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The BFKL (Balitsky-Fadin-Kuraev-Lipatov) equation is based on the
remarkable property of QCD — gluon reggeization. The high-energy QCD
can be reformulated in terms of the gauge-invariant effective field theory
for reggeized gluon interactions,

so that the primary reggeon in QCD is not the Pomeron, but the reggeized
gluon.

But for phenomenological applications, the most interesting is the
Pomeron (colour singlet) exchange.

For scattering of colourless particles in the leading order (LO) the BFKL
equation can be written in the form which is invariant under the conformal
(MObius) transformations in impact-parameter space

We call this form Mdobius representation. When it is taken in the impact
parameter space, We call it Mobius form.
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Conformal invariance of the BFKL equation is extremely important for its
iIntegrability. Therefore, it is very useful to know conformal properties of
the BFKL kernel in the next-to-leading order.

Evidently, in QCD the conformal invariance is violated by running of «o.
But one could expect that the kernel is quasi-conformal, i.e. that the
Mobius invariance is violated only by terms proportional to the g—function,
and it is conserved in N = 4 SUSY Yang-Mills theories. One could expect
also coincidence of the Mobius form of the BFKL kernel and the kernel of
the colour dipole model.

However, the situation is not so simple, because the NLO kernels are not
unambiguously defined. It turns out that this ambiguity makes possible to
get agreement between the BFKL approach and the colour dipole model
and to find the quasi-conformal representation of the BFKL kernel. It is
done now in theories containing fermions and scalars in arbitrary
representations of the colour group.
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Basics of the BFKL approach

For elastic scattering processes A + B — A’ + B’ in the Regge

kKinematical region:
s ~ —u — 00, t fixed (I.e. not growing with s) the Reggeization means that

scattering amplitudes with the gluon quantum numbers in the ¢t-channel
has the form

Pa par

o _s w(t) s w(t)
AAB _FA’A (—_t> _<—_t> CB/B3

'S, p—particle-particle-Reggeon (PPR) vertices or scattering vertices (“c"
are color indices); j(t) = 1 + w(t) — Reggeon trajectory.
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Basics of the BFKL approach

The Reggeization means definite form not only of elastic amplitudes, but
of inelastic amplitudes in the multi-Regge kinematics (MRK) as well. It can
be presented by the picture

and written as
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Here /. (4, q:41) — the Reggeon-Reggeon-particle (RRP) or
production vertices.

MRK is the kinematics where all particles have limited (not growing with s)
transverse momenta and are combined into jets with limited invariant
mass of each jet and large (growing with s) invariant masses of any pair of
the jets.

The MRK gives dominant contributions to cross sections of QCD
processes at high energy /s. In the LLA only a gluon can be produced. In
the NLA one has to account production of QQ and GG jets.
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In the BFKL approach imaginary part of the amplitude for the processes
A+ B — A’+ B’ atlarge center of mass energy /s and fixed momentum
transfer /—¢ s > |t| is calculated using the unitarity as the sum:

pA | pa
41 +§ §+ 0
R
. a é g i
Git 1% L
\
\
dn+1 +§ ‘ §+ q;z+1
DB W Pp

and the real part is restored using the analyticity.
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Basics of the BFKL approach

The scattering amplitudes are represented by the convolution

GGl workshop HIGH-ENERGY OCD AFTER THE START OF THE LHC: September 26. 2011 — pn. 9/45



where the impact factors ¢ 4, » and @ g 5 describe the transitions A — A’
and B — B’ due to scattering on the Reggeized gluons, while G is the
Green'’s function for the two interacting Reggeized gluons. All the
dependence of the amplitude on properties of particles A, A’ (B, B’) is
contained in the impact factors ® 4.4 (®pp), which are energy
Independent. The dependence on energy is determined by the universal

(process independent) Greens’s function ¢, which satisfies to the BFKL
equation

and can be presented as
- YK
Gg=e ",

K is the BFKL kernel, Y is the total rapidity (Y = In(s/so)) .
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Both the BFKL kernel and the impact factors are unambiguously defined
In terms of the Reggeon vertices and the gluon Regge trajectory. For any
colour representation R in the ¢t-channel the BFKL kernel K™®) (g1, ¢a; @) is
given as

["" (_4712) T w <_(‘71 —q) 2)} §(P=2) (1 — @2) + Kq(jz) (q1,32;9)

The most interesting representations are the colour singlet
(Pomeron channel, R = 1) and the antisymmetric colour octet (gluon
channel R = 8,).

