(x) [ 2CxB¢ £ 12CE Bo Inz + O(In® z)]
K,3(z) = In®(1—a) paq(z) [—2 CpB F 44/3 CZ BF Inz + O(In? )]

K, (x) = In? (1 —x) peq(x) 2CRBy £ €k,C2 B Inx + O(In? x)]
First term: leading large n, all orders via C2 of Mankiewicz, Maul, Stein (97)
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Higher-order non-singlet predictions

Conjecture: Single-log behaviour of K, persists to (all) higher ordersin

< resummation of the coefficient functions beyond soft (1—x)~ ' terms
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Higher-order non-singlet predictions

Conjecture: Single-log behaviour of K, persists to (all) higher ordersin

< resummation of the coefficient functions beyond soft (1—x)~ ' terms
~ 2 2 4
Recall Ca,a = 4cCqa —4cCa,3Ca1 —2¢Cqa2+4Ca,2Ca1 — Can
N——— ——— - ~ _
SL DL, new

DL, known for DIS/SIA

=> coefficients of highest three powers of  In(1—x) from fourth order in g,

e, In"%®(1—z) atorder af for Fy 2 3inDIS and Fr 1,4 in SIA
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Higher-order non-singlet predictions

Conjecture: Single-log behaviour of K, persists to (all) higher ordersin

< resummation of the coefficient functions beyond soft (1—x)~ ' terms
~ 2 2 4
Recall Ca,a = 4cCqa —4cCa,3Ca1 —2¢Cqa2+4Ca,2Ca1 — Can
N——— N——— - ~ _
SL DL, new DL, known for DIS/SIA

=> coefficients of highest three powers of  In(1—x) from fourth order in g,

e, In"%®(1—z) atorder af for Fy 2 3inDIS and Fr 1,4 in SIA

Leading terms: K; = K., K+ = K; [total (‘integrated’) fragmentation fct.]

= also three logarithms for space- and timelike ~ Fr: In®®*(1—=z) at o etc

Alternative derivation: physical kernels for F1,, agreement non-trivial check

Drell-Yan: only NNLO known => only two logarithms fully predicted from af
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Example: a coefficient function for ~ F} in DIS

eih (@) = (In"(1-x) 8/3C4 —In®(1-2) 14/3 C Bo + In®(1—2) 8/3 O BF) paq()
+1In%(1—2) [CA {pgq(x) (—14 — 68/3 Hg) + 4 + 8Ho — (1—x)(6 + 4 Hop)}]
FIn®(1—2) [Cﬁ {pqq(x) (—9 — 8Hy 0 +448/3 Ho o 4+ 84 Hy — 64 () 4 48 Hy
—22 —96Hg o — 104 Ho — (1—z)(13 + 241 o — 48 Hg o — 84 Hy — 16 <2)}
+ CB Bo { paq(z) (41 + 316/9 Hy) — 10 — 32/3 Ho + (1—2)(41/3 + 16/3 Hp)}
+CgCa {qu(fl?) (16 + 8 Hy,0 + 8Ho,0 — 24 (o) +4 4 (1—2)(28 — 8C2)}

+ OB (Ca —2C%) paq(—z) (16T_1.0 — SHO,O)] + O(In*(1—1))
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Example: a coefficient function for ~ F} in DIS

i) (@) = (In"(1-2) 8/3CA —n®(1—2) 14/3 C2 o + In®(1-x) 8/3 C2 BE) paq(x)
+1In%(1—2) [CA {pgq(x) (—14 — 68/3 Hg) + 4 + 8Ho — (1—x)(6 + 4 Hop)}]
FIn®(1—2) [Cﬁ {pqq(x) (—9 — 8Hy 0 +448/3 Ho o 4+ 84 Hy — 64 () 4 48 Hy

—22 —96Hg o — 104 Ho — (1—z)(13 + 241 o — 48 Hg o — 84 Hy — 16 42)}
+ C 2 Bo { pgq(z) (41 + 316/9 Ho) — 10 — 32/3 Ho + (1—=)(41/3 + 16/3 Ho)}
+CrCy {qu(fl?) (16 +8H1,0 +8Ho,0 — 24¢y) + 4+ (1—x)(28 — 8C2)}

+ OB (Ca —2C%) paq(—z) (16T_1.0 — SHO,O)] + O(In*(1—1))

In*(1—x)

x—1

First line includes identity of coefficients of leading In* (1—=x) and terms

Conjectured by Kramer, Laenen, Spira (97)

~ ~

Modified basis Hm;,ms,... = Hm;,ms,... () of harmonic polylogarithms, e.g.,

Hio0 = H1i,0+¢ , Hi,1,0 = Hi,1,0 — ¢ In(1—x) — 5

All In(1—=x) terms and ¢-functions taken out of expansions to all orders in 1—x
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Third- and fourth-order C't, in DIS In IN-space

0.8 T T T T | T T T T T T T T 1.6 T T T T | T T T T

c®(N) (xv20000 { + @

L,ns L,ns

(N) (x1/25000) :

0.6 - —— exact 12 Nf =4 -

o=

0 =0 m .’.—.——
- L ./"
-
-
-~°
P
.

