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General Setting
Closed quantum non-equilibrium many-body system

Ĥ(λ(t)), λ(t) = (λ1(t), . . . , λp(t)) ∈M

Instantaneous basis

Ĥ(λ(t))|n(λ(t))〉 = εn(λ(t))|n(λ(t))〉

State of the system

|ψ(λ(t))〉 =
∑

n

an(λ(t))|n(λ(t))〉

i∂t|ψ(t)〉 = Ĥ(t)|ψ(t)〉

=⇒ i∂tan + i
∑
m 6=n

〈n|∂t|m〉am + i〈n|∂t|n〉an = εnan

Density of excitations: nex =
1
Ld

∑
n6=0

|an|2



Quantum Geometric Tensor

i∂tan + i
∑
m 6=n

〈n|∂t|m〉am + i〈n|∂t|n〉an = εnan

t 7→ λ(t) ∂
∂λµ =: ∂µ

p∑
µ=1

i∂µan + i
∑
m 6=n

〈n|∂µ|m〉am + i〈n|∂µ|n〉an

 λ̇µ = εnan

Qµν(λ, n) := ∂µ (〈n|) ∂ν |n〉 − ∂µ (〈n|) |n〉〈n|∂ν |n〉, µ, ν = 1, . . . , p.

J.P. Provost, G. Valle, (Commun. Math. Phys. 76, 289 (1980)).

ReQµν =: gµν Riemannian metric tensor

2 ImQµν =: Fµν Berry curvature



Quantum Geometric Tensor

ReQµν =: gµν Riemannian metric tensor: ds2 = gµνdλµdλν ,
which is related to the quantum fidelity

F(λ,λ + dλ) := |〈0(λ)|0(λ + dλ)〉| = 1− 1
2

ds2 + . . .

2 ImQµν =: Fµν Berry curvature: Fµν = ∂µAν − ∂νAµ, where
Aµ(λ, n) := i〈n|∂µ|n〉 is the Berry connection (connection
1-form)

γ(C, n) =

∫
Σ

Fµνdλµ ∧ dλν =

∫
C=∂Σ

Aµdλµ



Competition: Dynamical and Geometrical Phase

i∂tan + i
∑
m 6=n

〈n|∂t|m〉am + i〈n|∂t|n〉an = εnan

Gauge transformation: an = ãn exp
[∫ t

ti
dτ(−iεn(τ) + iAτ (|n〉))

]
∂tãn = −

∑
m 6=n

〈n|∂t|m〉 exp [iEnm(t)− iΓnm(t)] ãm

Enm(t) =

∫ t

ti
[εn(τ)− εm(τ)] dτ, Γnm(t) =

∫ t

ti
[Aτ (|n〉)− Aτ (|m〉)] dτ



The XY Spin Chain

Ĥ0(g, h) = −
N∑

l=1

(
1 + g

2
σ̂x

l σ̂
x
l+1 +

1− g
2

σ̂y
l σ̂

y
l+1 + hσ̂z

l

)

Ĥ(g, h, φ) = Û(φ) Ĥ0(g, h) Û†(φ), Û(φ(t)) = exp

(
−i

N∑
l=1

σ̂z
l
φ(t)

2

)

J.K. Pachos and C.M. Carollo, Phil. Trans. R. Soc. A15 364, (2006)



Criticalities of the XY Spin Chain

Ĥ(g, h, φ(t)) =
∑

k

εk(g, h)
(

b†kbk + 1
)

εk(g, h) =

√
(h− cos k)2 + g2 sin2 k



Circular Dynamics:

Start in the ground state |GS〉 at ti = 0, φ(t) = ωt, φf = φ(tf )

Ĥ(g, h, φ(t)) = −
∑

k

ĉ†k Ĥk(g, h, φ(t)) ĉk

where

Ĥk =

(
(h− cos k) i g sin k e−2iφ(t)

−i g sin k e2iφ(t) −(h− cos k)

