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Pair condensates Interplay of strings and vortices Novel signatures

Interference of independent BECs
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Pair condensates Interplay of strings and vortices Novel signatures

Interference of independent BECs

Definite phase |∆θ〉 =
N∑

n=0

e in∆θ |n〉L |N − n〉R

Definite number |n〉L |N − n〉R =

∫ 2π

0

d (∆θ)

2π
|∆θ〉 e−in∆θ



Pair condensates Interplay of strings and vortices Novel signatures

Pair condensates: Ising variables in an XY system
Take a condensate of molecules and split it

|Ψ〉 =

N/2∑

n=0

|2n〉L |N − 2n〉R
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Pair condensates: Ising variables in an XY system

Dissociate pairs
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Pair condensates: Ising variables in an XY system

What is the resulting state?

Superposition involves only even numbers of atoms

N/2∑

n=0

|2n〉L |N − 2n〉R =
1

2

N∑

n=0

|n〉L |N − n〉R +
1

2

N∑

n=0

(−1)n |n〉L |N − n〉R

=
1

2
(|∆θ = 0〉+ |∆θ = π〉)
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Pair condensates: Ising variables in an XY system

What are the consequences for the phase diagram?
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Outline

Pair condensates

Interplay of strings and vortices

Novel signatures
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Vortices give a twist in 2D

Quantized vortices: phase increases by 2π × q (Integer q)

v =
1

m
∇θ =

1

m

êθ
r

Kinetic energy =
mn

2

∫
dr v2 =

πn

m
ln

(
L

ξ

)
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The Kosterlitz–Thouless transition

Consider free energy of a single integer vortex

Entropy, S = kB ln

(
L

ξ

)2

F = E − TS =
(πn
m
− 2kBT

)
ln

(
L

ξ

)

Vanishes at

kBTc =
π

2

n

m
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The Kosterlitz–Thouless transition

Consider free energy of a single integer vortex
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)
ln
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)
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Pair condensates Interplay of strings and vortices Novel signatures

A simple model for pair condensates

HGXY = −
∑

〈ij〉

[
Hopping︷ ︸︸ ︷

∆ cos(θi − θj) +

Pair hopping︷ ︸︸ ︷
(1−∆) cos (2θi − 2θj)

]

Korshunov (1985), Lee & Grinstein (1985)

• ∆ = 1 is usual XY; ∆ = 0 is π-periodic XY

• ∆ > 0 → metastable min. → line tension along π-phase jump
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“Half” Kosterlitz–Thouless transition at ∆ = 0

E =
mn

2

∫
dr v2 =

πn

4m
ln

(
L

ξ

)

F = U − TS =
( πn

4m
− 2kBT

)
ln

(
L

ξ

)

Vanishes at

kBTc =
π

8

n

m
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Schematic phase diagram

HGXY = −
∑
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[∆ cos(θi − θj) + (1−∆) cos (2θi − 2θj)]

What is the nature of phase transition along dotted line?
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Almost tetratic phases of colloidal rectangles1

different phases. The correlation functions are calculated
from an interactive data language !IDL" algorithm which lo-
cates the center and long axis of each rod. In the isotropic
phase the correlation functions decay rapidly to zero on the
distance scale of a rod length. In the nematic phase the decay
is much slower both for g2 and g4. Of course, perfect order
for one m will produce perfect order for all higher m and
correlation for m=1 will induce correlation in g2m!2. In fact,
for power law decay in g2"r−# we expect power law decay
g2m"r−#m2

#6,14$. For the nematic we plot !g2"4 and g4 to-
gether as the inset of Fig. 2!b". The strong overlap confirms
that the tetratic correlations in this phase are parasitic to the
nematic order. Such a simple parasitic dependence cannot,
however, explain the behavior in the middle panel of Fig.
2!b" where g4 is larger and longer ranged than g2. This is
where we might expect a tetratic phase.