04 , 3 1 ol :
/./ .......... | 3/./
! /./.
I ./.
i ,
_________ y
0.2 / - 2 3 04 ./., o i
/ ;2= _
/ 1 P ~
....... I / 1 onoaoaoc-o.----coc‘
0 l | 0 O P |
0 10 20 30 0 ” - o
N N

1 = leading log etc. Good af approximation by all four N~ logarithms
As usual, cf. small- x: leading logs do not lead. Padée: = 2.0at N = 20
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Fourth-order C'5 (DIS) and Cr (SIA) at large IN

T T T T | T T T T | T T T T T T T T 120 T T T T | T T T T | T T T T T T T ~1
B ] i S -
50 e - 7
- C,,(N /1 - N 7
o) Swl w
- /. o - -
40 ™ eesese exp N 0 ./. .,° 1 0 eeceee exp N 0 77
B FEKE i R ]
E me—em +exp. N 1 S5 1 80 —e-e- +exp. N 1 ,‘7 -
r ./ . E - 7" _
30 — ./ K — ;
- ./ .. - - ,‘ -
i /./ ... ] 60 B s" ]
- o ] L y _
20 — '/./.°. ] ,.Y
- / .. - - s -
I /-/ ..'. 1 40 - rj N
10 - /./:..° ] .’s’
i i ] i 7 ]
B /o/..... N 20 — ’.’ ]
0 =™ n=4(0125000) 1 [~ n=5(0125000)
I 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 ] O - I.._.I,.I 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 ]
0 5 10 15 20 0 5 10 15 20
N N

Exp. N°: 7 of 8logs, exp. N~':40f7logs — &k, numerically suppressed

NN~ 1 contributions again relevant for  Fy, but small for Fr atleastat N > 5
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All-order resummation of the 1/N terms (I)

For Fy 23, Fria and Fpy, uptotermsoforder 1/N?, with L = In N

Ca(N) = Cal . = % ([ar+ald]ac+ [deiL+a)] a2 +...)

exp {Lhi(asL) 4+ h2(asL) 4+ ashs(asL) + ...}

Exponentiation functions defined by expansions hr(asL) = > _, hen(asL)"
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All-order resummation of the 1/N terms (I)

For Fy 23, Fria and Fpy, uptotermsoforder 1/N?, with L = In N

_ _ 1o (1) ~(2) )] . 2
Ca(N)=Ca| o\ = ~ ([aShr+dald|as+ |dan L+d3)] a2 +...)
exp {Lhi(asL) 4+ h2(asL) 4+ ashs(asL) + ...}

Exponentiation functions defined by expansions hr(asL) = > _, hgn(asL)"

Coefficients for DIS /SIA (upper /lower sign) relative to N°L* resummation

hi, = 91 g;;,, = coefficients in soft-gluon exponentiation
1

ha1 = 921 + 5 Bo + 6 Cp
5 17

hae = 922+£:33:|:?:300F—180P2‘

1 i 53 34
hys = 923+§ﬁ§i< 84—18)502% —?500517203

First term of hg3 also known, but non-universal within DIS and SIA ( < F1)
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All-order resummation of the 1/ terms (Il)

For space-like ( -) and time-like ( +) structure /fragmentation functions Fp,

cE(N) = N1 (dFas+d{ a2 +...) exp {Lhi(asL) + ha(asL) + ...}

with
2 1,
hiy, = 2Cg , hjps = EIBOCF, his = 5130 Cr
hyy, = Bo + 479Cp — Cp + (4 —4¢2)(Ca — 2CF)
1
hoo = 5(60h21+A2)_S(CA_ch)2(1_3C2+C3+C22)

A\ J/ ~
N

as gso in soft-gluon exp. Who ordered THIS?
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All-order resummation of the 1/ terms (Il)

For space-like ( -) and time-like ( +) structure /fragmentation functions Fp,

cE(N) = N1 (dFas+d{ a2 +...) exp {Lhi(asL) + ha(asL) + ...}

with
2 1 5
hyy = 2CF sy hig = EIBOCF sy hqz = 5130 CF
h'21 = Bo + 4'YeCF — CF + (4_4C2)(CA _2CF)
1
hoo = 5 (:30 hay + A2) - 8(CA - 2CF)2(1 —3C2 + C3 + sz)
as gso in soft-gluon exp. Who ordered THIS?

Remarks /questions

® Less predictive than IN°L* exponentiation: nothing new, but Az, in gao
£ NLL exponentiation — complete  h,(asL) — could be feasible for Fy,+r,

® NNLL exponentiation for Fj 2,3 etc, NLL for Fy: possible at all?
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Singlet physical evolution kernel for ( F3, Fy)

F,: Higgs-exchange DIS in heavy-top limit, to order asz also by
Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni (09)

As in the non-singlet case above, but with 2-vectors /2 X2 matrices P;; and

P (B) o (S G0 xn (52 )
Cp,a Co.e b2 bb

Furmanski, Petronzio (81); ...

p.23



Singlet physical evolution kernel for ( F3, Fy)

F,: Higgs-exchange DIS in heavy-top limit, to order asz also by
Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni (09)

As in the non-singlet case above, but with 2-vectors /2 X2 matrices P;; and

F:(FZ), c:(cz,q Cz,g>, K:<K22 qub)

Fy Co,a Cog Kyp2 Kgpe
Furmanski, Petronzio (81); ...
dF dC dC
— CPq = CP)C~'F
dnQ2z _ amge 11T P4 (B(G’S) das | )
dinC
= ( B(as) +[C,PIC™*+ P)F = KF
da’S (. ~ _/

Vo

DL (ns + ps) DL (singlet only)
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Singlet physical evolution kernel for ( F3, Fy)