For scattering of physical (colourless) particles only the channels exists.
Nevertheless the gluon channel plays an role. It is caused by a possibility
to use this channel for check of self-consistency, and, finally, for a proof of
gluon Reggeization.
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The LO BFKL kernel is known since 1975. The NLO kernel was
calculated also long ago.

For the forward scattering (i.e. for ¢ = 0 and color singlet in the ¢-channel)
It is known more than 10 years

More than five years ago the kernel was found also for any fixed (not
growing with energy) momentum transfer ¢t and any possible color state In
the ¢t-channel

All these results were obtained in the momentum space.
The direct way of finding of the M6bius representation of the BFKL kernel
IS to transform it from momentum to coordinate space.
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In the LO such transformation makes evident conformal invariance of the
MOobius representation of the BFKL kernel and coincidence of this
representation with the kernel of the colour dipole approach

Starting from the papers

the comparison became possible also in the NLO for the quark
contribution to the kernel.

In the NLO one could also expect coincidence of the Mobius
representation of the BFKL kernel and the kernel of the colour dipole
approach.
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For colourless objects the impact factors in the representation

O(qa — QB)dZSCSAA B —
- 4(2m)b-2 qiqs

are “gauge invariant”;
(A" A|q,0) = (A'A]0,¢) =0 .

Therefore (A’ A|¥) = 0 if (7, 75| ¥) does not depend either on 7 or on 75.
(A’ A|K is “gauge invariant” as well, because ({1, &|K. |7, , @) vanishes at
g, =00rg =0.

It means that we can change |In) = (§2G2) ' |B'B) for |Ing), where |Ing)
has the “dipole ” property (7, ¥|Ing) = 0.

After this one can omit the terms in the kernel proportional to §(7/2/), as
well as change the terms independent either of +; or of 5 in such a way
that the resulting kernel becomes conserving the “dipole ” property.

GGl workshon HIGH-ENERGY OCD AFTER THE START OF THE LHC: September 26. 2011 — n. 14/45



The kernel obtained in this way is called Mobius form of the BFKL kernel.
It can be written as

(P17 | Kar | P 7y = 5(?711')5("722')/61["70 9o(71,72;70)

+0(7117)91 (71, 723 Ty ) + 6(722) g1 (72, 715 77 ) + %92(7717 PHENDY
with the functions g, » turning into zero when their first two arguments
coincide. The first three terms contain ultraviolet singularities which
cancel in their sum, as well as in the LO, with account of the “dipole”
property of the “target” impact factors. The coefficient of §(71/)d(72/) IS
written in the integral form in order to make the cancellation evident.

The term g(7, 75; 77/, 7 ) is absent in the LO because the LO kernel in the
momentum space does not contain terms depending on all three
Independent momenta simultaneously.
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The kernel K is presented as

AN

K=b14+0+K,, (@l@ilg)) = 6(a — G )w(=G7)

w(t)— the gluon Regge trajectory, K,—real part.
In the leading order (q1, 2|K|q), &) = 6(¢ — ¢)K(q1, 45 ), 4 — @i =k
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The kernel in the coordinate representation is given by the integral

. dq, dg dk N o
(F1, T | K|, 75) = / Q1(2 q)24 K(G1, Go; k) e (BT 4Tz thT2r)
A

The last term in the real part gives §(71/o-) and is omitted in the Mobius
form. The first terms in the real and virtual parts give
QQSNC(S(??ll/)5(?722/)”0(?712)/(271')2,

| S
U(Flg) — 2/dkﬁ (ezkrw _ 1)

and contains ultraviolet divergence. This divergence is artificial. To make
evident its cancelation v(72) is represented in the integral form:

— €

) = - [ i 50 (E1R2) (iR e o) _ (R

- (E1+E2)F20>
(2m)* k2 k2
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12
’U(’Flz) — —/d’Fo S5 =95 -

T10"20
The second terms in the real and virtual parts give

20N, dqi dk
T [ G

—

(2m)? k2 g2

20&ch 5(?7 ) ( 77122 1 >
— / — .
(2m)? - 77121/7?221/ 7?221’

In the Mdbius form the last term must be omitted. The contribution of the third
terms is obtained by the substitution 1 — 2. Finally,

— — Z — — aSNC — {'72 — — — — — —
(P, P K [P 7)) = =55 | dio =55 (8(711/)8(Foar) + 8(7a2/)6(Fo1r) — 8(711/)8(7ar )
27 10720

where the subscript M denotes the Mdbius form. Remarkably, that this form
exactly coincides with the kernel of the dipole approach.
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The transformations of the Mobius group in the two-dimensional space
= (x,y) can be written as

az + b
cz+d’

z —

(1)
where z = = + iy, a,b, c,d are complex numbers, with ad — bc # 0. Under

these transformations, one has

. 21 — 22
/ (cz1 + d)(czo + d)

(ad — be)

£l T <2

lad — bcl?
(cz+ )"

dzdz* — dzdz™ (2)

=/ 7/

so that the conformal invariance of (7, 7| K|7{, 7 )dF/dF; is evident.
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For the forward scattering, there is a remarkable functional identity
between the Mo6bius form and the BFKL kernel in the momentum
representation.

272

- as N, 2q"? S o df§2
(qIKlq") = [( — —5(q—q’)/< | .

In the coordinate space

<??|K|?7/> = /(771?72“€|?71/?72/>5(?712 — F)dfldfg , ’I?/ = 771/ — ??2/;
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MObius representation of LO BFKL

Sal — d/’?d,’?/ —iar. Z-—»/,F»/ A,
<€71/C|q/> — %ge i <7:1/C|7°/> )

In the NLO this relation is violated only by the charge renormalization
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The infrared behaviour of the virtual and real parts of the kernel is far
worse in the NLO. However, it turns out possible to perform explicit
cancelation of infrared singularities and to write the kernel in the physical
space.

K(q1,4);9) = Kp(q1,4);9) + K¢(q1,47; ),

where

— — —\ 2 — — —\ 2 — — — - -
= w0 (@) +w (- (@ - )] @2 @ - 6P (@ - 3)+2KE) (@, 35,
and the finite part K((q1, ¢7; ¢) contains neither ultraviolet nor infrared

singularities and therefore can be written from the beginning in the
physical space with D = 4.
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Kpf((h CI1 @ ’C (Q17Q1 q_>+Kpf(Q1 CI1 @

a?(p) 2N, cnf J 2 5 T 3 + @ 2G5 9
2 (X ) =2 _
(Q1 75 9) = 1673 3 . 2 3 12 q

*41_54 ((j”2"2 _ "’2—’2) )
9 2 41 — 41 42 41 do
+q 1n<—>2—'2—'/2—>/2>_ 1n<—>2—»/2>

414241 "do
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3 2 k4
22212 _ 222/ 2 (7 N
9192  — 9291 -2 /2 52 512 72 7\ =2 52 2 2 (g1 —1
+ = " —q ]Iq,q , k —0(k)qi°q /dl ==+ 23 =
72 1 ARG ) (k)q1" as 72 [2(q — )2
Og N¢ = i N - - - -
o SR (@ 4 v ET- ) ) —3as(u)NcC(3)> F@ o @, i o).
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11 7> 11 k2
—In | — — s n| = :
12k2 \(k—q2/) 12g (k — )2