Theoretically both the nematic-isotropic and tetratic-
isotropic transitions are expected to be KT transitions #15$
caused by unbinding of $ or $ /2 disclinations respectively.
Associated with the unbinding is a discontinuous drop of an
elastic !Franck" constant from a universal value K
=m28kBT /$ to zero #13,16–18$. The elastic constant respon-
sible for order parameter rigidity determines the range of the
correlation function g2m!r"%ar−2m2kBT/$K%ar−#2m and the
decay of the average order parameter with system size,
S2m%cN−kBTm2/2$K%cN−#2m/4 #6,14$. For thermodynamic
stability the exponent #2m must be less than 1

4 for the small-

est m that shows quasi-long-range order #15,16,18$.
Suppose that the sequence of transitions is isotropic-

tetratic-nematic. Then on increasing density the complete
continuous rotational symmetry is broken in favor of a sys-
tem with discrete fourfold rotations via a KT transition. The
discrete fourfold tetratic symmetry would then be further
broken by an Ising transition to a nematic with discrete two-
fold rotations. This latter transition would be mediated by the
growth of horizontally and vertically aligned nematic do-
mains and the elimination of the $ /2 domain walls separat-
ing these domains.

The first test of this scenario is the value of the exponent
#4. Our measurements of g4 never yield a value of #4 less
than 1/4. In fact, the value of #4 in the tetraticlike region is
%1. In Fig. 3!b" we plot 1 /#2 and 1/#4 as a function of the
particle density or packing fraction. We see that 1 /#4%4 and
#4!1/4 in the density region below the nematic phase
where 1/#2!4 Thus with #4! 1

4 we do not have a true
tetratic phase. The next question is whether we have a true,
stable, nematic phase. In Fig. 3 we show the nematic
order parameter S2 evaluated as an average over a
73 &m'112 &m window along with the exponent #2 from
the dependence of S2 on N. Here we see that S2, the Franck

FIG. 3. !a" Nematic and tetratic order parameter and !b" nematic
and tetratic decay exponent as a function of 2D packing fraction.
For the nematic phase, the Franck constant has a relation with #2:
#2=2kBT /$K.

FIG. 4. !Color online" !a" Disclinations and domain walls for the
almost tetratic sample. Star, plus, and square denote $, $ /2, and
−$ /2 dislcinations, respectively. Lines !blue in color" indicate the
location of walls. Bound tetratic disclinations are connected by
white segments !white-red in color". The free disclinations are
shown in isolated symbols. !b" Schematic of correlation functions
arising from topological defects. The dotted line represents the
nematic correlation function g2!r" expected from the distance be-
tween $ disclinations. The solid line represents the tetratic correla-
tion function g4!r" expected from g2!r" ( the distance between $ /2
disclinations. The dashed line represents g2!r" expected from the
separation length of grain boundaries ( the distance between $
disclinations. The $ /2 grain boundaries, of separation Lwall, destroy
nematic but not tetratic correlations. Thus in our observation win-
dow d%73 &m, g4 dominates over g2.
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Figure 1!b" is a schematic of our sample cell. Contactless
electrodes on the outside of the cell produce an ac field,
220 kHz, 52 V/cm rms at the particles. The PMMA disks

have both shape and molecular dielectric anisotropy
!"="# −"!. The energy, U of particles of volume vp and
density mismatch !#, in a vertical electric field E, with an
angle $ of the disk plane to the horizontal is U

vp
=

− !"E2

2 !sin $"2+ !#gd
2 sin $, which has two stable minimum at

$=0 and at $=% /2. The particles lie flat for !&E2'!#gd
and stand on edge for !&E2(!#gd. For these experiments
the applied field is twice the field where disks are observed
to “stand up.” At this field thermal fluctuations allow for an
rms tilt from vertical of $5° so the system is slightly differ-
ent from ideal hard rods.

