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Outline

Interquark potential in charmonium at finite temperature

Schrödinger Equation Approach
Nambu-Bethe-Salpeter wavefunction

Conventional Exponential Fits

Maximum Entropy Method

Related topics = bottomonium at finite temperature

Spectral Functions

Non-zero momenta

“Ground state” mass
width
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Particle Data Book

∼ 1, 500 pages

zero pages on Quark-Gluon Plasma...

– p. 5/58



Static Quark Potential ( T = 0)

UKQCD Collaboration [pre-history]
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Lattice goes Nuclear

N-N potential
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Inter-quark potential from the Lattice

Kawanai, Sasaki, arXiv:1111.025
Ikeda, Iida, arXiv:1102.2097

finite-quark mass

quenched

We extend this by using:

2 (+1) flavour

finite temperature

anisotropic lattices
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Schrödinger Equation Approach

Hatsuda, PoS CD09 (2009) 068 use the Schrödinger equation to
“reverse engineer” the potential, V (r), given the Nambu-
Bethe-Salpeter wavefunction, ψ(r):

input input

↓ ↓ ↓(

p2

2M
+ V (r)

)

ψ(r) = E ψ(r)

↓

output

ψ(r) is determined from a lattice simulation from correlators of
non-local (point-split) operators, J(x;~r) = q(x) Γ U(x, x+~r)q(x+~r)

C(~r, t) =
∑

~x

< J(0;~r) J(x;~r) >

−→ |ψ(r)|2 e−Et
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Lattice Parameters

Dublin-Maynooth Nf = 2 configurations

Ns Nτ T (MeV) T/Tc Ncfg

12 80 90 0.42 250

12 32 230 1.05 1000

12 28 263 1.20 1000

12 24 306 1.40 500

12 20 368 1.68 1000

12 18 408 1.86 1000

12 16 458 2.09 1000
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Dublin-Maynooth Nf = 2 configurations

Ns Nτ T (MeV) T/Tc Ncfg

12 80 90 0.42 250

12 32 230 1.05 1000

12 28 263 1.20 1000

12 24 306 1.40 500

12 20 368 1.68 1000

12 18 408 1.86 1000

12 16 458 2.09 1000

anisotropic lattice with ξ = as/aτ ≈ 6

as = 0.167 fm

Vector and Pseudoscalar Channels
Charm treated relativistically
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Correlation Functions (PS)
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Effective Masses (PS)
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Wavefunctions (exp fitting) C(t) → |ψ(r)|2e−MT
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Spin Dependent Potential

Vqq =
1

4
[VPS(r) + 3VV (r)]

with the Schrödinger Eq’n used to define V (r):

VΓ(r) = E +
1

ψ(r)

∇2

2µ
ψ(r)

where µ is the reduced mass:

µ =
1

2
mQ where mQ ≈MH/2
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Potential (exp fitting) [Preliminary]
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Potential (exp fitting) [Preliminary]
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Vq−q Potential (exp fitting)

0 0.2 0.4 0.6 0.8 1

r [fm]

-2

-1.5

-1

-0.5

0

0.5

V
q-

qb
ar

(r
) 

[G
eV

]

16
20
24
28
32
80

– p. 16/58



Vq−q Potential (exp fitting)
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MEM
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Motivation

Do bound hadronic states persist into the “quark-gluon” plasma phase?
How can we extract transport coefficients?

Spectral functions can answer this!

C(t, ~p) =

∫

ρ(ω, ~p) K(t, ω) dω

↑ ↓ տ

Euclidean Spectral (Lattice)

Correlator Function Kernel

where the (lattice) Kernel is:

K(t, ω) =
cosh[ω(t−Nt/2)]

sinh[ω/(2T )]

∼ exp[−ωt]
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Example Spectral Functions

C(t) ∼

∫

ρ(ω) e−ωt dω

Melted/Plasma with Transport

ω

ρ(
ω

)

No transport peak

T
ra
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po

rt
 p

ea
k

Melted/Plasma

Bound (decaying) States

Stable
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Example Spectral Functions
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Spectral Functions via MEM

Extraction of a spectral density from a lattice correlator
is an ill-posed problem:

Given C(t) derive ρ(ω)

More ω data points then t data points!

Requires the use of Bayesian analysis -
Maximum Entropy Method (MEM)

Hatsuda, Asakawa et al
Commonly used in other areas...

Need to check MEM output w.r.t. choice of:
Default model
Statistics
Energy range
Euclidean time range

– p. 24/58



Spectral Functions (PS)
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Spectral Functions (PS)
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Wavefunctions (MEM)
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Wavefunctions: MEM v exp (PS)
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Spectral Functions: Excited State (PS)
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Wavefunctions (MEM)
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Wavefunctions (MEM)
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Wavefunctions (MEM)
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Wavefunctions (MEM)
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Outline & Future Plans

Successfully calculated the inter-quark potential in
charmonium at finite temperature.

