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parameter best fit ±1σ 2σ 3σ

∆m2
21 [10

−5eV2] 7.59+0.20
−0.18 7.24–7.99 7.09–8.19

∆m2
31 [10

−3eV2]
2.50+0.09

−0.16

−(2.40+0.08
−0.09)

2.25− 2.68

−(2.23− 2.58)

2.14− 2.76

−(2.13− 2.67)

sin2 θ12 0.312+0.017
−0.015 0.28–0.35 0.27–0.36

sin2 θ23
0.52+0.06

−0.07

0.52± 0.06

0.41–0.61

0.42–0.61
0.39–0.64

sin2 θ13
0.013+0.007

−0.005

0.016+0.008
−0.006

0.004–0.028
0.005–0.031

0.001–0.035
0.001–0.039

δ

(

−0.61+0.75
−0.65

)

π
(

−0.41+0.65
−0.70

)

π
0− 2π 0− 2π

Table 1. Neutrino oscillation parameters summary. For ∆m2
31, sin

2 θ23, sin
2 θ13, and

δ the upper (lower) row corresponds to normal (inverted) neutrino mass hierarchy. See
Ref. [1] for details and references.
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parameter best fit ±1σ 2σ 3σ

∆m2
21 [10

−5eV2] 7.62 ± 0.19 7.27–8.01 7.12–8.20

∆m2
31 [10

−3eV2]
2.53+0.08

−0.10

−(2.40+0.10
−0.07)

2.34 − 2.69

−(2.25 − 2.59)

2.26 − 2.77

−(2.15− 2.68)

sin2 θ12 0.320+0.015
−0.017 0.29–0.35 0.27–0.37

sin2 θ23
0.49+0.08

−0.05

0.53+0.05
−0.07

0.41–0.62

0.42–0.62
0.39–0.64

sin2 θ13
0.026+0.003

−0.004

0.027+0.003
−0.004

0.019–0.033

0.020–0.034

0.015–0.036

0.016–0.037

δ

(

0.83+0.54
−0.64

)

π

0.07π a
0− 2π 0− 2π

aNote that in this case the full (0,2π) range is allowed.

TABLE I: Neutrino oscillation parameters summary. For ∆m2
31, sin

2 θ23, sin
2 θ13, and δ the upper (lower) row corresponds to

normal (inverted) neutrino mass hierarchy.

and therefore, no significant preference can be extracted from the data. This applies also to alternative analyses prior

to the new reactor data [32, 33].

We now turn to the atmospheric squared mass splitting parameter ∆m2
31. Similarly to the case of the atmospheric

mixing angle we find that for the normal hierarchy case, the best fit value and lower bounds for ∆m2
31 are slightly

shifted upwards as a result of the new reactor data. As before, this is due to a mismatch between the best fit values

for sin2 θ13 coming from the analysis of atmospheric plus long-baseline data for normal hierarchy and the constraints

on θ13 coming from the remaining data samples.

Finally, for the solar neutrino oscillation parameters we find that the new reactor neutrino data do not change

the best fit values given by the analysis of solar plus KamLAND data, which determine these parameters. The

difference between the results in Table I and those in Table I in [2] are due to the different treatment of reactor data.

Indeed, motivated by the so-called “reactor antineutrino anomaly” [34], old short-baseline reactor experiment data

were included in the analysis in [2]. The dependence of the sin2 θ12 and ∆m2
21 determination upon the details of the

reactor data analysis has already been already discussed in detail in Ref. [1].

IV. CONCLUSION AND OUTLOOK

We have updated the global fit of neutrino oscillation parameters including the recent measurements of reactor

antineutrino disappearance reported by the Double CHOOZ, Daya Bay and RENO experiments. We have found that

the preferred global fit value of θ13 is sin2 θ13 = 0.026(0.027) for normal (inverted) neutrino mass hierarchy, while

sin2 θ13 = 0 is now excluded at 8σ. The impact of the new θ13 measurements over the other neutrino oscillation

parameters is marginal, the results are summarized in Table I.

