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® |ntroduction: Symmetry protected topological phases
® Non-local order parameters

® Summary
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Symmetry protected topological phases

¢ Quantum phases: Two gapped quantum states belong
to the same phase if they are adiabatically connected

® Phases in condensed matter are usually understood using
local order parameters (‘symmetry breaking”)

- Magnets: spin rotation i 7
and TR symmetry broken —QL//)

=P Magnetization as order parameter

e Topological phases not characterized by any
symmetry breaking

® We introduce non-=local order parameter for
symmetry protected topological phases in |ID



Symmetry protected topological phases

® Example: Spin-l chain (Haiane s3]

(H=5,5 Su+DE,EF | 15 1,

(time reversal, inversion, Zs X Zs symmetry,...)

“Haldane Phase” “Large D Phase”
/ 00 00 0@ 0@ o6 |O>\O>\O>|O>
_—
AKLT no symmetry Phase no symmetry [
[Affleck ‘87] o o
broken transition broken

® Hidden Zs X Zo symmetry breaking iennedy-Tasaki 921

® String order parameter [den Nijs89]



Symmetry protected topological phases

e Spin-1 chain with less symmetries [Gu etal.09]
H = ‘]Zj S - Sj+1 ‘|‘D2j(S§)2 + By Zj Sjrp

Large D

i B no 7, x 7o symmetry

B Haldane phase still well defined

0.0
B/

Which symmetries are required?
How to detect “topological” phases?

) |[dea: Use entanglement and matrix-
product states (capturing non-local properties)



Symmetry protected topological phases

Schmidt decomposition (SVD ¢ = UDVT)

® Decompose a state |1))into a

superposition of product states: O

Nag Np

LLCHl AlJ B — Z)‘7|¢7 Akbfy

1=1 7=1

e Schmidt states: |¢,), Schmidt values: )\,

o [9y)are eigenstates of the reduced density matrix

o4 = Trg|v) (W] } with [ pAldy)a = A2|py) 4




Symmetry protected topological phases

® Example: Spin-| Heisenberg chain H = ) . §j - §j—|—1
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e Schmidt values decay rapidly in ground states of
gapped, local Hamiltonians (area law! [Hastings et al.’07]):
Matrix-Product representation



Symmetry protected topological phases

e Matrix product state (MPS) representation

W)= » BTAj ...A; Blji,....jL)

J1s--»JL

® Matrices not uniquely defined: Canonical Form

is directly related to the Schmidt decomposition: A; = I'; A
[Vidal *02]

TATATATATA 1-x

w...,jl,jQ,... :%%o—?—o—?—o—?—o—?—o—
———1...d




Symmetry protected topological phases

® Matrices are directly related to the Schmidt decomposition

I' AT ATA

Palji o = QW ....A...é..;..._

o |eft/right transfer matrices T have largest eigenvalue one

with the identity as corresponding eigenstate

I A AT
}1—}1 1<€ = 1{
T*A A TF
N——

)3
T(Oéa’);(BB’)




Symmetry protected topological phases

® Transformation of an MPS under symmetry operations

@:

10

e .

UST Us

, [Us, Al =0

I'N\N TATATATA

[Perez-Garcia '07]

..wave function ~-¢-e-9-~o9-o9o9-o— only changes by a phase

® Time reversal (I'; — I';) and inversion (I'; — F]T)

® MatricesUyx, are projective representations which tell
us about topological phases [FPetal.’10,Chenetal’ll]



Symmetry protected topological phases

Use projective representations to classify phases!

® Ground state |1g) is invariant under a symmetry group GG
with elements 91,92;---,9n

* Projective representation U, of the symmetry group

9g4;9k — g1 - Ugj ng — ei%kUgl




Symmetry protected topological phases

Use projective representations to classify phases!

® Ground state |1g) is invariant under a symmetry group GG
with elements 91,92;---,9n

* Projective representation U, of the symmetry group

9g4;9k — g1 - Ugj ng — 6i¢ijgl

e Phase ambiguities classify the phases
(Schur classes)

= Complete classification of topological
phases inlD [FP,A.Turner, E. Berg, M. Oshikawa ’10, Chen et al I I]



Symmetry protected topological phases

e Which symmetries stabilize topological phases?

e Example 7, : Rotation about single axis
R"=1=Upj = €1
m) Redefining Ui = e '*/"Ug removes the phase

G

e ExampleZs2 X Zs: Phase for pairs C‘j K
R,R, = R R, = Ug, Ug, = €' **vUg U,

B Phases ¢ = 0, T cannot be gauged /
away: topological phases




Symmetry protected topological phases

o Example S=| AKLT state (affeck's7)
m [)) = e e e e e

'\ TATATAT

T

® Matrix-product state representation =0, i=uz, Y, 2

® Rotations Zi X Z. represented by Pauli matrices and
thus URwURy — _URyURw

® Inversion symmetry with Uz =o0,: U U7 = -1

e Timereversal with Urg =0,: UrpUrr =—1



Symmetry protected topological phases

® Framework to classify topological phases in ID by looking
at the “entanglement states” / MPS

o “Topological” phase in a S=| chain protected by
- ZQ X ZQ
- Inversion symmetry

- Time reversal symmetry
FP, E. Berg,A. M. Turner, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010)

¢ Symmetry protected topological phases exist
only in the presence of certain symmetries
(not topologically ordered!)



Symmetry protected topological phases

e How can we detect which phase a given
state belongs to?