Figure 2!a" shows optical micrographs of the sample in
the volume fraction regimes of interest. The disks standing
on edge and viewed from below appear as rods and will be
referred to as rods in the following. The rightmost frame
shows the most ordered phase, which is nematic and close to
smectic. That is, large regions of periodic, parallel, vertical,
columns of stacked horizontal rods are evident. The inset
shows a Fourier transform of the frame with two narrow
peaks indicating the periodic density modulation. Transla-
tional order is broken both by undulations !Landau-Peierls
fluctuations give a lower critical dimension of 3 for the
smectic phase %13&" and dislocations. Nematic order in this
phase is long range, at least longer than the picture,
100 )m$20 rod lengths. Note the complete lack of % dis-
clinations in this panel. The middle figure is of most interest
here. Tetratic order is discernible in the pattern of vertically
and horizontally arranged rods. The leftmost frame shows
the isotropic phase. Stacks of rods are still visible but so are
numerous disclinations.

Orientational order is characterized by an order parameter
S2m'(cos!2m$") and a correlation function g2m!r"
'(cos*2m%$!0"−$!r"&+), where m=1,2 ,3. . . corresponds to
nematic, tetratic, hexatic, etc. %6&. In Fig. 2!b" we show the
correlation functions associated with the micrographs of the

FIG. 1. !Color online" !a" Scanning electron micrograph of pho-
tolithographically prepared 4.5-)m-diam, 0.8-)m-thick PMMA
disks. !b" Schematic of the experimental setup. Particles settle to a
monolayer on the bottom of the sample chamber and stand on edge
in the applied field. Dashed line indicates the horizontal plane.

FIG. 2. !Color online" !a" Optical micrographs of the sample at 2D packing fractions of 0.50, 0.53, and 0.56 from left to right. Inset on
right is Fourier transform of 0.56 image. !b" Orientational correlation functions associated with the micrographs. Square, g2; circle g4; up
triangle, g6; down triangle, g8. Inset of right image shows the %g2!r"&4 and g4!r" overlay, indicating both arise from nematic order.
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• 〈cos(2θ)〉 6= 0 Nematic
disordered by π-disclinations

• 〈cos(4θ)〉 6= 0 Tetratic
disordered by π

2 -disclinations
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Recent experiments and simulations have shown that two-dimensional systems can form tetratic phases with
fourfold rotational symmetry, even if they are composed of particles with only twofold symmetry. To under-
stand this effect, we propose a model for the statistical mechanics of particles with almost fourfold symmetry,
which is weakly broken down to twofold. We introduce a coefficient ! to characterize the symmetry breaking,
and find that the tetratic phase can still exist even up to a substantial value of !. Through a Landau expansion
of the free energy, we calculate the mean-field phase diagram, which is similar to the result of a previous
hard-particle excluded-volume model. To verify our mean-field calculation, we develop a Monte Carlo simu-
lation of spins on a triangular lattice. The results of the simulation agree very well with the Landau theory.
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I. INTRODUCTION

In statistical mechanics, one key issue is how the micro-
scopic symmetry of particle shapes and interactions is related
to the macroscopic symmetry of the phases. This issue is
especially important for liquid-crystal science, where re-
searchers control the orientational order of phases by synthe-
sizing molecules with rodlike, disklike, bent-core, or other
shapes. In many cases, the low-temperature phase has the
same symmetry as the particles of which it is composed,
while the high-temperature phase has a higher symmetry. For
example, in two dimensions "2D!, particles with a rectangu-
lar or rodlike shape, which has twofold rotational symmetry,
form a low-temperature nematic phase, which also has two-
fold symmetry. Likewise, if the particles are perfect squares,
which have fourfold-rotational symmetry, they can form a
fourfold symmetric tetratic phase.

An interesting question is what happens if the symmetry
of the particles is slightly broken. Will the symmetry of the
phase also be broken, or can the particles still form a higher-
symmetry phase? For example, we can consider particles
with approximate fourfold-rotational symmetry that is
slightly broken down to twofold, as in Fig. 1. Can these
particles still form a tetratic phase, or will they only form a
less symmetric nematic phase?