F,: Higgs-exchange DIS in heavy-top limit, to order asz also by
Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni (09)

As in the non-singlet case above, but with 2-vectors /2 X2 matrices P;; and

F:(FZ), c:(cz,q Cz,g>, K:<K22 qub)

Fy Co,a Cog Kyp2 Kgpe
Furmanski, Petronzio (81); ...
dF dC dC
— CPq = CP)C~'F
dnQ2z _ amge 11T P4 (B(G’S) das | )
dinC
= ( B(as) +[C,PIC™*+ P)F = KF
da’S (. ~ _/

Vo

DL (ns + ps) DL (singlet only)

Observation at NLO, NNLO: single-log enhancement to all powersof 1—x

KC(:;’) ~ In"(1—=x) 4+ ..., leading Ké;"}qw same as NS /Cp =0

Conjecture: this behaviour persiststoN  °LO

= prediction of In®%%(1—=z) of P2, [and In®>*3(1—=z) of P®) ]

ps,ggIcF
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Example: o splitting function  P%)(x)

For brevity: only (1 —x)° part shown — known to all powers, Cyr= Ca — Cp

Pq(gs)(m) = In(1—2) -0

[ 22
5 3 2
+ In° (1 az) QAF'";f %CF'nf + — %W}

203 80 4477
+ In?(1—=x) (

s~ S2)Gheny + (g~ 86) Sk Cony

13 116 17 4
— = CynC2 ——02n2 — CynComn? — —C nﬂ
gy CAPCET 31 AFf+81 ar Cr 7y — o7 Carmy

+ O (In®(1—=))
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Example: o splitting function  P%)(x)

For brevity: only (1 —x)° part shown — known to all powers, Cyr= Ca — Cp

Pq(gs)(a:) = In(1—2) -0
n®(1—z)| 22 o fef e - Carmyf
+ In®(1—=x) 27 AFTYy — 5 CAr Cr Ty ‘|‘ AF T
293 80 4477
+ In*(1—=x) _( o7 o Cz) CA%«“nf + (1—6 — 842) CAFCan
13 116 ., o 17 5o 4 3
+ O (In®(1—=))
$ Vanishing of the coefficient of the leading term at order af ;
accidental (??) cancellation of contributions, for all fou r splitting fct’s
$ Remaining terms vanish in the supersymmetric case Ca = Cp(=ny)

Nontrivial check: same as for Pq(g), not obvious from above construction
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Singlet physical evolution kernel for (  EF5, F7y)

As above, but with Fy — Fp = FL/ascL 4 hence c,f g ~ {1/%}In*"N
( ) (n)

F 1 c K,, K
F:(A2>’C:< A<0)>"‘Z ( (n) if))’K:< - 2L)
Fr, 1 ¢y c cr, Ky, Kpp

’ 8

Catani (96), Blumlein, Ravindran, van Neerven (00) [different normalization]
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Singlet physical evolution kernel for (  EF5, F7y)

As above, but with F, — FL = F, asc . hence c™ U f1/1VYIn2" N
¢ Lq L,q/g N

( ) (n)

F 1 c K,, K
F:<A2>’C=< A<0)>"‘Z ( (n) if))’K:< - ZL)
Fr, 1 ¢y c cr, Ky, Kpp

’ 8

Catani (96), Blumlein, Ravindran, van Neerven (00) [different normalization]

Observation: single-log enhancement of  IN° part of K at NLO and NNLO

N2LO conjecture + above Pég): prediction of three double logs in cé Z;/g e.g.
3 32
N2cP(N) = In°N 5 Ciny
1504 64 104 40

+ 1n® NV | known coefficients ] + O (In®N)

Agrees with /extends results [NS-like Cr =0 part of Cr, . only] of MV (02/09)
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Threshold logarithms before factorization (I)

Unfactorized partonic structure functions in D = 4 —2¢ dimensions
To,j = Ca,iZij, —Y=P= dln Q2 zZ ", dln 02 = —€as + Bp—4
al’: € ™...e % lower-order terms, e~ 1. n-loop splitting functions + . . .,

e . m-loop coefficient fct’s + ..., e® 0< k<1: required for order mn-+I

p.26



Threshold logarithms before factorization (I)

Unfactorized partonic structure functions in D = 4 —2¢ dimensions

~ dZzZ d
T, =Ca,iZij, —yYy =P = Z_l, ds
’ dln Q32 dln Q2

9

= —eas + IBD:4

n. —n -2 1

al: € "...e “. lower-order terms, e~ 7. m-loop splitting functions + ...,
e . m-loop coefficient fct’s + ..., e® 0< k<1: required for order mn-+I

N° and N~ transition functions Z to next-to-leading log (NLL) accuracy

n—1 n—~L0—1

1, n—t—k—1_ _r (£+k)!
Z|,, = o ['y k; Yo VeV i
n—2 —f—
3 1 o 0+k)!
_B N L NS e 2'7[7"’( 0 (n(n—1) — £ k+1)
2 =1 € k=1 £!

+ NNLL contributions (explicit expressions) + ...