I(CL, b, C) _ /1 /1 /1 dl‘ldl'gdZCg(S(l — X1 — X9 —333)
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Although the piece K;(q1, ¢i'; ¢) contains neither ultraviolet nor infrared
singularities, it is the most complicated part of the kernel in the momentum
representation. The quark part of this piece, which is called abelian part of
the quark contribution, differs from the QED Pomeron kernel

only by the coefficient. For finding the M6bius form of the kernel it is
convenient to use the expression for this part before integration over the
momenta of produced ¢q pair.

d%k .
e / diE‘/ 1 F(q1, Q2,k17k2)
)

2
ICQ(CIl (h CD_ —2 8(
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F(il;jé; ]217 EQ) — x(l o I’)

o 2(§2E1)+(722 2(qaks) + G5
012 029

WhereE1+/22:E:(jl—q1 = (g9 — Qq2,
011 = (E1 — 55(71)2 + 90(1 — 95)(712, 021 = (E2 — (1 - $)§1)2 + 37(1 - 55)9? 3

012 = (k1 + 22)? + 2(1 — 2)G, 022 = (k2 + (1 — 2)@)* + (1 — 2)d5 -
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The gluon part IC? of the finite piece K;(q1, ¢/’; §) is called symmetric part
of the gluon contribution. As well as in the case of IC?, for finding the
Mobius form of K¢, it is better to start from its expression in the
momentum space before integration over the momenta of the produced
particles. Contrary to the abelian part of the quark contribution, the
symmetric part of the gluon contribution contains the subtraction term.
Therefore it is decomposed into two pieces:

K (3. 35D = Ka (@, @3 D) + Kaa (@1, G5 @)

Ksi(q1,q7:d) = NQ/ daj/d%l ( 1kil;2))>+

where
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L. d?ky /CB
KSQ(Q17Q1,;® — _/ A (

'Ql
— lQl
|
=l
&
??
/\
-
—
()
'_L\
-
[a—
=
o\
‘“wl
N~

Here k; + ko = k, the subscript . means

(x({(f)x) ) +

KCB is the real part of the leading order kernel,

as()Ne (G170 ° + ¢ 20 o2
>3 = 7?) ,

[f() — FO)] +

(411 Q1 q) =
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Fs(klakQ) —

where

1 wp a1 —2qi1kiy

P (qu; k1, k2)c™? (qu; ka, k1),

kﬁ
(CI17 kl? k2) Q12._2 1]1_2 2
1121

o2k — o (@ - k)T ik - B

x
+29L ’ 011

1 af,, (]u —2q11 ko

D)
1011 kiion

+591

2 021

+$1Q1¢k§¢ T2(q1 — k2)¢q1ﬁ¢+qu( — k2)1 ng_.

2
L2021 k31021
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In QCD the NLO kernel contains quark and gluon contributions. In ones
turn, the quark contribution is divided into two pieces: non-Abelian”
(leading in V.) and Abelian” (suppressed by N 2). Their Mtbius forms

agrees, with account of the ambiguity of the kernel, with the results

obtained by direct calculation in the dipole picture. The Abelian part is
greatly simplified in comparison with the momentum representation.
Moreover, this part is conformal invariant. It could be important for the
QED Pomeron.
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The most important contribution to the BFKL kernel is the gluon one. In
the momentum representation in the NLO for arbitrary momentum transfer
It is very complicated

The Mobius form of this contribution

turned out strikingly simple.

However, the conformal invariance is broken not only by the terms related
to the renormalization.

Moreover, it occurred afterwards that the NLO gluon contribution to the
kernel of the colour dipole approach

does not agree with the Mdbius form of the same contribution to the BFKL
kernel.
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Supersymmetric Yang-Mills theories contain gluons and Maiorana
fermions in the adjoint representation of the colour group. The gluon
contribution is the same as in QCD. The fermion one can be obtained by
change of the group coefficients: n; — n,, N, for the "non-Abelian” part,
and ny — —ny N2 for the "Abelian" part; n,, is the number of flavours of
Maiorana quarks. For N—extended SUSY n,;, = N.

