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1. Introduction: frustrated spin-1/2 J;-J, XXZ chain
2. Phase diagram of J,-J, XXZ spin chain (J, is antiferromagnetic)
a. J>0 (antiferromagnetic) review

b. J,<0 (ferromagnetic) new results



frustrated spin-1/2 XXZ chain
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If J, is antiferromagnetic,
spins are frustrated regardless of the sign of J,.

J;-J, spin chain is the simplest spin model
with frustration.



Quasi-1D spin-1/2 frustrated magnets with ferro J,
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Model

Frustrated spin-1/2 J;-J, XXZ chain

H= " J,(S78%,, +5YSY,  +AS:Sz, )

m=1,2 3

easy-plane anisotropy 0<ALI1

Spins are frustrated when J,>0,
irrespective of the sign of J;.

Classical ground state (0 <A<1)
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Quantum case S=1/2

» Classical spiral (chiral) order is destroyed by strong quantum fluctuations in 1D.

» Antiferromagnetic case (J,>0,J,>0) is well understood.

- Singlet dimer order is stabilized (J,/J,>0.24).

Haldane, PRB1982 ﬂ ﬂ ﬂ
Nomura & Okamoto, J.Phys.A 1994 N N N
White & Affleck, PRB 1996 1

Eggert, PRB 1996 @ = EU ) —1IM)

- Vector chiral order (quantum remnant of the spiral phase)

is found for small J,/J, <0.8, A<0.2 Nersesyan,Gogolin,& Essler, PRL 1998
N . Hikihara,Kaburagi,& Kawamura, PRB 2001
(ijsjﬂ)z LRO

Quantum analogue of spiral state
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Phase diagram of spin-1/2 J,-J, chain

Ground-state phase diagram for AF-J, case
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Quantum case S=1/2

» The ferromagnetic-J, case (J,<0,J,>0) not well understood

-Stability of the vector chiral order ?
(crucial in understanding the emergence of multiferroicity)

- Any other novel quantum phases arising from frustration?

Our work: the ground-state phase diagram for J,<0.

Method:
* nuUMerics:

v" time evolving block decimation for infinite system (iTEBD)
v’ exact diagonalization

« perturbative RG analysis around J,=0 or J,=0.
Symmetry broken state can be studied.
Order parameter can be measured.



antiferromagnetic J,: brief review



Ground-state phase diagram for AF-J, case
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XXZ spin chain

H =3, (S8}, +5]S},+AS;S}, )
J

* Exactly solvable: Bethe ansatz
gapless phase —1<A <1

PEAttt /oy bt

| | > A
-1 . T .
ferromagnetic Tomonaga-Luttinger antiferromagnetic
Ising order liquid Ising order
LRO gapless excitations LRO

energy 9ap power-law correlations energy g9ap



e Effective field theory: bosonization

H, = % [ dx[K (6,0) +%(ax¢)2 —icos(x/g@}

@(x), B(X) : bosonic field [¢(X),5y6’(Y)] =id(x-y)

relevant for ‘A‘ >1
COS(\/g¢) is — irrelevant for ‘A‘<1

marginally irrelevant for A=1

~——

For ‘A‘Sl
A:—cos(%j: K=2 atA=0 K=latA=1

V:sin(my) nzizl—icos‘lA

2(1-7) K T




¢ |n the critical phase —1<A<1

> The cosine term is irrelevant in the low-energy limit

o 1
H = %jdX[K (5)(9)2 +E(5X¢)2}: Gaussian model

#(X), O(X) : bosonic scalar field 1 [6(x).2,005)]=15(x—y)
& Spin operators " K
57 =0 | by(-1)' + b, cos (V2 (1)) +-- N (5587 )=~ (_r?r - r,jl,n o
S = %@(ﬁ(l)—ai(—l)' cos(2zg(l) )+ (sis7)= _?zrﬁ A (;ylg e
+ NN bond (energy) operators n=latA=1

+ 1 +o— -0+ Z IQl
O; () :Z(Sl St S|+1)’ O, (=SS,

O (1) =c¢ +c7 (~1) sin [\/7¢(X,)] +C0 (0,8( )" +c2(8,00%)) +---



Ground-state phase diagram for AF-J, case
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dimer phase  (S;-S;,-S;,,-S;,,)#0
S Haldane ‘82
S;+S;1=C +C/ (—1)I Sin [\/2ﬂ¢(x|)]+--- White & Affleck ‘96

V > 1 2
Har = [ dx[K(axe) +(0.9) —/lcos(\/g@}
J,>0 changes /4 (and scaling dimension of COS(\/;¢)) Aocd -,

If Cos(ﬁgﬁ) is relevant and 4 <0,

theng(X) is pinned at ¢ =+,/7/8 or —\/7%. — <sin(\/7¢)>¢o
dimer LRO
If COS<\/8_7Z¢) is relevant and A >0, — <cos(\/E¢)>¢O

theng(X) is pinned at ~ $=0o0r {J7z/2. Neel LRO
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Ground-state phase diagram for AF-J, case
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Ground-state phase diagram for AF-J, case
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Perturbative RG at J,<<J,

SU(2) symmetric case
Non-Abelian bosonization SU(2); WZW  white & Affleck, PRB (1996)

S1; = M;(x) + (—1)/N; (x) Sy; = My (x) + (—1)/ N, (x)
11251,;' ' (Sz,j + 52,j+1) - 01 f dx(MlL *Myg + My MZL)
J

1-1 R : :
oop RG %: g’ J1 > 0 marginally relevant == dimer order

o]

J; < 0 marginallyirrelevant mmsp ??7?