Recently, several experimental and theoretical studies
have addressed this problem. Narayan et al. #1$ performed
experiments on a vibrated-rod monolayer and found that
twofold symmetric rods can form a fourfold symmetric tet-
ratic phase over some range of packing fraction and aspect
ratio. Zhao et al. #2$ studied experimentally the phase behav-
ior of colloidal rectangles and found what they called an
almost tetratic phase. Donev et al. #3$ simulated the phase
behavior of a hard-rectangle system with an aspect ratio of 2,
and showed they form a tetratic phase. Another simulation
by Triplett et al. #4$ showed similar results. In further theo-
retical work, Martínez-Ratón et al. #5,6$ developed a density-
functional theory to study the effect of particle geometry on
phase transitions. They found a range of the phase diagram
in which the tetratic phase can exist, as long as the shape is

close enough to fourfold symmetric. In all of these studies,
the particles interact through hard, Onsager-like #7$,
excluded-volume interactions.

The purpose of the current paper is to investigate whether
the same phase behavior occurs for particles with longer-
range, soft interactions. We consider a general fourfold-
symmetric interaction, which is slightly broken down to two-
fold symmetry. We first calculate the phase diagram using a
Maier-Saupe-like mean-field theory #8–10$. To verify the
theory, we then perform Monte Carlo simulations for the
same interaction.

This work leads to two main results. First, the tetratic
phase still exists up to a surprisingly high value of the mi-
croscopic symmetry breaking "as characterized by the inter-
action parameter !, which is defined below!. Second, the
phase diagram is quite similar to that found by Martínez-
Ratón et al. for particles with excluded-volume repulsion.
This similarity indicates that the phase behavior is generic
for particles with almost-fourfold symmetry, independent of
the specific interparticle interaction.

The plan of this paper is as follows. In Sec. II, we present
our model and calculate the mean-field free energy. We then
examine the phase behavior and calculate the phase diagram

*jvs@lci.kent.edu

θ1

θ2

FIG. 1. Schematic illustration of an interacting particle system
in the tetratic phase. The shape of the particles indicates that the
rotational symmetry of the interaction is broken down from fourfold
to twofold.
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Almost tetratic phases of colloidal rectangles1

different phases. The correlation functions are calculated
from an interactive data language !IDL" algorithm which lo-
cates the center and long axis of each rod. In the isotropic
phase the correlation functions decay rapidly to zero on the
distance scale of a rod length. In the nematic phase the decay
is much slower both for g2 and g4. Of course, perfect order
for one m will produce perfect order for all higher m and
correlation for m=1 will induce correlation in g2m!2. In fact,
for power law decay in g2"r−# we expect power law decay
g2m"r−#m2

#6,14$. For the nematic we plot !g2"4 and g4 to-
gether as the inset of Fig. 2!b". The strong overlap confirms
that the tetratic correlations in this phase are parasitic to the
nematic order. Such a simple parasitic dependence cannot,
however, explain the behavior in the middle panel of Fig.
2!b" where g4 is larger and longer ranged than g2. This is
where we might expect a tetratic phase.

Theoretically both the nematic-isotropic and tetratic-
isotropic transitions are expected to be KT transitions #15$
caused by unbinding of $ or $ /2 disclinations respectively.
Associated with the unbinding is a discontinuous drop of an
elastic !Franck" constant from a universal value K
=m28kBT /$ to zero #13,16–18$. The elastic constant respon-
sible for order parameter rigidity determines the range of the
correlation function g2m!r"%ar−2m2kBT/$K%ar−#2m and the
decay of the average order parameter with system size,
S2m%cN−kBTm2/2$K%cN−#2m/4 #6,14$. For thermodynamic
stability the exponent #2m must be less than 1

4 for the small-

est m that shows quasi-long-range order #15,16,18$.
Suppose that the sequence of transitions is isotropic-

tetratic-nematic. Then on increasing density the complete
continuous rotational symmetry is broken in favor of a sys-
tem with discrete fourfold rotations via a KT transition. The
discrete fourfold tetratic symmetry would then be further
broken by an Ising transition to a nematic with discrete two-
fold rotations. This latter transition would be mediated by the
growth of horizontally and vertically aligned nematic do-
mains and the elimination of the $ /2 domain walls separat-
ing these domains.

