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Introduction (definitions and replica trick)

Twist fields

Entanglement entropy of one interval in CFT

N = 2 intervals:

O Trp)y for free compactified boson (Luttinger liquid) and Ising model

[ checks against existing numerical data

Short intervals expansion for N intervals for a CFT in 2 dim.

O small z expansion (free compactified boson and Ising model)

Holographic entanglement entropy
[0 Mutual information in Vaidya spaces (black hole formation)

[ Strong subadditivity and null energy condition

Conclusions and open problems



Entanglement entropy: definition

[0 Quantum system (H) in the ground state | W)
Density matrix p = |[¥)(¥| = Trp" =1

[ Two observers: each one measures only a subset of a
complete set of cummuting observables

[ A’s reduced density matrix (PA = TI“BPJ

[ Entanglement entropy = Von Neumann entropy of p4

Sa = —Tra(palogpa)

H=Ha®Hp

It measures the amount of information shared by A and B

0 S, = Sp if p corresponds to a pure state — S, is not extensive



Geometric entropy: area law

[ Assume that A and B correspond to a spatial bipartition of the system
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[ In d spatial dimensions

Area(dA) |[Bombelli, Koul, Lee, Sorkin, PRD (1986)
Sa X a1 Srednicki, PRL (1993)]

In 1+ 1 dimensional CFT at T'= 0

4
SAzglog

3 — [Holzey, Larsen, Wilczek NPB (1994)]
a



Replica trick

S, = — lim 0 @ [Holzhey, Larsen, Wilczek, NPB (1994)]
n—10n |Calabrese, Cardy, JSTAT (2004)]

1
Renyi entropies [Sn ~1_n log TI’PZ&]
Density matrix p in a thermal state at temperature T'=1/0
Pu
T =
P68 =27 [ty ITTo(6(0-0) = 60 [T (610 8) - 6.0~
T=0 T
o
Z = Tre PH . The trace sews together the edges at 7 =0 and 7 = 3
providing a cylinder with circumference of length (.
pa = ITrpp
The trace Trp sews together
S o only the points ¢ A.

Open cuts are left along the
& disjoint intervals (u;,v;).

A= (uj,v1)U---U(un,vn)



Replica trick and Riemann surfaces

[l n copies of the cylinder above

sewed together cyclically along the cuts

r

S4 = — lim

.

0 Zn(4)

n—1 0On Zn

~N

y,

O Trp’i as a partition function

»w 17 Jk kIl li»
PaPa PaPa —

on the n sheeted Riemann surface R, n

LR n :/c [depy - - - dipn]c exp [—/Cdzdz (Llerl(z,2) ... + Llpal(2,2))

’U,j,’U‘7

-

[Cardy, Castro-Alvaredo, Doyon, JSP (2007)]



Twist fields

]

]

Global symmetry

oc: i1—1+1modn

e [ dzdy Liogl(a.y) = [ dody Llgl(a,y)
o " : 1+1—imodn
The twist fields implement this global symmetry 7

n—1 n—1
T.= || Tox T.= || Tox
k=0 k=0

T,
T, -



Boundary conditions and twist fields

]

-

Rs3.1

Boundary conditions:

271 — 271 =

pi(e ™z, e Z) = j_1(2,2)

Linear combinations of basic fields
which diagonalize the twist

( N

n
~ LA
Gr =) iy, k=01,...,n—1
j=1
X y

- . o ._ ﬁ
271 271 ) _ 627mn

ka(e Z, € < @k(Z,Z) — ekﬁk(zaz) O, =e

Branch-point twist field 7,, ; in the origin
[Dixon, Friedan, Martinec, Shenker, NPB (1987)] [Zamolodchikov, NPB (1987)]




Entanglement of a single interval

[ Two-point function of twist fields for a free complex boson ¢

[Dixon, Friedan, Martinec, Shenker, NPB (1987)]

( )

. 1 _ 1 k k
(Ten (W) T (V) o o[ B A=Ak = 5 (1 — —)

[Calabrese, Cardy, JSTAT (2004)]

[ Partition function on R, 1
[Ryu, Takayanagi JHEP (2006)]