—n-+L

5 off-diagonal entries: contributionsupto ~ N~ 'In" T 1 N

Diagonal cases: -y, only for N part, second term with  £=1 for N~ NLL
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Threshold logarithms before factorization (I1)

~

D-dimensional coefficient functions C,: finitefor e—0

n e
Co,i = = 1(diagonal cases) T Z Z ag et ( )

n=1£¢=0

g“f’ ¢ additional factors In IN relative to c( m0) = ((”) discussed above

Full N™LO calc. of T, ;: highest m+1 powers of €1 toall ordersin s
Extension to all powers of e: all-order resummation of highest 1m+1 logs

p.27



Threshold logarithms before factorization (I1)

~

D-dimensional coefficient functions C,: finitefor e—0

n e
Co,i = = 1(diagonal cases) T Z Z ag et ( )

n=1£¢=0

(0 ( 0) —

CL’L

£ additional factors 1n IV relative to C, E:Z) discussed above

Full N™LO calc. of T, ;: highest m+1 powers of €1 toall ordersin s
Extension to all powers of e: all-order resummation of highest 1m+1 logs

Example: Leading-log (LL) 1/N terms of T( ™) and T\, with L =In N

2,g

n—l

) _ L () - k n—1 n—2 n—1
CFTd”q = nfT,g = k;)(sL) Low (GFH+GI2Ca + . + G

to all orders in ¢ (calc. + D-dim. structure), with same coefficients L, &

= all-order relation for one colour structure of either ampli tude sufficient
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All-order off-diagonal leading-log amplitudes

- (n) L L -1 e 1 () r ()yn-1
Td),q Cr only — gTqb’q T27q — de),q (Tzaq)
1)\pm—
(n—ll)! (TZ(,q)) !

Three-loop diagram calculation + Pg(f;) LL 0 + general mass factorization:
first four powers in € known at any order. Rest — higher-order predictions

1

LL Td)(l) exp(ast(,q)) —1
»d 1
T2(,q)

T,
¢ Cr only
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All-order off-diagonal leading-log amplitudes

A 7 (™) e 1 @) o

n—-1) L 1 Q) (g (1) yn—1
$.q =~ Tpq Tog ~ = 3 Tq (T2g)

n! d),q

1) \;—
(n—ll)! (Tz(’q)) !

Three-loop diagram calculation + Pg(f;) LL 0 + general mass factorization:

first four powers in € known at any order. Rest — higher-order predictions

) exp(ast(,;)) —1

T, LL (1
¢,q Cr only ¢,q Tz(,]c.l)
Exact D-dimensional leading-log expressions for the one-loop amp litudes
1 1 _ 2C, 1
TdJ(,q) LL  _2C; g(l—a:) cM _ TF - exp(eln N)

1 _ 1
T,D) LL —4CFg(l—m)_1_€—|—V|rtuaI M 4Cp 5 (exp(elnN) —1)

= leading-log expression for Ty 4 and T2 . completely determined
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Leading-log splitting and coefficient functions

Expansions and iterative mass factorization to ‘any’ order [done in FORM ]
=> All-order expressions for LL off-diagonal splitting and co efficient fct’s
LL "y o — amn ~ _« 2
P “(N,a,) = Nz_ Z:: (nv)z al, as = ;S(CA—CF)ln N

Bernoulli numbers B,,: zeroforodd n >3 = Pg(g’)(N) LL 0 not accidental

1 1 1 1 691
Bo =1, 312—5,322— By=——,Bs=—,..., Bia = ———

6 30’ 42’ ’ 2730’
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Leading-log splitting and coefficient functions

Expansions and iterative mass factorization to ‘any’ order [done in FORM ]
=> All-order expressions for LL off-diagonal splitting and co efficient fct’s
LL "y o — amn ~ _« 2
P “(N,a,) = Nz_ Z:: n')2 al, as = ;S(CA—CF)ln N

Bernoulli numbers B,,: zeroforodd n >3 = Pg(g’)(N) LL 0 not accidental

1 1 1 1 691
B():].,B]_:—E,Bzz—,B4:—— B6:— . o o Blz__—

6 30’ 42’ ’ 2730’

LL __ 1
& 7 2NInN Cs — CF

{exp(2CrasIn®N) By(as) — exp(2Caas In®*N)}

exp(...): LL soft-gluon exponentials Parisi; Curci, Greco; Amati et al. (80)
> B, P, Cy g same functions but with
Bo(x) = Z " =4

= (n!)? Cr — CA (alsoin as), then n, — Cr
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First properties of the new  B-functions

Relation between even- m Bernoulli numbers and the Riemann  {-function

Bo(x) = 1—_ _ 9 Z (21))""' Czn(%yn

B, (27r2) numerically known (Wolfram MathWorld, Sloane’s A093721) , no closed form
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First properties of the new  B-functions

Relation between even- n Bernoulli numbers and the Riemann  (-function

Bo(x) = 1—_ _ 9 Z (21))""' Czn(%yn

B, (27r2) numerically known (Wolfram MathWorld, Sloane’s A093721) , no closed form

40 LI LI LI LI LI LI LI .
AL L Further B-functions for later use
30 F — > B,
i ] Be(z) = > "
! ] =y nl(n+ k)!
20 - -

A ) B_ — n
ol _- MO =
03 o~ A Relations to By (x)

- 7 -

: i ac p dF

_10 -l padaa s b b by s bav by |_ dwk (m Bk) T BO, € dmk BO B_k

-40 -20 0 20 X 40 60 80 100
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NLL: B-functions with index unequal zero