During the summer this year the Daya Bay Collaboration will complete the designed number of detectors by adding

one detector in the far hall and other one in one of the near halls, re-starting the data taking after summer with eight

neutrino detectors. After 3 years of operation the uncertainties on sin2 2θ13 will be reduced from 20% to 4-5% [35].

Needless to say that a good determination of a sizeable θ13 value will be a crucial ingredient towards a new era of CP

violation searches in neutrino oscillations [36, 37] and will also help determining the neutrino mass hierarchy.

7.54+0.26
−0.22

2.43+0.07
−0.09

0.398+0.030
−0.026

0.408+0.035
−0.030

0.0245+0.0034
−0.0031

0.0246+0.0034
−0.0031

(0.89+0.29
−0.44)π

(0.90+0.32
−0.43)π

−(2.42+0.07
−0.10)

0.307+0.018
−0.016



Neutrino Mixing

θ12 = 34o ± 1o

θ13 = 9o ± 1o

θ23 = 42o ± 5o

δ = π ± π

2



Dirac matrix
Possible type II 
contribution 

P.Minkowski, PLB67(1977)421

                  

 Neutrinos are light because RH 
neutrinos are heavy

 Neutrino mass suggests connection 
with GUT scale physics

P.Minkowski, PLB67(1977)421 ...See-saw mechanism
Mv = mLR.
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More generally in GUTs, when charged lepton corrections dominate ... 
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GUT  
relation e.g.: U! = UTB 

2) Lepton mixing sum rule 
(for                       ) 

See e.g.: hep-ph/0508044 
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GUTs Talks by Antusch, Mohapatra

Possible new combinations of Clebsches 
leading to large Theta13: Antusch, Maurer (’11) 
Mazocca, Petcov, Romanino, Spinrath (’11)
Meroni, Petcov, Spinrath (’12)



Models Survey c.2006
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FIG. 1: Histogram of the number of models for each sin2 θ13 including all 63 models.
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FIG. 2: Histogram of the number of models for each sin2 θ13 that give accurate predictions for all three

leptonic mixing angles.
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Albright and Chen Daya Bay 
and RENO 

Only 7 
models 
survive!

Ue3 = 0.15± 0.02



Theory Road Map

Anarchy

Direct Indirect Landscape 

Symmetry

Daya Bay/RENO



Anarchy: all angles are “large” and unpredicted,      
so expect sin!13  ~0.5  

0.15

Altarelli, Feruglio, Masina

Ue3 = 0.15± 0.02

Hence larger reactor 
angle is good news 

Problem is that reactor 
angle is not that large... 

Also Anarchy not very 
predictive c.f. landscape

Hall, Murayama,
de GouveaAnarchy



U(1) family symmetry helps...
Hirsch and King (’01)

Anarchy

Anarchy

U(1) models

Anarchy        
U(1) models
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U(1) models

Anarchylepton (Quark) 
generations 
labelled by      
U(1) family 
symmetry

sin22!13  may 
peak at lower 
values



Non-Abelian family symmetries

· unify three families in multiplets of family symmetry

· group should have two- or three-dimensional representations

PSL2(7) SO(3)∆(96)

∆(27) Z7 ! Z3

SU(3)

A4

S4 →

→

Flavour and neutrino theory 12 of 23

Family 
Symmetry

Family Symmetries GF 

which contain triplet reps 
(three families in a triplet)
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The Direct Approach 
Family Symmetry GF broken in special way 

Subgroups preserved in neutrino/charged lepton sectors  

Charged lepton 
Mass Matrix

Neutrino 
Mass Matrix

GF⊃S,T,U
S,U only 
preserved

T only 
preserved

“Klein 
symmetry”

UPMNS

Group 
generators

Altarelli, Feruglio, Ma, Hagedorn, Merlo, Luhn, ...