¢ We discuss two ways to detect
topological phases:

(1) Directly extract the projective representations from a
matrix-product state representation (very useful for
i TEBD [vidal 071/ iDMRG [McCulloch '08])

(2) Non-local order parameters for inversion, and time
reversal symmetry and a generalized string-order for

internal symmetries



Non-local order parameter (1)

o Get Us from the dominant eigenvector X
of the generalized transfermatrix (Us = X7)

7,3"
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° Overlap with transformed Schmidt states <-o-o-o-g-o—-
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Non-local order parameter (1)

® S=| chain { H = Zj gj'gjﬂ +D2j(55’)2 +BZj SxJ

® /5 X Zs stabilizes Haldane phase if B = 0

and o _ 0 if symmetry broken
Gexda T itf (U,U.UIUT)  if symmetry not broken

B=0.0 :
1.0 ' | | VYVVVYVVYY | f orde 5
vy OZ2 XZq :
0.5} 1 ° :
O0FYVVVYVVYY |
9
—0.5¢ 1 iMPS obtained
—1.0F VYVVVVVVVVVYVYVY { using the iTEBD /
Zs5 Haldane - Large D iDRMG method

—-1.0 —0.5 0.0 0.5 1.0 1.5



Non-local order parameter (1)

® S=| chain { H = Zj gj'gjﬂ +D2j(55’)2 +BZj SxJ

e Inversion symmetry stabilizes Haldane phase if B # 0

B 0 if symmetry broken
and O = { itr (U U%) if symmetry not broken .

B=0.3 :
1.0FF ' ' ' Tvvvvvvy | =f reen !
vV O, :
0.5 { °
o 00lvvvvvvyy VYV { o -
—0.5f 1 iMPS obtained
—1.0F VYVVVVVVVY | using the iTEBD /
-z ~ Haldane | Z) | LargeD iDRMG method
—-1.0 —-0.5 0.0 0.5 1.0 1.5

D/J



Non-local order parameter (2)

® What if we do not have access to the transfermatrix
(i.e., Monte Carlo or experiments)!?

® [nversion symmetry: Inverting part of the wave function

W

(W[T, 00 W) = — L

<l




Non-local order parameter (2)

® What if we do not have access to the transfermatrix
(i.e., Monte Carlo or experiments)!?

® [nversion symmetry: Inverting part of the wave function

AT ATA ' AT I'ANT ATATA

AT*A TN T*A TF T*A TF A T*A T*A



Non-local order parameter (2)

® What if we do not have access to the transfermatrix
(i.e., Monte Carlo or experiments)!?

® [nversion symmetry: Inverting part of the wave function




Non-local order parameter (2)

® What if we do not have access to the transfermatrix
(i.e., Monte Carlo or experiments)!?

® [nversion symmetry: Inverting part of the wave function

A =Tr(UU|AY




Non-local order parameter (2)

® What if we do not have access to the transfermatrix
(i.e., Monte Carlo or experiments)!?

® [nversion symmetry: Inverting part of the wave function

ATATA I AT I'ANT ATATA

St =
ATA T'A  T'AT* TAT" A TPA T*A v D=0.0
./'/./.w A4 D=0.5
. . . e D=1.5
® Distinguishes the 0.5 —

Haldane phase from
the trivial phase in
presence of inversion
symmetry

0.0f

SI/tr(A4 )

—0.5F

—-1.0




Non-local order parameter (2)

e Time reversal symmetry: two copies of the wave function
. . C W
with swapping operators pskoverariiy and 2 =€ brs

ATAUTA T'U'A: TA TA T A

(Rin Swapn—I—l,Zn 12)

o
C :d
B P 1 S
I'A P T A
g h <¢2‘R1n>
; & o
A | TFA



Non-local order parameter (2)

e Time reversal symmetry: two copies of the wave function
. . C W
with swapping operators pskoverariiy and 2 =€ brs

Ur Uz
S A A A AA A U‘ 4 4\ 2
— . . =Tr(UnddnA) Tr(A)
TR A@A AQA ADA
Un Un



Non-local order parameter (2)

¢ General internal symmetries symmetry: multiple
copies of the wave function

® Example: Sg = Tr(U,UpU, 1U

2 T
e
il T 2 T Tt

[See also: Haegemann et al.: arXiv:1201.4174]



Non-local order parameter (2)

o [f phases are topological, where is the torus?

® Express wave function as ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
partition function on the A
half plane: t

® Sandwich of a string ” >
operator:

| |eeee| | | ——



Non-local order parameter (2)

o [f phases are topological, where is the torus?

® Sandwich the symmetry string operators a / b, then deform
them and finally glue them together

Qo ) L Qg T o
O d ¢ OOO b %
O \ o® Re's o®®



Non-local order parameter (2)

o If phases are topological, where is the torus?

® Sandwich the symmetry string operators a / b, then deform
them and finally glue them together

) o)
5 So, 5 ®
1) © 1
a @ b
O e 8 o®
Q 9
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Non-local order parameter (2)

o If phases are topological, where is the torus?

® Sandwich the symmetry string operators a / b, then deform
them and finally glue them together

Sg = Tr(UanUa_lUb_l)

e
B
e B T
B T




Non-local order parameter (2)

o If phases are topological, where is the torus?

® Sandwich the symmetry string operators a / b, then deform
them and finally glue them together

Sg = Tr(UanUa_lUb_l)




summary

® Derivation of non=local order parameters which
can be used to detect/distinguish all symmetry
protected topological phases in ID

- Can be obtained directly from a generalized transfermatrix

B=0.3

- Expressions which can be evaluated .. T
using any numerical methods, e.g., o o |
Quantum Monte Carlo N E—

-10 -05 0.0 0.5 1.0 1.5
D/J

® Measuring string order experimentally: High-resolution
imaging of low-dimensional quantum gases

[M.Endres et al ’1 1]

FP. and A. M. Turner, arxiv:1204.0704