Future Plans:

Increase from 123 to 243 and 323 volumes with
Nf = 2 + 1

Will study P-wave states
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Part B: “Related topics”

Related topics = bottomonium at finite temperature

T

µ

early universe

ALICE

<ψψ> > 0
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quark-gluon plasma

hadronic fluid

nuclear mattervacuum

RHIC
Tc ~ 170 MeV

µ ∼ o
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922 MeV
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quark matter

neutron star cores
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CMS Results arXiv:1105.4894
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p-p collisions
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CMS Results arXiv:1105.4894

p-p collisions Pb-Pb collisions
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Lattice Parameters

Dublin-Maynooth Nf = 2 configurations

Ns Nτ T (MeV) T/Tc Ncfg

12 80 90 0.42 250

12 32 230 1.05 1000

12 28 263 1.20 1000

12 24 306 1.40 500

12 20 368 1.68 1000

12 18 408 1.86 1000

12 16 458 2.09 1000

anisotropic lattice with ξ = as/aτ ≈ 6 (as = 0.167 fm)
Bottom quark = NRQCD
Have < one part per mille statistical error in correlators
platt = (1, 0, 0), . . . (2, 2, 0) i.e. p = 0.634, . . . 1.73 GeV
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P-wave Correlators

GP (τ) ∼

∫

d3p

(2π)3
p2 exp(−2Eτ) ∼ τ−5/2
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P-wave Correlators

GP (τ) ∼
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P-wave Correlators

GP (τ) ∼

∫

d3p

(2π)3
p2 exp(−2Eτ) ∼ τ−5/2
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χb2

T=2.09T
c

Confirmation that (high temp) P-wave state is “free”
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Zero temperature spectrum results

state aτ∆E Mass (MeV) Expt (MeV)
11S0(ηb) 0.118(1) 9438(8) 9390.9(2.8)
21S0(ηb(2S)) 0.197(2) 10019(15) -
13S1(Υ) 0.121(1) 9460∗ 9460.30(26)
23S1(Υ

′) 0.198(2) 10026(15) 10023.26(31)
11P1(hb) 0.178(2) 9879(15)
13P0(χb0) 0.175(4) 9857(29) 9859.44(42)(31)
13P1(χb1) 0.176(3) 9864(22) 9892.78(26)(31)
13P2(χb2) 0.182(3) 9908(22) 9912.21(26)(31)
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Zero temperature spectrum results

state aτ∆E Mass (MeV) Expt (MeV)
11S0(ηb) 0.118(1) 9438(8) 9390.9(2.8)
21S0(ηb(2S)) 0.197(2) 10019(15) -
13S1(Υ) 0.121(1) 9460∗ 9460.30(26)
23S1(Υ

′) 0.198(2) 10026(15) 10023.26(31)
11P1(hb) 0.178(2) 9879(15) 9898.3±1.1+1.0

−1.1 prediction

13P0(χb0) 0.175(4) 9857(29) 9859.44(42)(31)
13P1(χb1) 0.176(3) 9864(22) 9892.78(26)(31)
13P2(χb2) 0.182(3) 9908(22) 9912.21(26)(31)

Belle Collaboration
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Zero temperature spectral functions, p = 0
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Non-zero temperature spectral functions, p = 0
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CMS Results arXiv:1105.4894
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Non-zero temperature Mass, p = 0
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Non-zero temperature Width, p = 0

0 0.5 1 1.5 2
T/T

c

0

0.5

1

1.5

2
Γ/

T

3
S

1
(vector)

Upsilon

– p. 42/58



Comparison with phenomenology

From Brambilla et al thermal contribution to the width is

Γ

T
=

1156

81
α3

s ≃ 14.27α3
s,

(at leading order in weak coupling and large mass
expansion).
Our results −→ Γ/T ∼ 1 so αs ∼ 0.4.
Also from Brambilla et al thermal contribution to the mass is

δEthermal =
17π

9
αs
T 2

M
≃ 5.93αs

T 2

M

(see dashed line)
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Non-zero temperature Mass, p = 0
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New results with non-zero momentum

Preliminary...

platt = (1, 0, 0), . . . (2, 2, 0) i.e. p = 0.634, . . . 1.73 GeV
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Variation with T , fixed p 6= 0
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Variation with p, fixed T
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Single ratio
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Double ratio
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Double ratio
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Non-zero momentum, spectral function, T = 0
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Non-zero momentum, spectral function, T 6= 0

0.05 0.1 0.15 0.2 0.25 0.3

ω

0

50

100

150

200

ρ(
ω

)

000
100
110
111
200
210
211
220

Upsilon

– p. 52/58



Mass as function of speed

0 0.01 0.02 0.03 0.04

v
2

1

1.005

1.01

1.015

1.02
M

(p
)/

M
(0

)

T/T
c
 = 1.05

T/T
c
 = 1.20

T/T
c
 = 1.40

T/T
c
 = 1.68

T/T
c
 = 1.86

T/T
c
 = 2.09

– p. 53/58



Width as function of speed
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Particle Data Book

∼ 1, 500 pages

zero pages on Quark-Gluon Plasma...

– p. 55/58



the end

– p. 56/58



– p. 57/58



Slides to help me answer
difficult questions
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