Simple LO Mixing 
Patterns  

Direct Models

Charged Lep 
corrects

Special
 HO corrects

General              
HO corrects

Solar Sum 
Rules

Atmospheric 
Sum Rules

Smaller groups 
A4,S4,A5...

Larger groups        
∆(96),...

Richer LO Mixing 
Patterns θ13 = 0 θ13 �= 0

Unpredictive

Plus RG, 
Canonical 

Normalisation,...

Corrections not required 
(but may be present)

Altarelli, Feruglio, 
Merlo, Hagedorn, 
Luhn, King...

de Adelhart Toorop, 
Feruglio, Hagedorn (’11)
Ding (’12), 
King,Luhn,Stuart(’12)

S,U preserved in 
Neutrino sector,

T preserved in 
Charged Lepton 

e.g. Tri-maximal 

U brokenT broken U broken S,U broken



Bimaximal 

Tri-bimaximal  

Golden ratio  

UTB =





�
2
3

1√
3

0

− 1√
6

1√
3

1√
2

1√
6

− 1√
3

1√
2



P

UBM =





1√
2

1√
2

0

− 1
2

1
2

1√
2

1
2 − 1

2
1√
2



P

tan θ12 =
1

φφ =
1 +

√
5

2
θ12 = 31.7o

θ12 = 45o

θ12 = 35.26o

Simple LO Mixing Patterns  
θ13 = 0 θ23 = 45o

Harrison, Perkins and Scott

Datta, Ling, Ramond; Kajirama, Raidal, Strumia; Everett, Stuart,Ding: Feruglio, Paris

V. Barger, S. Pakvasa, T. Weiler and K. Whisnant

UGR =




c12 s12 0
− s12√

2
− c12√

2
1√
2

s12√
2

− c12√
2

1√
2



P



 BM, TBM, GR might only apply to neutrino 
mixing and                            implies

                     

 Bimaximal                                             

Tri-bimaximal

Golden ratio

UPMNS = UeU
†
ν

θ12 = 32o + θ13 cos δ

θ12 = 34o ± 1o θ13 = 9o ± 1oExperiment

θ12 = 45o + θ13 cos δ → δ ≈ π

θ12 = 35o + θ13 cos δ → δ ≈ ±π

2

θ13 ≈ θe12√
2

Large Charged Lepton 
Corrections to the rescue

Solar Sum 
Rules

Sum Rule: King (’05); Masina (’05); 
Antusch, King (’05)

Charged Lepton Corrections: King (‘02), Frampton, Petcov, Rodejohann (‘04), 
Altarelli, Feruglio, Masina (‘04), Antusch, King (’04), Ferrandis, Pakvasa (‘04), 
Feruglio (‘05), Datta, Everett, Ramond (‘05), Mohapatra, Rodejohann (‘05) 
Antusch, Maurer (’11) Mazocca, Petcov, Romanino, Spinrath (’11)

5 Summary and Conclusion

To summarise, recent data from the Daya Bay and RENO reactor experiments is con-
sistent with a remarkable relationship between the smallest lepton mixing angle, θ13,
and the largest quark mixing angle, θC , namely θ13 ≈ θC/

√
2. We have proposed a

new mixing ansatz called Tri-Bimaximal-Cabibbo (TBC) mixing which combines this
relation with TB atmospheric and solar mixing. We then discussed two ways to achieve
TBC mixing, summarised as follows:

(i) The first approach is based on Cabibbo-like charged lepton corrections θe12 ≈ θC ,
starting from a zero neutrino mixing angle θν13 ≈ 0. The desired empirical factor of

√
2 in

Eqs.4, 6 then arises automatically from Eq.11, assuming maximal atmospheric neutrino
mixing. The suitable mixing patterns are therefore those with θν13 = 0 and θν23 = 45o.
We have considered three such mixing patterns, namely tri-bimaximal (TB) neutrino
mixing, bi-maximal (BM) neutrino mixing, and the Golden Ratio (GR) neutrino mixing,
which each lead to the Sum Rule in Eq.14 where θν12 = 35.26o, 45o, 31.7o, respectively.
Given the prediction θ13 ≈ 9.2o, the Sum Rule then yields a favoured range of cos δ in
each case, namely δ ≈ ±90o,±180o,±75o, respectively. These predictions are testable
in future neutrino accelerator experiments [24]. We have indicated how such scenarios
may be realised in Family Symmetry Models with Pati-Salam symmetry.