Cn

]u—v[é(”_%)

H Zk o H ﬁ,n(u)j},n(vw —
k=0

Entanglement entropy of a single interval for the free real boson
» c=1

[ )

1 14
— n _ /
SA——anTrpA’nzl— gloga—I—Cl
. y [Holzhey, Larsen, Wilczek, NPB (1994)]




Entanglement of two disjoint intervals

[Calabrese, Cardy and E.T.; JSTAT (2009)]

D A= Al U AQ — [’U,l, 2)1] U [UQ,'UQ] — Rn72

NN

[M Four-point function of twist fields for a free, real, compactified boson ¢

4 (n—1/n) )
S (n—1/n
uy — Usz||vr — V2 o
Trp’y = Zr, , = C- ( ‘ )
PA n,2 "\ Jur — villug — va||ur — vallug — v1|
\
. (ul—vl)(UQ—UQ) ;g/n,Q



Computation

[ Compactification condition

pi (€2, e *2) = pj_1(2,%) + R(mj1 + im;2) m; € Z +iZ
n
Gr(e*™ 2z, e ?™2) = 0,5k (2, 2) +H R Z im;—> &€ RAx 0, = 27k
=1

[ Partition function on R, 2 from the four-point function of twist fields

( N

n—1
ZR — —>» [Dixon, Friedan, Martinec, Shenker, NPB (1987)]
n,2
meZ?2n k=0

. .

s n msin (mk 2
Fulx) = Z H const exp{Qg Sn( ) [|§1|25k/n+ & ]}

mez2n k=0 Dk/n [Fk/n(fﬂ)}2 Bk /n

F,(1—=z)
Fy(z)

By Fy(z) = 2F1(y, 1 —y; 15 2)

M Z¢ does not contribute in the decompactification limit



Main result (1)

[ Regularize the sum (non trivial step!)

I'is a G X G symmetric matrix

Riemann-Siegel theta function
O & with positive imaginary part

O(z|[") = Z exp [imm"-T-m+2rim" - z| 2 e CC
m € ZC
[0 Final result g=e R =R -
(77 — gR2) 4 ~ )
O(0nl') ©(0[nI"
Fn(x) = const n[_l( 1I’) © (Olnl')
k:1Fk/n($)Fk/n(1 - :13)
. J
2 k =2 A AN k
Egg 1n< >5k/ncos [27rn(r—s)] Frszgzglsin (775) G COS [2%5(7“—3)]



Main result (11)

5 = o1 (y,1 —y; 151 — )
Y oF1(y,1—y;1; )

)12
(719}22) Fn(x) = const n[_?(O\nF) O (0/nT)]
1 —1 Fryn(x)Fp (1l — )
nasty

= F,(r)is invariant under z <~ 1 —x (S, = Sp) n dependence

[ Fix the constant s.t. F,(0) =1
[ Riemann-Siegel theta function manipulations

[l Final result >

complex
boson

©(0|nT) ©(0|T/n) ©

o(0T)”

= F,(z) is invariant under n < 1/n




Higher genus Riemann surfaces

’ j{wjz&'j ]{wjzﬂj
bg a; b;

.- 7 — unzcl

O ZYR) = Z exp [im(p-T-p—p-T-P)]

(p,p) € G%,
n mR n mR
— D) = e I - ; Z
GR {<p7p) (R+ 2 7R 9 )7n7m€ }

[0 I is the period matrix of the
n sheeted Riemann surface (9 =n — 1)

(from replication)




decompactification regime: analytic continuation

<> difterent compactification radii

~[60mI)e(0|l'/n:) | [©(0[nI) ©(0|L'/n2)
f""(“")‘[ 6(0]r)? ” 6(0]r)?