20 ——m—m—m—— _ 140 . . . . . 1600

Bi(x) . Z B_s(x)
15 1 1 100 [
800 |
10 | -
60 t 400
5[ ol
20 |
ol N -400
-20 ¢ 800
_5 ---------- 1 1 1 1 1 -| 1 1 1
-40 0 40 80 80 -40 0 40 80 2160 -80 0 80
Xz X X

x > 0: all functions By (x) oscillate about y = 0

_ . . _ x _

x < 0: oscillations about y = (et 1)! for k >0and y=—x for k <0
Amplitudes increase very rapidly with decreasing k

Oscillation of Bg continuous (much more irregularly) to very large €T

D. Broadhurst, private communication
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Next-to-leading logarithmic iteration for Tqb(’z)

Ansatz for T¢(,q) in terms of first-order quantity and diagonal amplitudes

n—1
(n) (1) (%) (n i—1) (4) (n i—2) -
Tq = n T¢,q { Z;) To,q 12 f(n,2) — — Z To,q T2 g(n, 7’)}
All-order agreement with known highest four powers of e~ 1 for
: n—1\ ' Bo
f(n,2) = ( , ) [1—|—s( (z—l—l)(n—z)@l——(l—nézo)]
1 8C,

9(r.%) = (i:tl)_l
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Next-to-leading logarithmic iteration for Tqb(’z)

Ansatz for ch(,q) in terms of first-order quantity and diagonal amplitudes

i Lr S mly s 2 S 0 nly o)
All-order agreement with known highest four powers of e~ 1 for
: n—1\""' Bo
f(n,i) = ( ] ) [1—|—s( (z—l—l)(n—z)@zl——(l—ndzo)]
1 8C,

9(r.%) = (i:tl)_l

Soft-gluon exponentiation: also T¢(”’;) and T( ™) known at all powers of €

=> next-to-leading logarithmic expression for Ty,q completely predicted

Mass factorization = Pgo"" cgiq" to all orders. Pg"" cq 2" analogous

Extension of this approach to higher-log accuracy (at least ) cumbersome

p.32



D-dim. structure of unfactorized observables

Maximal phase space for deep-inelastic scattering  /semi-incl. annihilation

NLO: 2—2/1—1+2 (1—x) 17 g fol one other variable
N°LO: 2—>3/1—1+3 (1—x) 172 g fol four other variables
N°LO: 2 —>4/1—1+4 (1—x) 175 g fol seven other variables

N2LO: Matsuura, van Neerven (88), Rijken, vN (95), N7™=3L0, indirectly: MV[V] (05)
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D-dim. structure of unfactorized observables

Maximal phase space for deep-inelastic scattering  /semi-incl. annihilation

NLO: 2—2/1—1+2 (1—x) 17 g fol one other variable
N°LO: 2—>3/1—1+3 (1—x) 172 g fol four other variables
N°LO: 2 —>4/1—1+4 (1—x) 175 g fol seven other variables

N2LO: Matsuura, van Neerven (88), Rijken, vN (95), N7™=3L0, indirectly: MV[V] (05)

Purely real contributions to unfactorized structure funct lons
(n)R _ —1—ne £ (n)LL (n)NLL
T,; = (Q-=) > (1—=) €2TL—1{R,J, +eRrI) 4.
£E=0

Mixed contributions ( 2 — 41 with n—7r Ioops in DIS)

n

(m)M _ —1—1le ¢ (n)LL (n)NLL
T,; " =) (—=) > (1—=) €2n 1 {M agil,e T EMg e +}
l=r £E=0

Purely virtual part (diagonal cases, n = 0 present): ~*qq, H gg form factors
n 1 n n
€

a,j a,j

p.33



Resulting resummation of large- a double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

7)) _ (n)R 4+ T(n)M(_l_T(n)V) = {T('n)0 4+ sTcSZ')l 4. }

a,j

= Upto n—1 relations between the coeff’s of (1—w)_1_l€, l=1,....n
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Resulting resummation of large- a double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

(n) _ ()R (n)M n)yvy _ 1 (n)0 (n)1
Ta'aj o Taaj + Taaj ( + Ta'aj ) T €_n {Ta7j + sTQ'?j T }

= Upto n—1 relations between the coeff’s of (1—w)_1_l€, l=1,....n

Log expansion: N *LL higher-order coefficients completely fixed, if first k+1
powers of € known to all orders — provided by N *LO calculation, see above

Present situation: (a) N®LO for non-singlet F,_.r in DIS — recall DMS (05)
(b) NZ2LO for SIA, non-singlet Fy, in DIS, and singlet DIS

= resummation of the (&) four and (b) three highest N1 In* N terms to
all orders in «: consistent with, and extending, our previous results

p.34



Resulting resummation of large- a double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

7)) _ (n)R 4+ T(n)M(_l_T(n)V) = {T('n)0 4+ sTcSZ')l 4. }

a,j

= Upto n—1 relations between the coeff’s of (1—w)_1_l€, l=1,....n

Log expansion: N *LL higher-order coefficients completely fixed, if first k+1
powers of € known to all orders — provided by N *LO calculation, see above

Present situation: (a) N®LO for non-singlet F,_.r in DIS — recall DMS (05)
(b) NZ2LO for SIA, non-singlet Fy, in DIS, and singlet DIS

= resummation of the (&) four and (b) three highest N1 In* N terms to
all orders in «: consistent with, and extending, our previous results

Soft-gluon exponentiation of the (1 —x)~'/IN° diagonal coefficient functions:
(1—z)"17,...,(1—2) 1~ (™~1e gt order m: products of lower-order quantities

