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that
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® RG approach:
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Motivations

Present and future probes of DE: BAO,Weak Lensing, LyX, 21cm, ...

they all require improved computational techniques
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Ex.: BAO from WFMOS

(2M galaxies at 0.5<z<1.3)
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Goal: predict the LSS power spectrum to % accuracy.



Present Status: Pert. Theory |.joop PT

Jeong Komatsu, ‘06
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Non-linearities becomes more and more

relevant in the DE-sensitive range 0<z<|



Present Status: N-body simulations+fitting functions
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~10% discrepancies between fitting functions and simulations

redshift-space distorsions quite hard



Goals

® |Improve Pert.Theory towards lower z and higher k
® Study the effect of non-linearities on BAO

® Redshift-space distorsions



Dark Matter Hydrodynamics

The DM particle distribution function, f(X, P, 7‘) , obeys the Vlasov equation:

of | P -Vf—amVe¢- -Vyf =0

or  am

X 3
where p:amZ—T and v2gb: §QMH25

Taking momentum moments, i.e., /d?’pf(x, p,7) = p(x,7) = (7)1 + §(x, 7)]

/d3p %f(x, p,7) = p(X, T)vi(X, 7)

Pi Dy
[ % B px ) = plox, s e o 7) + ()

and neglecting 05 and higher moments (single stream approximation), one gets...



Equations of motion for single-stream cosmology

00 ov
P V- [(1+9)v]=0, ppn Hv + (v-V)v=—-V¢

In Fourier space, ( defining Q(X, T) =V V(X7 7') ),

00(k, 1)
0T

—+ H(k, 7') + /d3k1d3k2 (SD(k — kl — kz)()é(kl,kz)@(k177)5(k2,7) =0

aeé(;: ) +HOk,T) + gQMHQcS(k, T) + /d3k1d3k2 6p(k —ky — ka)B(k1,k2)0(ky,7)0(ka, 7) =0

(k1 +ka) - ky
kY

mode-mode coupling controlled by: a(ky, ka) =

kq + ka|?(ky - ko)
ki.ko) =
6( 1, 2) Qk%kg




Tl”ad |t|0na| Pe rtu I"batIOn TheO I’)’ fastest growing mode only

Assume EdS, {25y = 1, then solutions have the form o(k,7) = Z 7)0n (k)
1

n

O(k,7) = —H(T) > a”\(T)Hn(k)

fastest growing mode only

S

with
/ Py P 0K — qr. 2 Fa(qa, - @n)00(qa) - - - 60(ctn)

/ By .. Pan ok — q1..0)Gn (s - - an)do(qa) - - - 50 (qn)

The Kernels F, and (5,, satisfy recursion relations, with '} = G; = 1,and 0; = 61 = Jp:

L (ha--me)
Fulau,--- dn) = 2 on+3)(n — 1)

[(QTL —+ 1) (kla k2)Fn—m(Qm—|—1a s 7qn> + 26<k17 k2)Gn—m<qm—|—17 c ey qn)]

Gn(q17 T 7qn) —

where ki =qi1+...+9m, ke=dmt1+...+dn



Traditional Diagrammar Fry, 84
Goroff et al, ‘86

Wise, ‘88
7 Scoccimarro, Frieman, ‘96
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Compact Perturbation Theory

Crocce, Scoccimarro ‘05

The hydrodynamical equations for density and velocity perturbations,

5 0
8—+V-[(1+5)v]:0, —V+Hv+(v-V)V=—V¢,
0T or

can be written in a compact form (we assume an EdS model):

(5aba77 + Qab) Spb(na k) — enf)/abc(ka _kla _k2) 905(777 kl) 906(777 k2) (1)

)

and the only non-zero components of the vertex are

Y121 (k1, ke, ks) = y112(k1, ks, ko) = dp(ks + ko + ks)

where ( o g

2 (1, 6n< —95(5777»’1‘1{))/71 ) = log ai- 0o ( —?1/2 3_/12 )

m

(ko + k3) - ko
202

ko + k3!2 ko - k3

7222(1{1, k27 k3) — 5D(k1 + ko + k3) 2 1.2
2 k32 k2




An a‘Ctlon PrInCIPle Matarrese, M.P, ‘06

Eq. (1) can be derived by varying the action

S = f dnldng Xa g;bl Pb — f d?] e’ Yabe Xa b Pc

where the auxiliary field X«(7, k) has been introduced and gu»(71,72) is the retarded propagator:

(6aban + Qab) gbc(na 77/) — 5ac 5D (77 — 77/)
sothat (1, k) = gu, (1,17 (1, k) is the solution of the linear equation

B_l
B+A€_5/2 m—"2) N1 > N2 o g

m <2
1 2 -2
A_5<—3 3>

N\
(32

Explicitly, one finds:  g(71,72)

1
Initial conditions: 90b(77 vk) X Up = ( 1 ) :



A generating functional

The probability of the configuration ¥a(7¢), given the initial condition ©4 (7)), is

Ploa(nr); pa(ni)]l = 0 [pa(ng) — @alng; ©alni)]
fixed extrema solution of the e.o.m.

v ny
~ | D", Dxypexp {z/ dn Xa [(0abO0n + Qap) b — 677%1)(:%%]}
n

7

only tree-level (saddle point)

The generating functional at fixed initial conditions is

nf

ZJay Np; 0c(0i)] = /Dsoa(nf)exp {@/ dn(Japa + AbXb)} Ploa(ns); ©a(n:)]

7



We are interested in statistical correlations, not in single solutions:
21 Mo K's] = [ Dipelm)Wlpon): K's1Z 1 i )

where all the initial correlations are contained in

W[Spc(m)Q Kfs] = exXp {—Sﬁa(m; k)Ka(k) — %g@a(m; ka)Kvab(ka7 kb)gpb(m; kb) 4 .. }

In the case of Gaussian initial conditions: (K(k));& — Pgb (k) — uaubPO (k)

Putting all together...