At N > 1 besides quarks there are ng scalar particles; ng =2 at N = 2
andns =6atN =4. At N =4 3, = & — 2ny — gng = 0 and a; is not
running. Nevertheless, the Mo6bius form of the NLO kernel

IS not conformal invariant.
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In the theory with »n,, Maiorana fermions and ng scalars in the adjoint
representation we have

46—20

: f— r ]_ — 2 — —
917, 72;72) o rzrr |V (T 9

92 92 92 9 ) ) ) )
Bo 191 — Togr T'oor 1 12 T12 IEDY ISP T12

+ — In{ =) —zsln| 5 |In| 53 +-5In( 5 )In{ =5 .
2N, T2 DY, 2 Toor EDY, 215 USYY ISP

Since only the integral of ¢° is fixed, it can be written in different forms. One of
them is Y
e 5()2mC(3)
The function g; (71, 72; p) vanish at 1 = 2. Then, these functions turn into zero for
p? — oo faster than (p?) ™" to provide the infrared safety. The ultraviolet
singularities of this function at o = > and p = 1 cancel with the singularities of

g° (71, 72; p)) on account of the “dipole” property of the “target” impact factors.

90(7:17772;7?0) — —9(771,772;,0) +
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2 AT2
N SN ach ]. T12/ T21/ T12/ T21/ ns
g2(T1,T2; 71,72 ) = - In ({ =5— — 1| (l—nm+—
473 | 24 d r2 r2 2
172/ 11/ 729/
S92 9 4 92 52 59
(4 — nar) ™o iy 1 T 12 T 12 T2/ T2/
- 174 d T ur2 72 d 72 In| =5—=5
Tyrgr T 117 T 99 T 1o 11/ Toor
— - 2 - 2 -2 52
In ( iz In [ ©iz 7 12 73y In (|
n 72 n P2 72 - 2 — 2 roi211 P2 2
4 172/ 4 117" 22/ T 12 4 1 T 99/ 4 12/~ 21/
-2 =9 -9 =2 ) Py ) -2 -2 =2
AT 11T 5o 27 J91T 510 27 {1 2 Ty AT 11T 50T Trgr
In T oo/ In " 127 179/ In " 12" 147/
- 2 7:*2 7:*2 7:*2 7:*2
_|_ 12 _|_ 12/ 22/ _|_ 22/ 172/
o2F 2 2 o222 o2F 2 2
117 7 197 117 " 1797 1277 1797
52 52
—)2 r 11/ —)2 r 21/7’ 1/2/
,r. 12 ln ’FQ/ , 7’ 21/ ln 7_1,%2 = 92 ,
172 11 52 52 42 492
+2—»2 S5 S5 T 972 22 2 "‘(1<—>2) , d=Ty9T51 — T{1/To9r.
T 11T 420 T oo T 11T 29T 1o
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However, the hope for conformal invariance still remained.

The reason is the ambiguity of the NLO kernel.

The BFKL kernel has an evident ambiguity connected with impact factors.
The discontinuity

_ SO | _
(A'Ale"* | B'B)
41 942

remains intact under the transformation

K — O-KO, (A4 — (AAO, —|B'B)— O-'——|B'B).

If the LO kernel is fixed, one can take © = 1 — a,U, and get
K — K —a, KB, 0.

Secondly, there is a freedom in the energy scale sq. At first sight, it can
lead to an additional ambiguity of the NLO kernel. However, it is not so.
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It was shown

that any change of the energy scale can be compensated by the
corresponding redefinition of the impact factors. Alternatively, we can
leave one of the impact factored unchanged, changing the kernel. In this
case the change will have the form K — K — o, [KCBU] with a specific form
of the operator U

Therefore, the freedom in a choice of the energy scale does not give
anything new. In the NLO dependence on s( of the energy factor is
cancelled by the dependence of the impact factors, so that s, can be
taken as a free parameter. This freedom can be used for optimization of
perturbative results
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To get a hint on possible form of the transformation which can eliminate
the discrepancy with BC-2008 the forward scattering was considered

It was shown that in this case the discrepancy can be removed by the
transformation

~ ~ 1 ~ n o~
K— K+ §[ICB,1n¢72ICB] ,

up to the term with {(3) and to the difference in the renormalization
scales. In the BFKL approach the term with {(3) passed through a great
number of verifications. In particular, it is necessary for fulfillment of the
bootstrap conditions for the gluon reggeization. We have no doubt that
this term is correct.