)
, and ĉ†k = (c−k, c

†
k)

k =
2π n

N
, n = ±1,±2, . . . ,±N

2

|Ψ(t)〉 =
⊗

k

|ψ(t)〉k, |ψ(t)〉k = ags,k(t)|gs〉k + aes,k(t)|es〉k

=⇒ pex,k = |aes,k(φf )|2



Circular Dynamics:

nex(ω, φf ) =

π∫
−π

dk
2π

pex,k =

π∫
−π

dk
2π

gφφ(|gs〉k)
sin2 [1

2Ωk(ω)φf
][1

2Ωk(ω)
]2

Ωk(ω) :=

√[
εgs,k − εes,k

ω
− (Aφ(|gs〉k)− Aφ(|es〉k))

]2

+ 4gφφ(|gs〉k)

Slow driving ω ∼ 0:

Ωk(ω) =
εgs,k − εes,k

ω
− (Aφ(|gs〉k)− Aφ(|es〉k)) +O(ω)

Fast driving ω →∞:

Ωk(ω) = 2− 1
2
εgs,k − εes,k

ω
(Aφ(|gs〉k)− Aφ(|es〉k)) +O(

1
ω2 )



Circular Dynamics: Limit of large φf

nex ∼
π∫
−π

dk
2πgφφ(|gs〉k)ω

2

ε2
k
, ω � ∆ε nex ∼ gφφ(|GS〉)1

2
, ω � ∆ε
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Circular Dynamics: Limit of large φf

nex ∼
π∫
−π

dk
2πgφφ(|gs〉k)ω

2

ε2
k
, ω � ∆ε nex ∼ gφφ(|GS〉)1

2
, ω � ∆ε
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Summary

How the geometric phase influences quantum many-body
non-equilibrium dynamics.

Signatures of quantum criticalities in the dependence of the
density of excited quasi-particles on the driving velocity,
“Dynamical quantum phase transition”. Which allows to probe
quantum phase transitions in an indirect way, without crossing
the critical point.

Outlook
Generalization to more complex systems.
Dicke model
Ĥ(φ(t)) = ω0Ĵz + ωâ†â + λ√

N

(
â† + â

) (
eiφ(t)Ĵ+ + e−iφ(t)Ĵ−

)
,

λc =

√
ωω0

2
−→ λc =

√
ω(ω0 + δφ)

2



Rotated Dicke Model

Ĥ0,D = ω0Ĵz + ωâ†â +
λ√
N

(
â† + â

) (
Ĵ+ + Ĵ−

)
ĤD(φ(t)) = Û(φ) Ĥ0,D Û†(φ), Û(φ(t)) = exp

(
−iφ(t)Ĵz

)
Ĥ(φ(t)) = ω0Ĵz + ωâ†â +

λ√
N

(
â† + â

)(
eiφ(t)Ĵ+ + e−iφ(t)Ĵ−

)

R.H. Dicke, Phys. Rev. 93, 99 (1954)

F. Plastina, G. Liberti and A. Carollo, Europhys. Lett., 76, 182188 (2006)

j = N/2



Criticalities of the Dicke Model

Solved in the TDL (N →∞) using Holstein-Primakoff
transformation and Displacement of the bosonic modes:
C. Emary and T. Brandes, Phys. Rev. E 67, 066203 (2003)

λc =
1
2
√
ωω0

K. Baumann et al., Nature
464, 1301-1306 (29 April
2010)



Criticalities of the Dicke Model
Solved in the TDL (N →∞) using Holstein-Primakoff
transformation of SU(2) and Displacement of the bosonic modes:
C. Emary and T. Brandes, Phys. Rev. E 67, 066203 (2003)

λc =
1
2
√
ωω0

ω0 = 1



Coherent States

Spin (atomic) coherent states

|ζ(t)〉 := exp
(
ζ(t)Ĵ+ − ζ∗(t)Ĵ−

)
|j,−j〉, ζ(t) ∈ C

where |j,−j〉 is the “minimal-weight” eigenstate: Ĵz|j,−j〉 = −j|j,−j〉.

〈ζ|Ĵ|ζ〉 = j

sinϑ cosϕ
sinϑ sinϕ

cosϑ


ζ = eiϕ tan

ϑ

2

{|ζ〉} over-complete set!