= N"LO [+ A(™*1)] — N™LL exponentiation; 2n[-+1] highest logs predicted

p.34



Reminder: soft limits of qq — ~*, gg — H

a.' expansion coefficients of bare partonic cross sections to n=3

WP = 6(1 —x) cf. Matsuura, van Neerven (88)
WP = 2ReF16(1 —x) + S1

WP = (2ReF2 + |F1|?)6(1 —x) + 2Re F1 81 + S>

WP = (2ReF3 + 2 |F1F2|)8(1 — ) + (2Re Fa + |F1|?)S81 + 2Re F1 82 + S3

Fe . bare £-loop time-like q or g form factor, &S, includes soft real emissions
1 oke 1 (—2ke)?
Sp = Sk(e)-e[(1 —x) 172k = Si(e) —2—k6(1—w)+§ Ts’Dz

Polesin € =2 — D/2: KLN, renormalization, mass factorization

1/e pieces of F,, + mn-loop splitting functions  — 1/e coefficients of S,
— Day,,....0 terms of coefficient fct's ¢,, — N"LL resummation coeff's D,

. = 3. Moch, A.V. (2005)

p.35



NS results, off-diagonal splitting fct’s and Cre

CCL ns

also: Grunberg (2010)

NS cases: K, 4(z) of p. 15 confirmed with £, = +3°: fourth log for (n>4)

Off-diagonal splitting functions

~ as 2 N7
as = — (Ca—Cr)In“N
NPNL(N as) = 2asngBy(as) 0y (Ca r)

+ a2 InN n, {(GCF —By) (i

as

B4 (@) + By (@) + 22 B_, (@)}

NPRY (N, o) = 2asCpBy(—is) + a2InN Cp {(120F —6,80)~—73 L (—as)

'Zo B_,(—as) + (14Cy — 8Ca — Byp) Bl(_as)}

S
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NS results, off-diagonal splitting fct’s and Cre

NS cases: K, 4(x) of p. 15 confirmed with £z, = 199: fourth log for ¢{%a™

also: Grunberg (2010)

Off-diagonal splitting functions

~ as 2 N7
as = — (Ca—Cr)In“N
NPNL(N as) = 2asngBy(as) 0y (Ca r)

+ a2 InN n; { (6Cp —Bo) (iB_l(as) + B, (@s)) + @ B_5(as) }

as

NPRY (N, o) = 2asCpBy(—is) + a2InN Cp {(120F —6,80)—73 L (—as)

2o, (—as) + (14Cy —8Cs — By) Bl(_"’s)}

Gluon contributionto  Fr — ‘non-singlet’ C =0 part done before MV (09)
NzC}jé‘(N, as) = 8asmng exp(2Caas In2N) + 4asCFNC’21,‘é‘(N, o)
- 1 - -
4 1642 InN nf{4CA — Cp + jasIn®N CA,BO} exp(2Ca as In2N)

NNLL terms known to ‘any’ order, but no closed expressions (e xcept Cr,g)
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Resummed gluon coefficient function for F5

ch7g(N’ aS) —
1 e
21n N CA - CF

B 1 nf(3CF — Bo)
8In2N (Ca — CF)2

[exp(2aSCF In? N)Bo (és) — exp(2asCa 1n2ﬁ)]

[exp(ZasCF In? N)Bo (as) — exp(2asCa lnzﬁ)]

_ Zs Ca - C. exp (2asCy In?N) (8C4 + 4Cr — Bo)
a n ~ - -
— = ! exp (2asCp In? N) [ — 6CrBo(as) — (6Cr — Bo)B1(as)

— (12C% — 4B0) Ezi B_1(as) — @ 73_2(&5)}
2

~ n ~ ~
_ % Bo In®* N f {C’A exp(2asCx lnzN) — Cr exp(2asCp lnzN)Bo(ELs)]
3 Chr — CF

+ known NNLL contributions (tables) + ...

C4,q analogous. Analytic forms identified via the physical kerne | for (F2, Fyp)
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Numerical illustration of Ca

-0.04 —————— -0.06 —
Cog(N = 20)
-0.06 F | ___________________
-0.08 F — 5 .
0.08 | ]
-1
| | | _ _
-0.1 0.1 F — _
0.12 |
[ y I Qg = 02, ng = 4
I B S _012 \ ] \ ] \ ] \
0 10 20 30 2 4 6 8 10
N n

NNLL terms dominate =- impact of high orders presumably underestimated

About 35% correction at N = 20, 4"-order coefficient =~ Padé estimate
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Numerical illustration of Cp 4 and Cp g

04 —mmm—m—m—m—————————
0.03
0.3
0.02
0.2 ¢
0.01
0.1} i
. ) I 04520.2, nf:4 l
OII M T TR
0 10 20 30 0 10 20 30
N N

Corrections smaller and convergence with order T faster in quark case(s)
~ 15% NNLL correction at N = 20 for C 4 vs. 100% for CL. . ( = Padé)
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Small- x resummation via unfactorized SIA (1)

Phase-space integrations: x*€terms analogous to (1 —x)®¢ structures above

2" order: Matsuura, van Neerven (88), Rijken, vN (95)

=> look for decomposition similar to that in the large- ax case

Formalism for fragmentation functions (timelike structur e functions) Fr . ¢:
analogous to DIS cases (with singlet splitting-function ma trix transposed)

