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Why	  4-‐flavor	  ?	
n  Good	  tes<ng	  ground	  before	  3-‐flavor	  
n  Expected	  to	  have	  
	  	  	  	  	  1st	  order	  phase	  transi<on	  line	  
	  	  	  	  	  even	  for	  rela<vely	  larger	  mass	  
n  LaSce	  study	  so	  far	  	  

n Mul<-‐parameter	  reweigh<ng	  Fodor	  &	  Katz	  01	  
n Imaginary	  chemical	  poten<al	  D’Elia	  &	  Lombardo	  02	  
n Canonical	  approach	  de	  Forcrand	  06,	  Kentucky	  10	  



Kentucky	  group’s	  result	

n  Canonical	  approach	  
n  Nf=4	  
n  Wilson	  type	  fermions	  
n  T=150MeV	  
n  pion	  mass=830MeV	  
n  6^3x4	  1.6
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It	  is	  likely	  to	  be	  1st	  order,	  but	  need	  a	  finite	  size	  
scaling	  study	  to	  pin	  down	  the	  order	  of	  transi<on!	

PRD82.054502(2010)	



What	  we	  do	  here	
n  Grand	  canonical	  approach	  with	  Wilson	  type	  fermions	  
	  
	  
n  Phase	  reweigh<ng	  

	  
	  
n  Reduc<on	  technique	  

n exact	  phase	  &	  quark	  number	  
n Many-‐core	  &	  GPU	  machine	  

ZQCD(T, µ) =
�

[dU ]e−Sg[U ] detD(µ; U)

�O� =
�OeiNfθ�||

�eiNfθ�||

Z||(T, µ) =
�

[dU ]e−Sg[U ]| detD(µ; U)|

Danzer	  &	  Gajringer	  (2008)	

Complex	

ST,	  Kuramashi	  &	  Ukawa	  (2011)	

Phase	  can	  be	  controlled	  
for	  larger	  temporal	  size	



Details	  of	  simula<on	  parameters	
n  Clover	  fermions	  and	  Iwasaki	  gauge	  
n  Parameters:	  

n a=0.33fm	  (a-‐1=610MeV)	  
n pion	  mass=830MeV	  
n 	  T=150MeV	  
n Chemical	  poten<al	

n Spa<al	  Volume	  

β = 1.6 κ = 0.1371
NT = 4 csw = 1.9655

Kentucky	  group	  PRD82.054502(2010)	

63, 668, 688, 83

aµ = 0.1− 0.35



Phase-‐reweigh<ng	  factor	
�ei4θ�|| =

ZQCD

Z||

aµc = amπ/2 ∼ 0.7
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Quark	  Number	  density	
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Suscep<bility	  of	  quark	  number	
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Volume	  scaling	  for	  peak	  of	  suscep<bility	
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Skewness	  for	  quark	  number	
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Kurtosis	  for	  quark	  number	
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Scaling	  for	  the	  minimum	  of	  kurtosis	
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Distribu<on	  argument	
n  For	  a	  double	  peak	  distribu<on	  

n  Suscep<bility	  &	  Kurtosis	  are	  given	  by	  

χ = c + ∆2V

�
c/V

c

∆2
∼ VFor	  our	  case,	

P (x) ∝ e−
(x−X−)2

2c/V + e−
(x+X+)2

2c/V

X− X+

2∆ = X+ −X−

K =
−2

(1 + c
∆2

1
V )2

= −2
�
1− 2c

∆2

1
V

+ O(V −2)
�



Challa	  Landau	  Binder	  cumulant	
Challa,	  Landau	  &	  Binder	  86	
Fukugita,	  Okawa	  &	  Ukawa	  89	
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Scaling	  for	  the	  minimum	  of	  CLB	  cumulant	
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U ≡ 1− �x4�
3�x2�2 =