[0 decompactification regime: large n (recall the symmetry n < 1/n)

n—1
Ful@) = g
k=1 Fk/n(x)Fk/n<1 T ZIZ)

[ Useful representation:

C
n—l dZ /I:L ...........:
D, (z) = Z log Fi, /() = j Sy cot(mz)log F, s, () En >
k:; ( ) . —¢, e emmenmnnn :
D, (x ' dy w2z
D (zx)=— n :/ — log I,
(@) on |,._4 o 1§ osin® Tz og F=(x)

[0 Mutual information ' Taa, =S4, +S4, —Sa,ua, '

1 Di(z)+ Di(1—=
[IA1:A2(77<<1)—IX:A22_211”7_'_ () 21( )]




Comparison with the numerical data

[ Exact diagonalization of the XXZ spin chain in a magnetic field

(up to L = 30) [Furukawa, Pasquier, Shiraishi, PRL (2009)]
- A e (—1,1] 1
H = (5f5f+1+835?+1+ﬁsf f+1_hsf) L0 ’ } ?721—;arccosA
j=1 =

05

04

IAl:AQ

0.3 B,
T
.t OO g
02 WE%%,?} log 2
01 S0 s
(1/3) log (4/3)
D 1 1 1
02 04 0.6 0.8 1

" X

1 Di(z)+ Di(1 —=x
confirms the formula (IAlez(n <1) -1V 4 ~ —5 I+ 1(7) + Di( )]




Ising model: 2 sheets

L
1+ . 4 1— h
HXYE_Z( 47‘7j‘7j+1+ 4V‘73‘7§¥+1+—%‘>

; 2
g=1
. ' ' ' ' !
: 1 Ising model ' g e ——
~ = anisotropy { 5 e o
0 XX model i ™ .
h = magnetic field WAL o,
e rf"‘ = LS . 2 " % “\
* - L. - = ‘\
B - - \
.t/ - ® ol \
a
* « Extrapolation I:
T | . ¢=2 ,
- . i i PO ekl . _- + (=3 3
1 : * .+ =5
. 2 | 1 « (=8
i i MonteCarlo 2D classical N =10 4
.-' r + Exact Diag. 1D quantum B = (=12
"5 I nl.: J nj.q X I oj‘o ] nfs + =15
/‘ l 1 I 1 l 1 I 1 J 1
0 0.2 0.4 0.6 0.8 1
X
— e ...---"' B>

[Alba, Tagliacozzo and Calabrese; PRB (2010)]

— 1/2
Ao = 754 |G e s )




Ising model

[Calabrese, Cardy and E.T.; JSTAT (2011)]

[0 DBosonization on higher genus Riemann surfaces

% Z ( )Bk/n cos {27”]2(7“ — s)] By = Fy(z) Fy(z) =

[0 Riemann-Siegel theta function with characteristic

@[ g ](2|F) = Z exp lim(m+¢e)' T -(m+e)+2mi(m+e)-(2+9)]

m € ZG

e and § are vectors with n — 1 elements which are either 0 or 1/2

M F.(z) is invariant under x <~ 1 —xz (5S4 = Sp)



Ising model: 3,4, ... sheets

[Fagotti, Calabrese; JSTAT (2010)]
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1.8 N o° L—o0 25 —f
o |
1.7 :_ oo ® s ® ® & » . - L
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15 '_/“.‘,.l‘ A . . . + £=16 1.9 _"ﬂ::::..QO‘ s v * . * . . v
u :f.-"' . . §=32 '/’““‘“..Annln A 4 a o, N K * : .
| N : v 2=48 : M n . .
14 F 4 =64 16k .
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[Calabrese, Cardy and E.T.; JSTAT (2011)]

2.7+ =

1.851 )61 4 _

F3(x)
F,(x)

2.5

1751




Short intervals expansion

]

Trp"y when the lengths ¢, of the intervals are small
w.r.t. to other characteristc lengths of the system

{Ip} H L) 1,) = Z Cir;y @5 |9k, );
{k;}

Cyk,;y for a given interval are independent
of the location and lengths of the other intervals
— find them considering the simplest case
of a single interval I = (—¢/2,¢/2) on the infinite line

Cipy = ¢, 0 (/0 (n=1/n)+5 (A, +Akj

n_ Zj(Akj -|—Ak: ) H 27r7,j/n



Short intervals expansion: two intervals case

O A= |uj,vi|U|ug,v2] and r is the distance between the centers

Trph= > Cliy, 3y (1) Oy 3 (£2) H (k. (1) Pk, (0))C
{k; }{k2;} j=1
r - “

— 2 (Z ¢ )—c/6(n—1/n) Z C14o 2.5(85+85) <ﬁ¢ ( 27m'j/n)>2
L k) -1 A )