The first test of this scenario is the value of the exponent
#4. Our measurements of g4 never yield a value of #4 less
than 1/4. In fact, the value of #4 in the tetraticlike region is
%1. In Fig. 3!b" we plot 1 /#2 and 1/#4 as a function of the
particle density or packing fraction. We see that 1 /#4%4 and
#4!1/4 in the density region below the nematic phase
where 1/#2!4 Thus with #4! 1

4 we do not have a true
tetratic phase. The next question is whether we have a true,
stable, nematic phase. In Fig. 3 we show the nematic
order parameter S2 evaluated as an average over a
73 &m'112 &m window along with the exponent #2 from
the dependence of S2 on N. Here we see that S2, the Franck

FIG. 3. !a" Nematic and tetratic order parameter and !b" nematic
and tetratic decay exponent as a function of 2D packing fraction.
For the nematic phase, the Franck constant has a relation with #2:
#2=2kBT /$K.

FIG. 4. !Color online" !a" Disclinations and domain walls for the
almost tetratic sample. Star, plus, and square denote $, $ /2, and
−$ /2 dislcinations, respectively. Lines !blue in color" indicate the
location of walls. Bound tetratic disclinations are connected by
white segments !white-red in color". The free disclinations are
shown in isolated symbols. !b" Schematic of correlation functions
arising from topological defects. The dotted line represents the
nematic correlation function g2!r" expected from the distance be-
tween $ disclinations. The solid line represents the tetratic correla-
tion function g4!r" expected from g2!r" ( the distance between $ /2
disclinations. The dashed line represents g2!r" expected from the
separation length of grain boundaries ( the distance between $
disclinations. The $ /2 grain boundaries, of separation Lwall, destroy
nematic but not tetratic correlations. Thus in our observation win-
dow d%73 &m, g4 dominates over g2.
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Figure 1!b" is a schematic of our sample cell. Contactless
electrodes on the outside of the cell produce an ac field,
220 kHz, 52 V/cm rms at the particles. The PMMA disks

have both shape and molecular dielectric anisotropy
!"="# −"!. The energy, U of particles of volume vp and
density mismatch !#, in a vertical electric field E, with an
angle $ of the disk plane to the horizontal is U

vp
=

− !"E2

2 !sin $"2+ !#gd
2 sin $, which has two stable minimum at

$=0 and at $=% /2. The particles lie flat for !&E2'!#gd
and stand on edge for !&E2(!#gd. For these experiments
the applied field is twice the field where disks are observed
to “stand up.” At this field thermal fluctuations allow for an
rms tilt from vertical of $5° so the system is slightly differ-
ent from ideal hard rods.

Figure 2!a" shows optical micrographs of the sample in
the volume fraction regimes of interest. The disks standing
on edge and viewed from below appear as rods and will be
referred to as rods in the following. The rightmost frame
shows the most ordered phase, which is nematic and close to
smectic. That is, large regions of periodic, parallel, vertical,
columns of stacked horizontal rods are evident. The inset
shows a Fourier transform of the frame with two narrow
peaks indicating the periodic density modulation. Transla-
tional order is broken both by undulations !Landau-Peierls
fluctuations give a lower critical dimension of 3 for the
smectic phase %13&" and dislocations. Nematic order in this
phase is long range, at least longer than the picture,
100 )m$20 rod lengths. Note the complete lack of % dis-
clinations in this panel. The middle figure is of most interest
here. Tetratic order is discernible in the pattern of vertically
and horizontally arranged rods. The leftmost frame shows
the isotropic phase. Stacks of rods are still visible but so are
numerous disclinations.

Orientational order is characterized by an order parameter
S2m'(cos!2m$") and a correlation function g2m!r"
'(cos*2m%$!0"−$!r"&+), where m=1,2 ,3. . . corresponds to
nematic, tetratic, hexatic, etc. %6&. In Fig. 2!b" we show the
correlation functions associated with the micrographs of the

FIG. 1. !Color online" !a" Scanning electron micrograph of pho-
tolithographically prepared 4.5-)m-diam, 0.8-)m-thick PMMA
disks. !b" Schematic of the experimental setup. Particles settle to a
monolayer on the bottom of the sample chamber and stand on edge
in the applied field. Dashed line indicates the horizontal plane.