(ii) The second approach generates a neutrino mixing angle directly (with no charged
lepton corrections), θν13 ≈ θC/

√
2, using the type I see-saw mechanism with sequential

dominance (SD), assuming a particular form of the Dirac neutrino Yukawa couplings in
Eqs.31 and 38. The desired empirical factor of

√
2 in this case arises automatically from

Eq.32, assuming maximal atmospheric neutrino mixing, and ∆θ13 = 0 in Eq.37, which
is satisfied if solar mixing is trimaximal as follows from Eq.38. The conditions Eqs.31
and 38 may be justified using family symmetry breaking flavons with particular vacuum
alignments in the neutrino sector. The appearance of θC in the flavon ϕ3 misalignment
is justified by the fact that ϕ3 is responsible for Cabibbo mixing in the quark sector.
The main prediction of the second approach is that, unlike the first approach, TBC
mixing in Eqs. 7-9 is realised accurately, up to corrections of order λ2 multiplied by
small coefficients. However, as usual, there will be additional renormalisation group and
canonical normalisation effects which will give additional corrections.

In conclusion, we have proposed the TBC mixing pattern in Eqs.7 and 8 and shown
how it can be realised in two very different approaches to quark and lepton mixing, with
distinctive experimental predictions.
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where ΦTB
i are just the columns of the TB mixing matrix. As shown in Appendix B, due

to the unitarity of UR and the special form of the mass matrix MR in Eq. (4.1), the only
non-zero parameter is α13 = −α∗

31 whose dependence on the input parameters α, β, γ,∆
is given in Eqs. (B.15,B.16). The fact that only α13 = −α∗

31 is non-zero implies that UR

is of TM form as expected. Furthermore, since,

UT
RMRUR = Mdiag

R , (4.8)

it is then straightforward to derive the lepton mixing matrix UPMNS, as in Eq. (2.9),

UPMNS =
mD

yvu
UR . (4.9)

Due to the trivial structure of mD as well as a diagonal charged lepton sector, the PMNS
mixing matrix can thus be directly obtained from UR by permuting the second and the
third row as well as multiplying the Majorana phase matrix P on the right and another
phase matrix P ′ on the left, leading to UPMNS = UTM where,

UTM ≈ P ′







2√
6

1√
3

− 2√
6
α∗
13

− 1√
6
+ 1√

2
α13

1√
3

1√
2
+ 1√

6
α∗
13

− 1√
6
− 1√

2
α13

1√
3

− 1√
2
+ 1√

6
α∗
13






P . (4.10)

The matrix P ′ has to be chosen such that the PMNS matrix without Majorana phases
is brought to the standard PDG form where the 2-3 and 3-3 elements are real and the
mixing angles are all between 0◦ and 90◦. In linear approximation, the required form of
P ′ becomes

P ′ ≈ diag(1, a+,−a−) , a± = 1± i ·
Im(α13)√

3
. (4.11)

Multiplying this explicit form of the phase matrix P ′ we obtain a mixing matrix that is
consistent with the standard PDG phase conventions.