Fortunately, it was recognized

that there was an error in their calculation of this term.
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Reduction of the NLO kernel to quasi-conformal shape

In principle, one can easily write a formal expression for the operator U
eliminating the discrepancy. Indeed, let us denote K, — Kpe = A, the
Born kernel KB eigenstates |u), and corresponding eigenvalues wp

A

Then, if A = a, {I@B, U], one has

(W8 — WB) (1 |asUluy = (u'| Al ).

It is seen from here that the operator U exists only if the operator A has
zero matrix elements between states of equal energies. If so, supposing
that the states |;) form a complete set, one has

w, —w
7

"’;\U:J

~
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Reduction of the NLO kernel to quasi-conformal shape

Finally, it was found

V.S. F, R.Fiore, A.V. Grabovsky, 2009

that with account of the error in the {(3) term and the difference of the
renormalization scheme used by Balitsky and Chirilli from the /S one,
their result agree with the Mdbius form of the BFKL kernel. The
agreement is reached by the transformation

K — K — a,[KBU]

with
7 Blas U3, & L W\KP@Ld D),
<Q1’QQ|a5U|q1/’ q2’> — _5(911’ + 922’) 2(*12 412 _> In Q121/
192
s Ve = 5 - 9 ]Z ]Z_ -y E E_ -
+= 2 5(@22’)5(911')/d2+26k1nk2 = (q 1) _ (_, 2)
Am k2 k2(k—q)2 k2(k— )2
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Reduction of the NLO kernel to quasi-conformal shape

Moreover, an additional transformation

AN

K — K —[KPU,]

with

> 9
o . U _,,_,, asN d ?“12 192
(M2 |Up |7 Ty) = oS53 0| 5353
10720 10720

X 5(7711/)5(772/0) -+ 5(771/0)5(7722/) — 5(7711/)5(7“22/)]

removes the pieces on the Mdbius form of the BFKL kernel, which are not
related to the renormalization, but nevertheless are non-conformal.
Therefore, in N=4 SUSY it makes the kernel conformal invariant.
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Thus we find
92 sy (71,725 p) = 6mC (3) 6 (p) — gsusy (71, 72; ) ,

-9 =2 2
gsusy (T1,72;7y) = T12 02 ¢(2) oM + 2ns + Fo In [ 12X _
5) = =55 | — — —
n 72,72 19 9 2N;  \ 4e2v(1)
o9 502 S 2
I Bo Tiar — Toa In Toor
IN. 72 72, ]|
¢ 12 12/
52 52 922 =22 L9 59
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And finally for N = 4 SUSY theory, we put ng = 6, ny = 4, By = 0 and

write
% ch ch ) > 2
ity = G (1 L) [ g

2 2222
2T 2T VDY,

X [0(m11/)0(T2p) + 0(717p)0(T227 ) — 6(711/)d(r22)

-2 42
Tior Toqr
O{s]\[c "1/ o0/ T 12 . T 12

TioTo1r — T11/T 990
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Originally the BFKL approach was developed in the
momentum space.

Transfer to impact parameter space reveals important
properties of the approach.

In the case of scattering of colourless objects the BFKL
kernel can be written in the Mobius form.

The MObius form is greatly simplified in comparison with
the BFKL kernel in the momentum space.
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There was an evident discrepancy between the Mobius
form of the BFKL kernel and the BC kernel.

It was recognized that the discrepancy can be removed
using the ambiguities of the NLO kernels.

The ambiguity is caused by the possibility to redistribute
radiative corrections between the kernels and the impact
factors.

Now it is proved that this ambiguity permits to match the
Mobius form of BFKL kernel and the BC kernel and to
construct the quasi-conformal NLO kernel.
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