FIG. 2. !Color online" !a" Optical micrographs of the sample at 2D packing fractions of 0.50, 0.53, and 0.56 from left to right. Inset on
right is Fourier transform of 0.56 image. !b" Orientational correlation functions associated with the micrographs. Square, g2; circle g4; up
triangle, g6; down triangle, g8. Inset of right image shows the %g2!r"&4 and g4!r" overlay, indicating both arise from nematic order.

ZHAO et al. PHYSICAL REVIEW E 76, 040401!R" !2007"

RAPID COMMUNICATIONS

040401-2

• 〈cos(2θ)〉 6= 0 Nematic
disordered by π-disclinations

• 〈cos(4θ)〉 6= 0 Tetratic
disordered by π

2 -disclinations

Theory and simulation of two-dimensional nematic and tetratic phases

Jun Geng (耿君! and Jonathan V. Selinger*
Liquid Crystal Institute, Kent State University, Kent, Ohio 44242, USA

"Received 4 June 2009; published 23 July 2009!

Recent experiments and simulations have shown that two-dimensional systems can form tetratic phases with
fourfold rotational symmetry, even if they are composed of particles with only twofold symmetry. To under-
stand this effect, we propose a model for the statistical mechanics of particles with almost fourfold symmetry,
which is weakly broken down to twofold. We introduce a coefficient ! to characterize the symmetry breaking,
and find that the tetratic phase can still exist even up to a substantial value of !. Through a Landau expansion
of the free energy, we calculate the mean-field phase diagram, which is similar to the result of a previous
hard-particle excluded-volume model. To verify our mean-field calculation, we develop a Monte Carlo simu-
lation of spins on a triangular lattice. The results of the simulation agree very well with the Landau theory.
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I. INTRODUCTION

In statistical mechanics, one key issue is how the micro-
scopic symmetry of particle shapes and interactions is related
to the macroscopic symmetry of the phases. This issue is
especially important for liquid-crystal science, where re-
searchers control the orientational order of phases by synthe-
sizing molecules with rodlike, disklike, bent-core, or other
shapes. In many cases, the low-temperature phase has the
same symmetry as the particles of which it is composed,
while the high-temperature phase has a higher symmetry. For
example, in two dimensions "2D!, particles with a rectangu-
lar or rodlike shape, which has twofold rotational symmetry,
form a low-temperature nematic phase, which also has two-
fold symmetry. Likewise, if the particles are perfect squares,
which have fourfold-rotational symmetry, they can form a
fourfold symmetric tetratic phase.

An interesting question is what happens if the symmetry
of the particles is slightly broken. Will the symmetry of the
phase also be broken, or can the particles still form a higher-
symmetry phase? For example, we can consider particles
with approximate fourfold-rotational symmetry that is
slightly broken down to twofold, as in Fig. 1. Can these
particles still form a tetratic phase, or will they only form a
less symmetric nematic phase?

Recently, several experimental and theoretical studies
have addressed this problem. Narayan et al. #1$ performed
experiments on a vibrated-rod monolayer and found that
twofold symmetric rods can form a fourfold symmetric tet-
ratic phase over some range of packing fraction and aspect
ratio. Zhao et al. #2$ studied experimentally the phase behav-
ior of colloidal rectangles and found what they called an
almost tetratic phase. Donev et al. #3$ simulated the phase
behavior of a hard-rectangle system with an aspect ratio of 2,
and showed they form a tetratic phase. Another simulation
by Triplett et al. #4$ showed similar results. In further theo-
retical work, Martínez-Ratón et al. #5,6$ developed a density-
functional theory to study the effect of particle geometry on
phase transitions. They found a range of the phase diagram
in which the tetratic phase can exist, as long as the shape is

close enough to fourfold symmetric. In all of these studies,
the particles interact through hard, Onsager-like #7$,
excluded-volume interactions.