It is useful to compare the TM mixing matrix in Eq. (4.10) to a general parametrisation
of the PMNS mixing matrix in terms of deviations from TB mixing [25],

UPMNS ≈







2√
6
(1− 1

2s)
1√
3
(1 + s) 1√

2
re−iδ

− 1√
6
(1 + s− a+ reiδ) 1√

3
(1− 1

2s− a− 1
2re

iδ) 1√
2
(1 + a)

1√
6
(1 + s+ a− reiδ) − 1√

3
(1− 1

2s+ a+ 1
2re

iδ) 1√
2
(1− a)






P , (4.12)

where the deviation parameters s, a, r are defined as [25],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2
. (4.13)

This comparison yields

s ≈ 0 , a ≈
Re (α13)√

3
, r cos δ ≈ −

2√
3
Re (α13) , δ ≈ arg (α13) + π , (4.14)
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2s− a− 1
2re

iδ) 1√
2
(1 + a)

1√
6
(1 + s+ a− reiδ) − 1√

3
(1− 1

2s+ a+ 1
2re

iδ) 1√
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




P , (4.12)

where the deviation parameters s, a, r are defined as [25],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2
. (4.13)

This comparison yields

s ≈ 0 , a ≈
Re (α13)√

3
, r cos δ ≈ −

2√
3
Re (α13) , δ ≈ arg (α13) + π , (4.14)
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r = reactors = solar a = atmospheric

King; Parke; Pakvasa, Rodejohann, Weiler 

s = −0.03± 0.03 a = −0.02± 0.10 r = 0.22± 0.02

Allows for deviations from TB mixing               
E.g. TB solar sum rule recast as s=r.cosδ  

Tri-Bimaximal Parametrisation



Tri-bimaximal 
(s=a=r=0)

Tri-bimaximal-
reactor (s=a=0)

Tri-maximal 1 

(s=0, a=r.cosδ)           

Tri-maximal 2 
(s=0, a=-r/2.cosδ)

Thus, apparently following the adage “many a little makes a mickle”, one is led to a
2σ indication for a non-zero value of θ13. This corresponds to a value for θ13 in the 1σ
range (in degrees),

θ13 = 8o ± 2o. (6)

In any case it is certainly theoretically plausible that θ13 could take a value in the above
range [7], so it is interesting to consider this possibility, and we emphasize this more
general motivation.

It is well known that the solar and atmospheric data are consistent with so-called
tri-bimaximal (TB) mixing [8],

UTB =







√

2

3

1√
3

0

− 1√
6

1√
3

1√
2

1√
6

− 1√
3

1√
2






P, (7)

corresponding to the mixing angles, 1

θ12 = 35.26o, θ23 = 45o, θ13 = 0o. (8)

The ansatz of TB mixing matrix is interesting due to its symmetry properties which seem
to call for a possibly discrete non-Abelian family symmetry in nature [9]. There has been
a considerable amount of theoretical work in this direction [10, 11, 12, 13, 14, 15]. The
presence of a non-zero reactor angle as in Eq.6 would be clearly inconsistent with the TB
prediction for the zero reactor angle in Eq.8 and so the TB ansatz would be excluded,
even though the predictions for the solar and atmospheric angles remain acceptable.

In this paper we shall explore the possibility of extending the TB mixing matrix to
allow for a non-zero reactor angle θ13, while at the same time preserving the predictions
for the tri-maximal solar angle and the maximal atmospheric angle given by Eq.8, namely
θ12 = 35.26o and θ23 = 45o. In order to maintain these predictions requires,

|Ue2|2

|Ue1|2
=

1

2
,

|Uµ3|2

|Uτ3|2
= 1. (9)

To leading order in Ue3 the conditions in Eq.9 correspond approximately to,

|Ue2|2 ≈ 1/3, |Uµ3|2 ≈ 1/2. (10)

We refer to the above proposal as as tri-bimaximal-reactor (TBR) mixing, to emphasize
that tri-maximal solar mixing and maximal atmospheric mixing are both preserved while

1Note that different versions of the TB mixing matrix appear in the literature with the minus signs
appearing in different places corresponding to differing choices of charged lepton and Majorana phases.
We prefer the convention shown which emerges from the PDG parametrization when the angles are set
equal to those shown in Eq.8