2
3

X4 + ∆4

(X2 + ∆2)2

�
1− 2c

X2 + ∆2

1
V
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��
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Distribu<on	  argument	
n  For	  a	  double	  peak	  distribu<on	  

n  Kurtosis	  &	  CLB	  are	  given	  by	  

�
c/V

c

∆2
∼ V

For	  an	  observable	  like	  gauge	  ac<on	

P (x) ∝ e−
(x−X−)2

2c/V + e−
(x+X+)2
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Summary	
n  Volume	  scaling	  

n  Suscep<bility	  :	  linear	  volume	  scaling	  is	  observed	  
n  Kurtosis	  :	  volume	  is	  too	  small	  to	  see	  1/V	  scaling	  
n  CLB	  cumulant	  :	  1/V	  scaling	  is	  clearly	  observed	  

n  At	  this	  parameter	  set	  (pion	  mass=830MeV,	  T=150MeV,	  
μB=300MeV),	  transi<on	  is	  consistent	  with	  1st	  order	  

	  
n  Further	  refined	  analysis	  (iden<fying	  a	  transi<on	  point	  

precisely	  by	  μ-‐reweigh<ng)	  to	  consolidate	  the	  above	  
conclusion	  

n  Lee-‐Yang	  zero	  analysis	  
n  3-‐flavor	  /	  2+1-‐flavor	  study	  

Future	

Distribu<on	  argument	  
can	  explain	  them	  	



BACK	  UP	  SLIDES	



CLB	  cumulant	  for	  quark	  number	
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Gauge	  ac<on	
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Suscep<bility	  of	  gauge	  ac<on	
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Skewness	  of	  gauge	  ac<on	
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Kurtosis	  of	  gauge	  ac<on	
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Ra<o	
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History	  &	  histogram	  of	  gauge	  ac<on	  
on	  the	  phase	  quenched	  configura<on	
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Finite	  temperature	  transi<on	  (μ=0)	
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Constant	  physics	  with	  rescaling	  cut	  off	

a −→ a/b

aµ −→ aµ/b

NT −→ bNT

NL −→ bNL

κ −→ κ� ≈ κ(am −→ am/b)

Rescaling	  by	  factor	  b	

T = 1/aNT

µ

V = L3 = (aNL)3

m

Constant	  physics	

Bound of |θ|after
Bound of |θ|before

=
12(bNL)3(2κ�)bNT sinh(µ/T )
12(NL)3(2κ)NT sinh(µ/T )

= b3(2κ)NT(b−1)



Reduc<on	

H+

domain 3

space

time

domain 1

domain 2

domain 4

H0 H−3-‐d	  operator	  size	

detD(µ) = A0 det[1−H0 − e
µ/T

H+ − e
−µ/T

H−]

A0 = detD(1) detD(3) · · ·
H+ = (D(4) −D(41)D

−1
(1)D(14) −D(43)D

−1
(3)D(34))−1

× D(41)D
−1
(1)D(12)

× (D(2) −D(21)D
−1
(1)D(12) −D(23)D

−1
(3)D(32))−1

× D(23)D
−1
(3)D(34)

H− = ...

H0 = ...

det
�

A B
C D

�
= det[A] det[D] det[1−D−1CA−1B],

μ-‐independent	



Domain	  decomposi<on	
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Exact	  calcula<on	  of	  Quark	  Number	

•  Once	  H+,-‐,0	  are	  calculated,	  we	  can	  obtain	  phase,	  
Quark	  Number	  &	  Suscep<bility	  exactly	  

•  	  For	  the	  computa<on	  of	  H+,-‐,0	  Matrix-‐Matrix	  product	  
and	  inverse	  matrix	  whose	  rank	  is	  12NL

3	  are	  required	  	  	  
LAPACK&OpenMP	  

•  Cost∝(NL
3)3×NT	  	  

•  Memory	  size	  ∝	  (NL
3)2	  	  independent	  of	  NT	  

nq ∝ ∂

∂µ
ln ZQCD(µ)

∝
�

tr







1−
�

i=±,0

e
iµ/T

Hi




−1

�
e

µ/T
H+ − e

−µ/T
H−

�




�

detD(µ) ∝ det



1−
�

i=±,0

e
iµ/T

Hi







Distribu<on	  of	  the	  exact	  phase	

On	  the	  same	  configura<ons	  as	  before	

Fluctua<on	  of	  the	  phase	  gets	  small	  for	  large	  NT	
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Reweigh<ng	  factor	
On	  the	  phase	  quenched	  configura<ons	
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Quark	  mass	  dependence	
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NT	  dependence	  of	  quark	  number	

Low	  T	High	  T	

�NQ� =
∂ lnZQCD

∂(µ/T )

µ = 0.3

At	  low	  T,	  quarks	  are	  not	  excited	  
therefore	  sign	  problem	  gets	  weak?	