=> NNLO results fix the highest three powers of  1/e to all orders in g
2" order Cy,c and Cy,q: AMV (2010)

p.40



Small- x resummation via unfactorized SIA (1)

Phase-space integrations: x*€terms analogous to (1 —x)®¢ structures above

2" order: Matsuura, van Neerven (88), Rijken, vN (95)

=> look for decomposition similar to that in the large- ax case

Formalism for fragmentation functions (timelike structur e functions) Fr . ¢:
analogous to DIS cases (with singlet splitting-function ma trix transposed)

=> NNLO results fix the highest three powers of  1/e to all orders in g
2" order Cy,c and Cy,q: AMV (2010)

Decomposition of the D-dim. partonic fragmentation functions for a="1T,0¢

n—1
~(n 1 —1—2(n—4)e ' s 10 '
R = gy & e 20 0e (Al 4 eB G 10l 1 )

2n—1
€ £=0

n—1
1 1 (£,n) (&,n) 2 ~ (£,m)

Aa , Ba ’ Ca , e o o
s2'n,—1 EZ:;) N—1—2(n—£)s{ ' g +€ g +€ g + }

I
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Small- x resummation via unfactorized SIA (1)

LL: F.) includes terms of the form 2~ In™T®~ 'z atall orders e~ ™1? with
0 =0,1, 2, ...,andis decomposed into 7 contributions of the form

1
g 2ntlgp=l-ke — g—2n+l a:_l[l — kelnx + E(lce:)2 In?x + ... ],
k=2,4,...,2n

nn—1 KLN-type cancellations — ﬁa(fg") starts at order 1/e™ — plus 3 constraints
from the NNLO results =- m+2 linear equations for m coefficients Aéfé")

Thus, again: N "LO known =- highest n 41 double logs fixed at all orders
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Small- x resummation via unfactorized SIA (1)

LL: F.) includes terms of the form 2~ In™T®~ 'z atall orders e~ ™1? with
0 =0,1, 2, ...,andis decomposed into 7 contributions of the form

1
g 2ntlgp=l-ke — g—2n+l a:_l[l — kelnx + E(lce:)2 In?x + ... ],
k=2,4,...,2n

nn—1 KLN-type cancellations — ﬁ;,g) starts at order 1/e™ — plus 3 constraints
from the NNLO results =- m+2 linear equations for m coefficients Aaffé")

Thus, again: N "LO known =- highest m+ 1 double logs fixed at all orders

Quark cases: analogous with prefactor  e~™12 but one term missing in sums

= (n) 1 (&) (&m) 4 2 (em)
Fa : A B Ca e o o
'8 g2n—2 ;) N—1—2(n—£)s{ + te ’ + }
= also here highest three logarithms at all orders fixed by NNLO results

‘All-order’ mass factorization: NNLL timelike splitting & coefficient functions
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Resummed splitting and coefficient functions

g_?sz(N7as) L:L ng(Naas) L:L %(N_l){(1_4£)1/2_1}7 E: _ (]Svcff)sz

Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8  2)

NNL contributions to the splitting functions: only partial ly in closed form
NLL
PEI, = {0-a07 e (0 )
NLL NLL
G Pl = [Pl o m10v 1) fv e
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Resummed splitting and coefficient functions

g_? sz(N7 as) L:L ng(Na Qg L:L %(N_l) {(1 _ 45)1/2_ 1} ’ E — - (]Svcff)sz
Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8  2)
NNL contributions to the splitting functions: only partial ly in closed form
NLL
[ng]CFZO = {(1 —ag)" 124 1} as (l_ach + %nf)
Ca T NLL . T NLL _ 1/2 1 _ 2
[CF qu] o = [ng]cF:o + {(1 4¢) 1} L(N —1)2(1 +n; /Ca)

Leading logarithmic MS coefficient functions for ~ Fr and Fy,

ok = & (el 1) = &{a-1071)

also: Albino, Bolzoni Kniehl, Kotikov (2011)

‘Everything else’, including all of  P,., P, the quark coefficient fct's, Cpg;:

Tables of coefficients to order ~ a}® — numerically sufficient for  x 2 104
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Normalized LL, NLL splitting-fct. coefficients

(n) (n) (n) (n) (n) (n) (n)
n Agi ng,l ng,2 ng,l ng,2 ng,3 Aqi
0 1 1 — 9 — — -
1 1 1 2 9 — — -
2 2 3 5 29 1 1 1
49 19 11
3 5} 10 = 100 5 5 5
347 179 73
4 14 35 5 357 21 5 3
6353 3833 1207
5} 42 126 30 1302 84 30" =30
11839 7879 2021
§) 132 462 5 4818 330 =5 =5
624557 444377 96163
7 429 1716 510 18018 1287 510 510
316175 236095 44185
8 1430 6435 T 67925 5005 T 58
54324719 42072479 6936481
9 4862 24310 1960 257686 19448 1260 1560

Solution of one non-integer series: analytic structure of a

[l NLL contributions
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Small- « gluon-parton splitting functions (1)

0.4 . LI IIIIIII LI IIIIIII LI IIIIIII rrrrrrm 0.8 3 LI IIIIIII LI IIIIIII LI IIIIIII

as=012, N,=5 |

_0.4 1 1 |1..||||| 1 1 ||||||I 1 1 ||||||I 1 L L1111l _0.8 .‘ 1 1 IIIJ.:.II 1 1 ||||||I 1 1 ||||||I
0% 107 107 « 107 1 10" 107 107 « 107 1