Perturbative RG at J,<<J,

XXZ case Nersesyan, Gogolin, & Essler, PRL (1998)

5+| :eiﬁﬁﬂ(l)[bo(_l)l +b1COS(\/§¢ (|))+...}

St =——0,4,(1)-a(-D) cos(@¢ (|))

F
J,(S7+5011)S,; +he.~ g, COS(F¢ )cos(\/ﬁé? )+ 9,0,0. sin(ﬁ@_)
\ 4 4

1 1
P, :%(@i‘rﬁz)’ 0, = %(8 +9) dimer order vector chiral order
J,(S7+5011)S55 ~ [(8X¢+ ) —(8.¢ )2] scaling dimensions
J K B —
m) K, ~KFK2L N Py
- Vv
K=2 atA=0, K=latA=1 g g,: 1+Ki

Vector chiral order is favored near A= 0



Vector chiral phase p-type nematic Andreev-Grishchuk (1984)

When 0, a9, Sin(\/ﬂé’_) is relevant — <sin (\/EH_ )> %0, <d9+ > =0
dx dx

Lo . Nersesyan-Gogolin-Essler (1998
+ Characteristics of the vector chiral state y J ( )

» Vector chiral order Vector chiral order < y < 0
20 =((8,x8,.)") ~ ~(sin(v270. ) /\@7\@7\
(2):(~ g )Z ~_ do, Q @ @

X < S| X542 > dx

opposite sign (7®,7®)=(+-) or (~+)  doubly degenerate ground state

» S*SX & SXSY spin correlation
(sys7) ~ K. cos(ar) (sys!)~ ip K sin(qr)

power-law decay, incommensurate

A quantum counterpart of the classical helical state




Ground-state phase diagram for AF-J, case
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New Results for the J,-J, spin chain
with ferromagnetic J,
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Phase diagram & chiral order parameter ((S; x S2)?)

ferromagnetic J, antiferromagnetic J,
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The vector chiral phase is larger in the ferromagnetic J, case
and extends up to the vicinity of the isotropic case A ~ 1.



Two decoupled J, chains

Perturbation around J,=0

Hy = Y %Idx[K(&xﬁﬂ)z +%(ax¢ﬂ)2 +ﬂ,cos(ﬁ¢y)}

1=1,2
S¢, =20 [ by (1)’ +b1cos(\/ﬂ¢ﬂ(|))+..}
S,/ =%8X¢ﬂ(l)—a1(_1)' cos(\/7¢ﬂ(|))+...

J,(S7+501,)S,; +he.~ g, cos(\/ﬁﬁ)cos(\/ﬁe_ ) +9,0,0, sin (\/EQ_)
$ 4

1 1
9. :ﬁ(@ J—r¢2)’ 0, :ﬁ(‘gl ié)2) dimer order vector chiral order
; , , 2 2 scaling dimensions
Jl(Sl,j +Sl,j+1)82,j ~‘]1|:(ax¢+) _(ax¢—) J mran 1
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Vector chiral phase p-type nematic Andreev-Grishchuk (1984)

When 0, a9, Sin(\/ﬂé’_) is relevant — <sin (\/EH_ )> %0, <d9+ > =0
dx dx

Lo . Nersesyan-Gogolin-Essler (1998
+ Characteristics of the vector chiral state y J ( )

» Vector chiral order Vector chiral order < y < 0
O _/(cwe Y i < <
) = <(sI xS,1) > ~ —<sm (\/Ze_»
L e OO
X :<(S|XS|+2) >~_ g < < <«
X - N
Same sign (z®, x®)=(++) or (-,-) no net spin current flow

dout.)ly degenefate ground state ] Z|(1) 2] Z|(2) -0
» S¥XS* & S*SY spin correlation \_ i 2 /

(sys7) ~ K. cos(ar) (sys!)~ ip K sin(qr)

power-law decay, incommensurate

A quantum counterpart of the classical helical state




Phase diagram & chiral order parameter ((S; x S2)?)

ferromagnetic J, antiferromagnetic J,
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Ground-state phase diagram for Ferro-J, case
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Sine-Gordon model for spin-1/2 J;-J, XXZ chain
with ferromagnetic coupling J,

L . J, chain
We begin with the J,=0 limit. PP P P P

J1 < 0 Ferromagnetic

Hiy = lel [5 (Sj Sivt h‘C‘) T A5 55 0 < A <1 Easy-plane
j:

/A = ] Ferromagnetic

S~ — SU(2) Heisenberg

Effective Hamiltonian (sine-Gordon model)
1

Hy = % | dx[K (8,6) +E(ax¢)2 —/Icos(x/ggﬁ)}

TL-liquid (free-boson) part irrelevant perturbation

A =cos(71), O<n£%
Sin(my)

locity V=|J,|————=
TL-liquid parameter K = Ve ‘ 1‘ 2(1—77)

1
7



Spin and dimer operators

27T

fzfax¢+(—1)j cos(v2zg)+...
4 S = [bo +(—1)jblcos(\/ﬂ¢)+..}
S-S0 =S, -8, =c(-1) sin(V27g)+ ..