The purpose of the current paper is to investigate whether
the same phase behavior occurs for particles with longer-
range, soft interactions. We consider a general fourfold-
symmetric interaction, which is slightly broken down to two-
fold symmetry. We first calculate the phase diagram using a
Maier-Saupe-like mean-field theory #8–10$. To verify the
theory, we then perform Monte Carlo simulations for the
same interaction.

This work leads to two main results. First, the tetratic
phase still exists up to a surprisingly high value of the mi-
croscopic symmetry breaking "as characterized by the inter-
action parameter !, which is defined below!. Second, the
phase diagram is quite similar to that found by Martínez-
Ratón et al. for particles with excluded-volume repulsion.
This similarity indicates that the phase behavior is generic
for particles with almost-fourfold symmetry, independent of
the specific interparticle interaction.

The plan of this paper is as follows. In Sec. II, we present
our model and calculate the mean-field free energy. We then
examine the phase behavior and calculate the phase diagram

*jvs@lci.kent.edu

θ1

θ2

FIG. 1. Schematic illustration of an interacting particle system
in the tetratic phase. The shape of the particles indicates that the
rotational symmetry of the interaction is broken down from fourfold
to twofold.
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How things change on the Ising critical line

Redo KT argument accounting for string

Partition function with string connecting x, y defines 〈µ(x)µ(y)〉
µ’s are disorder operators
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How things change on the Ising critical line

Disorder operators dual to σ(x) of Ising model. At Tc

〈σ(x)σ(y)〉 = 〈µ(x)µ(y)〉 =
1

|x− y|1/4

Take one end of string to ∞ i.e. edge of system: 〈µ(x)〉 → 1
L1/8

Contributes +kBT
8 ln L to free energy F = −kBT lnZ

F = U − TS =

(
πn

4m
− 15

8
kBT

)
ln

(
L

ξ

)

kBTc =
2π

15

n

m

Dissociation at higher temperatures than for ‘free’ half vortices
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How things change on the Ising critical line

Direct Ising transition to low temperature phase!
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RG flow

Keep track of

1. Stiffness J (or J∗ = J−1)

2. Deviation from Ising critical line κ = K − Kc

3. Half vortex fugacity z1

dz1

dl
=

(
15

8
− π

4J∗

)
z1 −

κz1

2

dJ∗
dl

=
π2z2

1

4

dκ

dl
= κ− z2

1

4
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J > 15
2π

0 0.2-0.2
0

0.4

0.8

Κ

z1



Pair condensates Interplay of strings and vortices Novel signatures

RG flow
Keep track of

1. Stiffness J (or J∗ = J−1)
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Numerical simulation using worm algorithm

Z =
∑

{nij}
∇·n=0

exp


−J∗

2

∑

〈ij〉
n2
ij +

K∗
2

∑

〈ij〉
(−1)nij




Simulate worldlines of bosons, not spin variables
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Numerical simulation using worm algorithm

Z =
∏

c

∫ π

−π

dθc
2π

∏

〈ab〉
w(θa − θb)

w(θ) written in Villain form: w(θ) ≡ wV (θ) + e−KwV (θ − π)

wV (θ) ≡
∞∑

p=−∞
e−

J
2

(θ+2πp)2 ∝
∞∑

n=−∞
e inθe−

J∗
2
n2

J∗ = J−1, sinhK∗ sinhK = 1

Integrating over {θa} leads to
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Numerical simulation using worm algorithm

Z =
∑

{nij}
∇·n=0

exp


−J∗

2

∑

〈ij〉
n2
ij +

K∗
2

∑

〈ij〉
(−1)nij




J∗ = J−1, sinhK∗ sinhK = 1
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Numerical simulation using worm algorithm
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Use of sectors
Calculation of superfluid stiffness Υ = ∂2F

∂θ2
2

Υ =
T

2
〈W2〉

W = (Wx ,Wy ), vector of windings
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2Pollock & Ceperley (1987)
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Use of sectors
Keeping track of parity of winding gives sectors of Ising model

ZPP ZPA

ZAP ZAA
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Use of sectors

Critical ratios known from CFT2

ZPP = 1.8963 . . .