1̂ =

∫
d2ζ

2j + 1
π(1 + ζζ∗)2 |ζ〉〈ζ|



Coherent States

Field (oscillator) coherent states

|α(t)〉 := exp
(
α(t)â† − α∗(t)â

)
|0〉, α(t) ∈ C

where |0〉 is the vacuum state â|0〉 = 0. â|α〉 = α|α〉

D̂(α) = exp
(
αâ† − α∗â

)
D̂(α)|0〉 = |α〉
D̂(β)|α〉 = eiIm(αβ∗)|α+ β〉

{|α〉} over-complete set!

1̂ =

∫
d2α

1
π
|α〉〈α|



Time-Dependent Mean-Field Approach

S [α(t), ζ(t)] =

∫ tf

ti
dt

[
〈αζ|i∂t − ĤD(φ(t))|ζα〉

]

δS [α(t), ζ(t)] = 0

ζ(t) =
q1(t) + ip1(t)√

4j− (q2
1(t) + p2

1(t))

α(t) =
1√
2

(q2(t) + ip2(t))

Hcl := 〈αζ|ĤD(φ(t))|ζα〉
∂Hcl

∂qi
= −ṗi,

∂Hcl

∂pi
= q̇i



Time-Dependent Mean-Field Approach

q̇1 = ω0p1 − 2λ
(cosφ(t)q1 + sinφ(t)p1) p1q2√

4j
(
4j−

(
q2

1 + p2
1

)) +

+ 2λ

√
4j−

(
q2

1 + p2
1

)
4j

sinφ(t)q2

ṗ1 = −ω0q1 + 2λ
q1 (cosφ(t)q1 + sinφ(t)p1) q2√

4j
(
4j−

(
q2

1 + p2
1

)) +

− 2λ

√
4j−

(
q2

1 + p2
1

)
4j

cosφ(t)q2

q̇2 = ωp2

ṗ2 = ωq2 + 2λ

√
4j−

(
q2

1 + p2
1

)
4j

(cosφ(t)q1 + sinφ(t)p1)



Fixed Points

q1,c1 = 0, p1,c1 = 0, q2,c1 = 0, p2,c1 = 0, stable if λ <

√
ω(ω0 + δφ)

2

q1,c2,3 = ∓

√
2j
(

1−
ω(ω0 + δφ)

4λ2

)
cosφ(t)

p1,c2,3 = ∓

√
2j
(

1−
ω(ω0 + δφ)

4λ2

)
sinφ(t)

q2,c2,3 =
2λ
ω

√√√√j

(
1−

(
ω(ω0 + δφ)

4λ2

)2
)

p2,c2,3 = 0

real and stable if λ >

√
ω(ω0 + δφ)

2

φ(t) = δφ t



Fixed Point - Circles
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Mean Photon Number

〈â†â〉 = 〈ψ(tf )|â†â|ψ(tf )〉 = |αc2 |
2 =

=

 1
2

(2λ
ω

)2
[

1−
(
ω(ω0+δφ)

4λ2

)2
]

if λ ≥ 1
2

√
ω(ω0 + δφ)

0 if λ < 1
2

√
ω(ω0 + δφ)
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Check validity of TDMF equations
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Check validity of TDMF equations
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Summary

The geometric phase

γ =

∫
C

i 〈n|∂j|n〉 dλj

can induces “dynamical quantum phase transition” in different
rotationally driven quantum systems. Which allows one to probe
quantum phase transitions in an indirect way, without crossing
the critical point.



Thank you!



Ĥ(φ(t)) = ω0Ĵz + ωâ†â +
λ√
N

(
â† + â

)(
eiφ(t)Ĵ+ + e−iφ(t)Ĵ−

)
〈â†â〉 = 〈ψ(tf )|â†â|ψ(tf )〉 = 〈0|〈j,−j|Û†(tf )â†âÛ(tf )|j,−j〉|0〉
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Ĥ(φ(t)) = ω0Ĵz + ωâ†â +
λ√
N

(
â† + â

)(
eiφ(t)Ĵ+ + e−iφ(t)Ĵ−

)
〈â†â〉 = 〈ψ(tf )|â†â|ψ(tf )〉 = 〈GST |Û†(tf )â†âÛ(tf )|GST〉

φ(t) = δφ t, tf =
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)2
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