If the cosine term -4 cos(x/87z¢) becomes relevant, then

—_—

BKT-type RG equation

dyd—(ll) = —y3(0),

Wol) — ).

—

A>0 ) $=0,7/2 =) COS(E¢)¢O Neel order
A< O g=x/7/8 e sin(y274)#0 dimer order

J, chain

TLL —
Y =4K — 2



Exact coupling constant for the XXZ chain (J,=0)

- _2_9
77 n
I'{ 1
7,—0 = ——sin| — -
2 1
m g g \/4wr(1+2 5 )
i — &1 /) _

S. Lukyanov, Nucl. Phys. B (1998)

It vanishes and changes sign at
77:1/71 e, A =cos(m/n) n=345---.

1%t order correction (in )\ ) to excitation gaps of finite systems

L L\2"%n
—(ED—EN) = 21\ (—) .
v 2T

exact diagonalization

Ep — Egs “Dimer” excitation Level spectroscopy



We can find the position of A=0 using numerical exact-diagonalization method.

L L2272/

-

ax10t - o .

L/v) (Ep - Ey)
=]

~oax10t -

[l onll unll onll e
I 1D D —
D00 O

4| [
-4x10 ° I7/! analytic (L=24) ———
el I

0.5 0.6 0.7 A 0.8 0.9 1

A=0at A=cos(z/n)



L L2/
—(ED — EN) = 27 <—)

v 2T

Generally the exact value of A is not known
in the presence of additional perturbations (J,).

We can find the position of A=0 numerically by the condition
Ep — En =0

R

If J, perturbation makes the A term relevant,
Neel and dimer phases will emerge.

A > () — ¢:O,«/7z/2 —_— COS(x/i¢)¢O Neel order

A= (0 == Gaussian phase transition point (c=1)

A< (O wp $=1+/7/8 we—p Sin(\/i¢)¢0 dimer order




Phase diagram and Neel/dimer order parameters

Ground-state phase diagram of easy-plane anisotropic J;-J, chain
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Phase diagram and Neel/dimer order parameters

Ground-state phase diagram of easy-plane anisotropic J;-J, chain
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Direct calculation of order parameters using iTEBD

XY component of dimer

Z component of dimer

Ty
D123

z
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(5755 +5155) — (5355 + 55.55),

S7S% — §i 8%,

dimer order parameter

—

Neel operator (z component of spin)

T, /13,

St

staggered magnetization
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Neel phase

The existence of the Neel phase is against our intuition:
ferromagnetic J, <0 & easy-plane anisotropy A <1.

Spin-spin correlation functions in the Neel phase
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Short-range behavior is different from
that of the standard Neel order.



Dimer order parameter
Dy5s == ( [(ST57 +5753) — (9355 + 5555)] )
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Dimer order parameters - |
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Dimer phases
FM-J, case
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AF-J, case
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Dimer order parameters - I
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Digs := ( [(STS55 + 5153) — (5555

Dimer order parameters

T2z = (5153 — 5353))

chiral

E\é\a.\a - dimeri

/\ different type of dimer order
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string correlation function
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Sato, Furukawa, Onoda & AF
Mod. Phys. Lett. 25, 901 (2011)
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1-loop RG revisited

SU(2) symmetric case §u,j — 1\7{’” (x) + (_1)117”(35)

Ops = Mg - My, + Msg - Moy,
O1 =M - Msp, + My - Msp.
Oy =M -Msop + M, - Moy,

a . .
O W — N * U_EN* - N‘ * (.)Q_:N .
tw = 5 (V1 2 1) gbs(0) = —0.23(270),  ¢1(0) = g2(0) = 2.J1a.

el ~ ;
Oigiw = 5(61(")1:62 — Egrﬂm{:l). gew(0) = Jra, gaww(0) =0,

=

“y e 2
Gbs — G T ( Ttw ( Tdtw

(;1 — (; ( t'w' C;t“r (;dt“" Y
G:t.w — _EGbs Ttw T ;1(;tw - 261 Tdtw

. 3 3 Nersesyan, Gogolin, Essler (1998)
(‘f C_ ™ C‘*r . .

Tdtw — 2 ThsGdtw — o 1w Itoi, Qin (2001)

= Starykh, Balents (2004)



dimensionless coupling constants

Numerical integration of 1-loop RG eq.

G,

- /)2 = 0.2
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logarithmic RG scale

dimensionless coupling constants
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Summary

ferromagnetic J,

antiferromagnetic J;
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Furukawa, Sato & AF
PRB 81, 094410 (2010)

Sato, Furukawa, Onoda & AF
Mod. Phys. Lett. 25, 901 (2011)
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In preparation (to be submitted to PRB)
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