1 B ~1 . _ .
5 X8 'Plgt "y +ixg 19@} —@/dn[e”’yws&—Js&—Ax]}

Z[J, Al Z/DsoDxeXp{/dmdnz

where the initial conditions are encoded in the linear power spectrum:PaLb(m n'; k) = (g(n)PO(k)gT(n/))ab

Derivatives of Z w.r.t. the sources ] and A give all the N-point correlation functions (power
spectrum, bispectrum, ...) and the full propagator (k-dependent growth factor)



Compact Diagrammar

------- propagator (linear growth factor): —% gab(Nas M)
a D b power spectrum: Py (1as 103 K)
¢ |
i interaction vertex: —i €7 Vape(Ka,s Kb, Ke)

Example: |-loop correction to the density power spectrum:

]
+
|

All known results in cosmological perturbation theory are expressible in
terms of diagrams in which only a trilinear fundamental interaction appears




|-loop PT: how good is it!

Makino et al.92

Pk, 7) = D2(1)Py1 (k) + D () [Pi3(k) + Poo (k)] + ... |

o kgpll(k) o0 12 9 4 3 2 3 2 1+
13(k) = 555 (271')2 /O dr Py (kr) [T_2 — 158 4+ 1007r° — 42r= + 3 (7“ — 1) (7r“ 4+ 2)In T ]
k3 > 1 1/2 (37“ + Tx — 107“:132)2
P (k) = drPp; (k dzPpy |k (14712 —2
22() 98(2@/0 ' ”(T)/_l ! ”[ (147 =2ra) } (1472 — 2rz)’

Linear growth factor: encodes different cosmologies at best than % level

D(T) — 51 (’7')/5initial Ex: P22 (ACDM)/P22 (EdS) ~J ]_006 (Z — O) (Jeong Komatsu,‘06)
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Beyond perturbation theory: the renormalization group

Inspired by applications of Wilsonian RG to field theory,

here the RG parameter is the log of redshift : n = log -

Ain

Recipe: define a cut-off propagator as 87 (m, m') =g(n, n")O(7 —n) (step function)

then, plug it into the generating functional: Z[J, A] — Z;[J, A]

1 _ 1 . _ .
Z5(J, A =/D¢Dxexp{/dmdn2 [—éxgan%g;f x+@xgﬁ1¢] —@/dn[e”vxw—Jgo—Ax]}

this object generates all the N-point functions for the Universe in which
the growth of perturbation has been frozen at 1)

The evolution from 17 =0 to 77 =7 can be described non-perturbatively by RG equations:

o 7 _ /|10 —1 pL T 52277 0 —1 522—
o5 Zn = | dndi [2 o (977 F 9 )ab 5Apoh, — YonJab, 757,60,

the RG eq. for the power spectrum is obtained by deriving twice wrt. the source |, the
bispectrum by deriving three times, and so on...



In pictures...

s
I
2

Thick lines and bold circles represent full (i.e. non-perturbative) propagators,
power-spectrums, and vertices. Crosses represent the RG kernel.

Notice that an infinite number of vertices (3-linear, 4-linear,...) are generated.
The infinite hierarchy of equations has to be truncated.

The equations can also be solved perturbatively. PT is fully reproduced.



Application: the power spectrum

The full propagator has the structure: G (7, 7', k) = (gﬁ_1 — ) (n, 7, k)

and the full power spectrum: P (1, ', k) = (GﬁgglP%gg_lGnT)ab + (G7®5G1 )ab

Simple truncation scheme: take > ., =0, D5 (0, n'; k) = @i(k) ugup (1) (n')

(Uq is proportional to the initial conditions.
for the growing mode U1 = U2 )

then Pﬁ,ab(na 77,7 k) — gﬁ,ac(nv O) uC(PO T (I)ﬁ)(k) Ud gﬁybd<77/7 O)

N

renormalized power spectrum

®:(k) evolves according to the following RG equation:

9, on K ~ 0 /1 0 2 1/2y_2°(L —rz)”

[ — — @‘ P @‘ k 1 - 2

(k) = e /O dr(PY -+ ®y)(kr) { [ da(PP o @g)(k(1 472 = 20m)!/%) s
1 18 ) 4 9(r2 — 1)3 5 147

with the initial condition:  @,(k) =0 for 7 =0




At this level of approximation, the exact RG equation reduces (almost) exactly to that

considered by McDonald [2], which already shows a remarkable improvement on |-loop

perturbation theory:

1.2

P/P_ or P/Pg,

0.8

1.2

P/P, or P/Pg,

0.8 |- )

.01 0.1

N-body (fitting formula)

from McDonald, astro-ph/0606028




Conclusions

0) It is very important to quantify departures from linear theory in order to compare cosmological
models with future galaxy surveys.The 0<z<I range is the most delicate for DE studies;

|) The compact perturbation theory formulated by Crocce and Scoccimarro is a very convenient
starting point for applying RG techniques to cosmology;

2) Exact RG equations can be derived for any kind of correlation function and for the scale-dependent
growth factor;

3) Systematic approximation schemes, based on truncations of the full hierarchy of equations, can be
applied, borrowing the experience from field theory;

4) A simple approximation scheme already improves on |-loop perturbation theory at z=0;

5) Immediate lines of development include: computation of the bispectrum and of the scale-dependent
growth factor, improved truncations for the power spectrum, redshift-space distorsions, non-gaussian
initial conditions.