ZAP = ZPA =
1√
2

ZAA = 0.4821 . . .

Use to locate phase transition from finite size scaling

2P. Ginsparg, Les Houches lectues (1989)
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Use of sectors

ZAP + ZPA

2ZPP
= 0.372 . . .
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Quantum Transition

2D classical picture also applies to (1+1)D quantum transition

Ejima et al. (2011)
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Quantum Transition

2D classical picture also applies to (1+1)D quantum transitionHalf-Vortex Unbinding and Ising Transition in Constrained Superfluids 3

0 0.5 1 1.5 2

T/t

0

0.5

1

1.5
t’
/t

Figure 2. Finite-temperature phase diagram of constrained bosons on the square

lattice for t/|U | = 0.08 and µ/|U | = −0.5. The ASF-DSF transition belongs to the

two-dimensional Ising universality class (dashed line). The blue and red lines indicate

the BKT transitions of the ASF and DSF, respectively and are distinguished by the

unbinding of vortices (νV = 1) and half-vortices (νV = 1/2). The insets show different

possible scenarios for the region where the two BKT lines and the Ising transition line

meet.

emergence of two different kinds of superfluid phases: besides a conventional atomic

superfluid, a molecular superfluid of boson pairs (dimers) can form, which provides half-

vortex topological defects [27, 28]. To prevent the attractive Bose gas from collapse, a

scenario has been proposed recently, wherein the Bose gas is constrained to an optical

lattice and furthermore subject to strong three-body losses that project out triple

occupancy on each lattice site [29]. The dynamical suppression of triply occupied sites

has been demonstrated eventually in Cesium condensates [30]. The effective model that

describes this constrained lattice boson system is the Bose-Hubbard model with a onsite

three-body constraint, (b†
i )

3 = 0, given by the Hamiltonian

H = −t
∑

〈ij〉
(b†

ibj+h.c.)−t′
∑

〈ij〉
[(b†

i )
2(bj)

2+h.c.]+
U

2

∑

i

ni(ni−1)−µ
∑

i

ni, (1)

where bi (b†
i ) are bosonic annihilation (creation) operators and ni = b†

ibi. Here, t and

t′ denote hopping terms of atoms and dimers between nearest-neighbors 〈ij〉, U < 0 is

the attractive on-site interaction and the filling is controlled by a chemical potential µ.

Furthermore, the bosonic operators have to fulfill the constraint (b†
i )

3 = 0, restricting

the local occupation to two at most. For t′ = 0, this model has been subject to extended

analytical [29, 31, 32, 33, 34] and numerical [35, 36, 37] studies. We are interested here

in particular in the case of a two-dimensional square lattice geometry. Besides the

atomic superfluid phase (ASF) with an atomic quasi-condensate (showing an algebraic

decay of the atomic Green’s function 〈b†
ibj〉), a pair superfluid phase proliferates in the

Bonnes & Wessel (2012)
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Quantum Transition

2D classical picture also applies to (1+1)D quantum transition

Disorder variables correspond to domains bounded by worldlines

〈µ(x)µ(y)〉 = 〈(−1)# of lines crossed from x to y〉
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Outline

Pair condensates

Interplay of strings and vortices

Novel signatures
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Site parity measurements from Bloch group

M. Endres et al. (2011)
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Site parity measurements from Bloch group

〈µiµj〉 = 〈
∏

i≤k<j

(−1)nk 〉

Develops long range order in the paired phases (Ising disordered)
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(2 + 1)D

What is the analogous construction in 2 + 1D?

〈W(C)〉 ≡ 〈(−1)Lines piercing surface bounded by C〉
W(C) is Wilson loop of Ising gauge theory
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(2 + 1)D

〈W(C)〉 ≡ 〈(−1)Lines piercing surface bounded by C〉

〈W(C)〉 ∝
{

exp (−const. Area) in unpaired phase

exp (−const. Perimeter) in paired phases

• In (1+1)D half vortices are points & carry a disorder operator

• In (2+1)D half vortices are loops & carry Ising gauge charge
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