2

θ12 = arcsin
1√
3
− �2

2
√

2
, (3.8)

θ13 =
�√
2

+
�2

2
√

2
cos α , (3.9)

δ = α − �
5

2
sinα (only up to order �) , (3.10)

α2 = −α + 2 � sinα − 3 �2 sin 2α , (3.11)

α3 = 0 . (3.12)

Note that the PMNS matrix has only one non-trivial Majorana phase as one of the neutrinos is

exactly massless. These results are only slightly modified if we choose the (1, 0, 2)
T

alignment

for the subdominant neutrino term: θ23 → π
2 − θ23, δ → π + δ, δe → π + δe, and δµ ↔ δτ . All

observables in the neutrino sector can be expressed in terms of ma, � and α. Excluding Majorana

phases (and the mass of the massless neutrino), this means that the model class makes three

predictions which should be testable in future oscillation experiments since θ13 is comparatively

large.

It is useful to compare the above predictions to a general leading order parametrisation of

the PMNS mixing matrix in the PDG convention in terms of deviations from TB mixing [15],

UPMNS =





2√
6
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2s) 1√
3
(1 + s) 1√

2
re−iδ
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)
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)
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2
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6
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) − 1√
3
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2s + a +
1
2reiδ

)
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2
(1− a)



P , (3.13)

where the deviation parameters s, a, r are defined as [15],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2

. (3.14)

At leading order the above predictions can be expressed by

a = r cos δ , s = 0 , (3.15)

where

r =
2

3

mν
2

mν
3

∼ 2

15
→ θ13 ∼ 5

◦ − 6
◦ , (3.16)

where the predicted reactor angle may be compared to Eq. (1.1).
4

We emphasise that these

predictions hold true for both the (1, 2, 0)
T

as well as the (1, 0, 2)
T

alignment. In both cases,

with a suitable choice of phase convention, the leading order mixing matrix can be written in

the form,

UTM1 = P �


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2√
6

1√
3

1√
2
re−iδ

− 1√
6

1√
3
(1− 3

2reiδ
)

1√
2
(1 + re−iδ

)

− 1√
6

1√
3
(1 +

3
2reiδ

) − 1√
2
(1− re−iδ

)



 P , (3.17)

where Eq. (3.17) corresponds to a small angle expansion of TM1 mixing in Eq. (1.2). However,

from the general argument given earlier in this subsection, we expect TM1 mixing in Eq. (1.2)

to be valid to all orders beyond the small angle approximation.

4Note that in a model where the charged lepton mass matrix is not diagonal, one must combine the charged
lepton corrections with the underlying TB neutrino mixing deviations to formulate the total observed deviation
from TB mixing as discussed in [16].
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where the deviation parameters s, a, r are defined as [24],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2
. (3.11)

Setting,
s ≈ 0 , a ≈ 0 , (3.12)

we find [5]:

UTBR =







√

2
3

1√
3

1√
2
re−iδ

− 1√
6
(1 + reiδ) 1√

3
(1− 1

2re
iδ) 1√

2
1√
6
(1− reiδ) − 1√

3
(1 + 1

2re
iδ) 1√

2






P. (3.13)

TBR mixing has recently been obtained in an S4 setup [6]. Alternative proposals [25–36]
that have been put forward to accommodate the T2K result could similarly be compared
using the deviation parameters s, a, r. With future neutrino oscillation experiments being
able to not only accurately measure the reactor angle, parametrised here as r, but also
the atmospheric and solar deviation parameters a, s and eventually the CP violating
oscillation phase δ, it is clear that relating these deviation parameters via sum rules
comprise the next step in discriminating different models of lepton masses and mixings.