[0 This becomes an expansion in the cross ratio x
and the leading contribution comes from the two point function

i i )
sk(n) _ Z . e ’L.(Jl‘h?%)Sk/n 4 o= A, +_Ak
o<y Srmen_y | ST (G2 = J1)/m) [ sk = A — Ay

O MAIN MESSAGE:

The short length expansion of Trp” for two intervals

provides a series of powers whose terms encode all the data of the CFT
(conformal dimensions and OPE coefficients)




Two intervals: small x expansions, first order

C []:n( ) =1+ (422>a82(n) + (433?)2@ sa(n) + ... J

—3 compactified boson « = min(n,1/7] N
—>» Ising a=1/4 N

|
— N

[ The first order comes from the two point function

M3 z:: sin n)]

[0 Analytic continuation of the first order

vVrl(a+1)
s2(1) = N4F( +2)



Two intervals: small x expansions, second order

[[1 The second order in x comes from the four point function

— 2cx 2 20
sa(n) =2 Z Q0" + Q1" + Q] compactified boson
0<51<72<j3<ja<n—1
1/2
sa(n) = Z 0/ Ising model

0<71<j2<y3<gas<n—1

Sin(mja2/n) sin(mj31/n)

— Tkl = Jk = Ji
sin(mja1 /) sin(mja3/n) sin(mwja1/n) sin(mwjs2/n)

sin(mj41/n) sin(mjz /n
sin(mja1 /) sin(mja3/n) sin(wjaz/n
Sln(ﬂ'jgl/n) Sin(ﬂ'j43/n
sin(mja2/n) sin(mjs1 /n) sin(wja1 /0

sin(mj31/n)

N— | N N— | N—r

sin(7mjs2/n)

Agreement with the short length expansion discussed for N intervals



Holographic entanglement entropy

[Ryu, Takayanagi, PRL, JHEP (2006)]

AdS4.2/CFTyy1 correspondence

Prescription: in regularized AdS ‘ N

O Find the minimal area
surface v4 s.t. 0ya = 0A
S A
S, — Area(y4) ‘ A
4G 74 .
q v y N _
B 0
0 d=1 formula Sx = (¢/3)log(l/a)
and the area law
Area(0A) [Bombelli, Koul, Lee, Sorkin, PRD (1986)]
54 qd—1 [Srednicki, PRL (1993)]

are recovered.



Transition in the holographic mutual information

[l The holographic prescription predicts

a transition for the mutual information [Headrick, PRD (2010)]
w__ v U n_ w___u 2 w_
Mfus v Y \\/ Y
1,1 M)
MY ug, ]
Tdis
Yz Yz
O AdSgio
[E.T., JHEP (2011)]
Sa(L1, La; Lo) = min| Ag(L1) + Ag(La) ; Aa(Lo) + Aa(L1 + Lo + L) |
disconnec?c,ed surface connect;a surface

M,

. Ly
15| :

L 50 [

j I1=0

I 40
10 i

I 30
0.5{ f 20; I>0

|

““““““““““““““ L, :“““““““““Ll

20 40 60 80 20 40 60 80



Holographic mutual information: charged black hole

- Ly
O] ds? B — fdt? + dz? n dz? 12;
R? Pz f22 i
l.Oj
_ o ( 2 \%d z \ 4l 0.85
f=1+Q(5) ~M(z) |
0.6
o . 04}
[ Transition curve for the
mutual information when L1 = Lo o2
0 100 200 300 400
L Lo
1o 12,

15 20



Vaidya metrics

[ d—+ 1 dimensional Vaidya metrics

l2
ds® = > [ — (1 = m(v)2%)dv® — 2dzdv + d:EQ]
formation of a black hole through the collapse of null dust
d(d+1) d—1 ,_
G,ul/ — 972 Juv = T/u/ Tyy = 9 Zd 18’0777'(7})
m(v)
1.5