LL insufficient, near-perfect cancellation of NNLO rise by N NLL resummation
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Small-  gluon-parton splitting functions (ll)

0.4 ‘.‘ 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII rrrrrrm 0.8 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII rrrrrr
_.\ - _\

Y XPyy(X) \ xPy (X)

I - NLO ! i c. T
02 1 o4k K LO+ LL |
| NNLO R — -~ NLO+NLL |
. | R — NNLO+NNLL
, 0,=012, N,=5 | | _
_0.4 1 |||||||I 1 |||||||I 1 |||||||I 1 L L1111l _0.8 ’ 1 |||||||I 1 |||||||I 1 |||||||I 1 L L i1l
0%  10° 107 « 107 1 10% 107 107 « 10 1

Approximation sequence LO+LL, NLO+NLL, NNLO+NNLL rathers  table to very small =«
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Small- x quark-parton splitting functions

0.08 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 UL BLAL

E |

_\. i

L\ T i

0.06 |-, XPyq(X) ]

: \'\. :

R \\ _ LO i

0.4 '\. —

- \ -

I \, .

0.02 |

O B —f - P ]

-0.02 |

: ag=012, N,;=5 -

_0.04 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 L L1111l
0% 107 107 y 10 1

Also consistent with

J

1

0-16 y 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII T T T TTTIT1T
'\. _
-\o —
= \. T ]
012 — \'\. Xqu (X) ]
B \.\c —
n \. ]
008 %  --- NLO+NLL
- " —— NNLO+NNLL
0.04 |-

0o — . -
-0.04 - ]
_0.08 i 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIII-

0% 10° 107 y 10 1

1

x P ~ 0at £ <10~ 2? (N3LL corr's known and positive)



Small-  coefficient functions for Fr

0.6 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 T rrrrn 4 \.I 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 LI
. _ - \.\ 4
- . [ 3 ]
L XCr o(X) 1 osF & XCrgX) -

\ - \ 1
) l A J
: \.\ ..... LL -
2 - - -
I % --- NLO+NLL -
[ " —— NNLO+NNLL ]
\
1+ \, -
| \, -
O Teeenea o
1 —]
0.2 B B - I 7
GS =0.12, Nf =5 | i I
1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 11 11811 _2 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 L1 11111
0 107 107 107 1 10" 10° 107°_ 107 1
X
A bit worrying? But no errors found — and already LL oscillate s down to extreme low @
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Large- & summary and outlook

$ Non-singlet physical kernels for nine observables in DIS, S IA and DY
single-log large- x enhancement at NNLO /N®LOto all ordersin 1—x

All-order conjecture = leading three (DY: two) logs of higher-order C,,

® Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's
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Large- & summary and outlook

$ Non-singlet physical kernels for nine observables in DIS, S IA and DY
single-log large- x enhancement at NNLO /N®LOto all ordersin 1—x

All-order conjecture = leading three (DY: two) logs of higher-order C,,

® Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's

® |terative structure of (next-to) leading-log N ~' amplitudes for Ca.¢/4.q
= All-order (N)LL off-diagonal splitting functions and coef ficient fct's

® D-dimensional structure of unfactorized DIS ~ /SIA structure functions
Verification, extension of above resultsto N “LL or N °LL for N~* terms
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Large- & summary and outlook

e

Non-singlet physical kernels for nine observables in DIS, S IA and DY':
single-log large- x enhancement at NNLO /N®LOto all ordersin 1—x

All-order conjecture = leading three (DY: two) logs of higher-order C,,

Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's

lterative structure of (next-to) leading-log N~ amplitudes for Cz,4/4.q
= All-order (N)LL off-diagonal splitting functions and coef ficient fct's

D-dimensional structure of unfactorized DIS  /SIA structure functions
Verification, extension of above resultsto N “LL or N °LL for N~* terms

Complementary:  Grunberg; Laenen, Gardi, Magnea, Stavenga, White
Limited phenomenol. relevance now: assess relevance of NS 1/N terms

Near /mid future: combine with other results, esp. fixed- N calculations
(close to) feasible now: 4-loop sum rules Baikov, Chetyrkin, Kiihn (10)
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Small- x summary and outlook

® D-dimensional structure of unfactorized SIA  /DIS structure functions
= NNLL small- = resummation of timelike splitting & coefficient fct’s
Required for using NNLO results in SIA below = ~ 107 %...10°°

$ Analogous results for (singlet case: subdominant) z%Intx terms in DIS
Formally similar, numerically very different: diff. sign i nroots, (1—...)"

p.49
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Small- x summary and outlook

D-dimensional structure of unfactorized SIA  /DIS structure functions
= NNLL small- = resummation of timelike splitting & coefficient fct’s
Required for using NNLO results in SIA below = ~ 107 %...10°°

Analogous results for (singlet case: subdominant) z%Intx terms in DIS
Formally similar, numerically very different: diff. sign i nroots, (1—...)"
Unlike large- x case: no direct generalization to all (higher) ain z%In‘z

But works for higher even a in SIA — DIS case not checked yet

Does not work for the odd- IV quantities F3 and g, in DIS, F4 in SIA

E.g., leading logs with group factor  dgped *°¢ at third order in  F5 and Fu
cf. Dokshitzer, Marchesini (2007)

All large- @ and many, but not all, small- 2 double logarithms in
SIA and DIS appear to be ‘inherited’ from lower-order result S.
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