4 Conclusions

In the well known direct models of tri-bimaximal (TB) mixing, based on A4 and S4, the
TB mixing is enforced by a Klein symmetry ZS

2 × ZU
2 in the neutrino sector, together

with a ZT
3 symmetry in the charged lepton sector, where a common basis corresponds to

a diagonal charged lepton mass matrix. It is also well known that TB mixing can emerge
from either S4, which contains the generators S, T, U , or A4, which contains S, T . In the
case of A4 the U symmetry emerges accidentally as a result of the absence of flavons in
the 1′ or 1′′ representations of A4. Such models are called “direct models” since (some
of) the group generators remain unbroken in different sectors of the low energy effective
theory. Although this simple and appealing picture is apparently shattered by the T2K
results, which indicate a sizeable reactor angle θ13, simple alternative possibilities such as
tri-bimaximal-reactor (TBR) mixing remain.

We have proposed a renormalisable S4 model of leptons. We have studied the vacuum
alignment in the S4 model and shown that it predicts accurate TBR neutrino mixing due
to a TB violating flavon which preserves µ− τ antisymmetry but only enters the neutrino
sector at higher order, resulting in approximate TB mixing.

Although the S4 model of leptons presented here involve diagonal charged lepton mass
matrices, when the models are extended to include quarks, for example in the framework
of SU(5) unification, we would expect the charged lepton sectors (but not the neutrino
sectors) of these models to be modified. This could introduce additional contributions to
lepton mixing from the charged lepton sector. Interestingly the S4 model here preserves
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UTM2 = P �


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2√
6

1√
3

1√
2
re−iδ

− 1√
6
(1 + 3

2re
iδ) 1√

3
1√
2
(1− 1

2re
−iδ)

− 1√
6
(1− 3

2re
iδ) 1√

3
− 1√

2
(1 + 1

2re
−iδ)



P

Tri-bimaximal Hydras

N.B. Atmospheric sum rules: a=r.cosδ, a=-r/2.cosδ

Harrison, Perkins, Scott

King; Antusch,Boudjemaa,King; Morisi,Patel,Peinado; Luhn, King

Lam; Albright,Rodejohann; Antusch, King, Luhn, Spinrath
Haba,Watanabe,Yoshioka; He,Zee; Grimus,Lavoura; Albright,Rodejohann; King, Luhn



Indirect Models 
Starting point is type I see-saw 

Promote the columns(A,B,C) to dynamical fields
GF yields special vacuum alignments, for example:

MRR =




M1 0 0
0 M2 0
0 0 M3



mLR =




A1 B1 C1

A2 B2 C2

A3 B3 C3





(A,B,C) proportional to columns of PMNS called Form Dominance (FD)

AAT/M1 ➔ 0 gives hierarchy (m1 ➔ 0) called Sequential Dominance (SD)

SD with B~(1,1,-1) and C~(0,1,1) called Constrained SD gives TB Mixing

SD with B~(1,1,-1) and C~(r,1,1) called Partially CSD gives TBR mixing

SD with B~(1,2,0) and C~(0,1,1) called CSD2 gives TM1 mixing

King, Ross, de Medeiros Varzielas, Antusch, Malinsky,...

Antusch, King, Luhn, Spinrath (’11)

King(’09), King,Luhn(’11)

King(’05)

King(‘98,’02)

Chen, King(’09)

AT = (A1, A2, A3) BT = (B1, B2, B3)

DOMINANCE

mv =
AAT

M1
+

BBT

M2
+

CCT

M3



Tri-bimaximal-Cabibbo Mixing 

Combine TB mixing with θ13 ≈ θC√
2
≈ 9.2o

2 Tri-bimaximal-Cabibbo Mixing

The recent data is consistent with the remarkable relationship,

s13 =
sin θC√

2
=

λ√
2
, (4)