1 4 tanh(v/a,)

-10 -5 5 10

[ Null energy condition 7, N*N* > 0 for Vaidya metrics is d,m(v) > 0

[ The formula for the holographic entanglement entropy has been proposed
[Hubeny, Rangamani, Takayanagi, JHEP (2007)]



Holographic entanglement entropy for Vaidya metrics

[Abajo-Arrastia, Aparicio, Lopez, JHEP (2010)]

25 ———
20 = — T>0 3 Te 15
/_—:—:’:’—"—"_:_:—j‘:——:_
/;jif T time evolution
10 = T
| == Sa | © Jog [ £
= — log | -

/ AT:O 3 5 € AdSs

00 10 20 30 40 50 60
{

The problem has been addressed analytically in the thin shell limit
a, -0 = m(v) = Md(v)
[Balasubramanian et al., PRL, PRD (2011)]

Similar behavior in 3 + 1 bulk dimensions
[A. Allais and E.T., JHEP (2012)]

L,
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Related to the holographic description of global quenches in CFT ?



Holographic mutual information for Vaidya metrics (I)

[Balasubramanian et al., PRD (2011)]

] Geodesics configuration
(connected, disconnected and mixed) [A. Allais and E.T., JHEP (2012)
AdS
< W
. . .
-15 -10 -5
[[1 Transition point in the configuration space
14 30
t=1.0+ 10. t=1.0+15.0
12 a, = 1.00 25 a, =0.00

10

o
< 15 7,,
10 ‘:ég:

fo
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Holographic mutual information for Vaidya metrics (II)

[0 Dependence on the boundary time ¢ (d = 2 and d = 3)

10 6

h=03+53 fr=03+18
a,=1.0 5

§ //‘\

\ g
BN\ B\

0 2 4 6 8 10 12 14 0 1 2 3 4 5 6 7

(=)

1(¢,, 10, 10)

N

55}

[ Dependence on 5 =/¢; (d =2 and d = 3)

20 10

t=1.0+150 t=1.0<+5.
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Null energy condition and strong subadditivity

A. Allais and E.T., JHEP (2012)]
[0 Subadditivity Sa, +54, = Sa,ua, I(A1,A2) >0
Strong subadditivity
Saua, +Sa,04; = Sa, + 54,0404, I(A1, A2 U A3) > I(Ay, Az)

[ For time independent backgrounds the holographic formula satisfies
the strong subadditivity condition  [Headrick, Takayanagi, PRD (2007)]

m(v)

k NEC violated

T v
6
t=1.0+10.0 t=1.0+10.0
ay =100 5 ay = 1.00
4

SSA violated

XA




Holographic tripartite information

D I3(A17 A27 A3) = SAl +SA2 +SA3 _SA1UA2 _SA1UA3 _SAQUA3 +SA1UA2UA3

1 For time independent backgrounds the holographic formula gives I3 < 0
[Hayden, Headrick, Maloney, 1107.2940]

] 1 Holographic I3 for Vaidya metric

’ (d = 2 in the thin shell limit)
i

(5, (o, 5, (o, 5)
b L
\
\

] 4 =032 20 A violation of the null energy condition

leads to a violation of the monogamy

15(5, ¢y, 5,49, 5)
—_ )




Conclusions

[0 Two intervals case:
= Trp’ for the compactified boson and the Ising model

= Analytic continuation in some regimes (e.g. decompactification regime)
Results checked against numerical data from spin chain analysis

[0 N intervals case:

—) Short intervals expansion

( The N > 2 intervals case includes all the data of the CFT )

[0 Holographic mutual information for Vaidya spacetimes

[0 A violation of the null energy condition leads to a violation of

the strong subadditivity and the monogamy condition



Open issues

Analytical continuation for n — 1 of F,,(x)

2R AR AL AAA

Presence of boundaries (quantum quenches), finite T

Zo orbifolded target space at generic radius, minimal models, etc.
Interactions

Generalization to N > 2 intervals

Higher dimensions

Holographic computation of the Renyi entropies found for small ¢

Quantum quenches from the holographic point of view
(more examples needed)

Role of the null energy condition

Thank you!
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