where λ = 0.2253 ± 0.0007 [1] is the Wolfenstein parameter. This relationship is an
example of “Cabibbo Haze” [10], the general hypothesis that the Cabibbo angle is an
expansion parameter for lepton as well as quark mixing. It was proposed earlier in the
context of “Quark-Lepton Complementarity” (QLC) in which θ12 + θC = 45o [11]. For
related approaches see [12]. Our approach in section 3 relies on maximal atmospheric
mixing but the solar angle is determined by “Sum Rules” [13], which differ from the QLC
relation. These examples illustrate that the value of the solar angle is independent of
the relation in Eq.4. On the other hand, phenomenology is consistent with a trimaximal
solar angle as in Eq.3, and furthermore the approach in section 4 suggests a trimaximal
solar angle. It is therefore natural to combine Eq.4 with TB mixing, as discussed below.

In terms of the combination measured by the reactor neutrino experiments, Eq.4
implies,

sin2 2θ13 ≈ 2λ2(1−
λ2

2
) ≈ 0.099, (5)

in excellent agreement with the recent Daya Bay and RENO results above. Furthermore
the above ansatz implies a reactor angle of

θ13 ≈
θC√
2
≈ 9.2o, (6)

where θC ≈ 13o is the Cabibbo angle.
Apart from the reactor angle, the measured and fitted atmospheric and solar angles

are in good agreement with the ansatz of Tri-bimaximal (TB) mixing [14]. We are
therefore led to combine the relation in Eq.4 with TB mixing to yield tri-bimaximal-
Cabibbo (TBC) mixing:

s13 =
λ√
2
, s12 =

1√
3
, s23 =

1√
2
. (7)

In terms of the TB deviations parameters defined in [15], this corresponds to r = λ with
s = a = 0. Using the second order expansion in [15], Eq.7 then leads to the following
approximate form of the mixing matrix,

UTBC ≈
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4
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




P +O(λ3), (8)

corresponding to the mixing angles,

θ13 ≈ 9.2o, θ12 = 35.26o, θ23 = 45o. (9)
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See also: Antusch,Gross, 
Maurer, Sluka 1205.1051;
Relation also appears in 
“Quark Lepton 
Complementarity” ... : 
Minakata, Smirnov (’04); 
and “Cabibbo Haze” 
Everett, Ramond (’05)

King 1205.0506 

Describes all current data!
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θ13 ≈ 9.2o, θ12 = 35.26o, θ23 = 45o. (9)
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Obtained from PCSD with B~(1,1,-1) and C~(λ,1,1)
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implies,
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With large θ13, still two theory approaches: Symmetry or Anarchy

Family Symmetry may be implemented Directly or Indirectly

Simplest Direct models A4,S4,A5  with S,U and T conservation 
predict Bimaximal, Tri-bimaximal, Golden Ratio at LO

However T broken in GUT models due to Charged Lepton corrections,           
(Cabibbo-like charged lepton angle required) imply solar sum rules 

U breaking at HO leads to TM2 mixing, atmospheric sum rules 

Larger Finite Groups such as Delta(96) predict e.g. θ13 ~12o at LO

Indirect family symmetry models can lead to TM1 or TBC mixing 

Vital to measure the mixing angles and CP phase delta to good 
precision to test the sum rules, hence discriminate between models,            
decide if the Universe is based on Symmetry or if Anarchy Rules

Conclusions



Quark-Lepton Complementarity

Solar sum rules

Atm. sum rules

θ12 = 45o + θ13 cos δ

θ12 = 35o + θ13 cos δ

θ12 = 32o + θ13 cos δ

θ12 + θC = 45o

Bimaximal

Golden Ratio

Tri-bimaximal

Tri-bimaximal-
Cabibbo

θ23 = 45o

Trimaximal1 θ23 = 45o +
√
2θ13 cos δ

Trimaximal2 θ23 = 45o − θ13√
2
cos δ

Now that      is measured these predict   θ13 cos δ

θ12 = 35o

θ13 = θC/
√
2 = 9.2o

Summary of Sum Rule Predictions 

Plus Charged 
Lepton Corrections... 

Plus HO 
corrections...   


