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1. Introduction




How can we extract hadronic interaction from lattice QCD ?

EX. Phenomenological NN potential
(~40 parameters to fit 5000 phase shift data)
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Nuclear force is a basis for understanding ...

e Structure of ordinary and hyper nuclei ® Ignition of Type Il SuperNova

e Structure of neutron star

Can we extract a nuclear force in (lattice) QCD ?
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Plan of my talk

. Introduction

. Our strategy

. Example: Nuclear potential

. Inelastic Scattering (work in progress)

. Demonstration (as a conclusion)




2. Our Strategy



Our strategy in lattice QCD

Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89.

Step 1 define (Equal-time) Nambu-Bethe-Salpeter (NBS) Wave function
Spin model: Balog et al., 1999/2001

ok(r) = (0|N(x+r,0)N(x,0)|NN, W) Wi = 21/k2 +m

/ L T = ol
i1 T [
=
LTI b
[ifi

N (2) = €4peq®(2)¢°(x)q¢(z): local operator

Important property

sin(kr — Iw/2 + 0;(k))
kr

: [
partial wave Pk — A

Lin et al., 2001; CP-PACS, 2004/2005

0] (/C) scattering phase shift (phase of the S-matrix) in QCD !

How can we extract it ? cf. Maiani-Testa theorem

cf. Luescher’s finite volume method




define non-local but energy-independent “potential” as

p=mp/2
[Ek — HO] gpk (X) — /dsy U(X, Y)Spk (y) reduced mass

non-local potential

Gk—ﬂ

Properties & Remarks

1. Potential itself is NOT an observable. Using this freedom, we can construct a non-local
but energy-independent potential as inner product

U = B —H —1 i Mt inverse of N = (k. )
xy)= > lex — Holox(X)ncpo o1 (y)

K/ @y is linearly independent.

For "W, < Wi = 2mpy + m, (threshold energy)

[ Ut y)on(y) = 3 e~ Hol owle)iciome.p = ey ~ Hol op(a)

Proof of existence (cf. Density Functional Theory)

Of course, potential satisfying this is not unique. (Scheme dependence. cf. running coupling)

2. Non-relativistic approximation is NOT used. We just take the specific (equal-time) flame.




expand the non-local potential in terms of derivative as

Ux,y) =V(x, V)5’ (x —y)

V(x,V)=Vo(r) + V(r)(o1 - 02) + Vr(r)Sia + Vig(r)L - S + O(V?)

LO LO LO NLO NNLO

spins

3
)

tensor operator Si2 = ; (01 -%x)(02 - x) — (01 - 02)

Va(x) local and energy independent coefficient function
A (cf. Low Energy Constants(LOC) in Chiral Perturbation Theory)




extract the local potential at LO as

e — Holopx(x)
K (X)

VLo(x) =

Step 5| solve the Schroedinger Eq. in the infinite volume with this potential.

::> phase shifts and biding energy below inelastic threshold

(We can calculate the phase shift at all angular momentum.)

or, (k) exact by construction

0r(p # k) approximated one by the derivative expansion expansion parameter

W, - Wi _ AE,
Win — 2myn  mg,

We can check a size of errors at LO of the expansion. (See later).
We can improve results by extracting higher order terms in the expansion.




This procedure gives a new method to extract phase shift from QCD.

(by-pass Maiani-Testa theorem, using space correlation) HAL QCD method
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3. Example:Nuclear potential




Extraction of NBS wave function

NBS wave function Potential

or(r) = (0[N (x +1r,0)N(x,0)| NN, Ww* e — Holpi(x) = /d3y U(x,y)i(y)

4-pt Correlation function source for NN
F(r,t —ty) = (0|T{N(x+r,t)N(x,t)}T (t)|0)

complete set for NN
F(r,t —tp) OIT{N(x+r1,t)N(x,t)} > [2N,W,,s1,2)(2N, W, s1, 82| T (t0)|0) =+ - - -

n,si1,s82

Z An,sl,sz prn (r)e_Wn(t_tO)a An,81,82 — <2N7 an S1, 52|7(0) |O>

n,si1,s82

ground state saturation at large t

llm F(I',t — to) — AOSOWO (r)e_WO(t_tO) _|_ 0(6_ n;éO(t_tO))

(t—tg)—o0

NBS wave function

This is a standard method in lattice QCD and was employed for our first calculation.




Ishii et al. (HALQCD), PLB712(2012) 437

Improved method

normalized 4-pt Correlation function £(r,t) = F(r,t)/ e~ MmNt)2 Z A,V (r)e AWnt

k2 (AW,)?

AW, =W, —2my = m—N — dmn
| b
* —QR(r,t) = {HO +/U 10 }R(r,t)

ot 4mN 8752

otential
P | Leading Order

0 1 0? ,
{_HO T (‘% jl 4mN 8t2 } R(r7 t) — /d ’]"/ U(I‘, :[‘,)EE(I‘/7 t) p— VC(I')R(I‘7 t) _I_ ..
1st 2nd 3rd total

40 T
30 ;
3rd term(relativistic correction) 20}
IS negligible.

=
o

Vo(r) [MeV]

total —+— -
1st term ——+— -
2nd term —— 7
3rd tfarlml% ]

1.5 2 2.5
r [fm]

Ground state saturation is no more required ! (advantage over finite volume method.)




NN potential 2+1 flavor QCD, spin-singlet potential (in preparation)

a=0.09fm, L=2.9fm m, ~ 700 MeV phenomenological potential

40_|||||||||||||  r r Tt 1 T T 1 1] Ty rrrrrrrrerr T

1SO channel A

30 [

1SO

repulsive
| core

Vo(r) [MeV]

r [fm]
Qualitative features of NN potential are reproduced !

(1)attractions at medium and long distances
(2)repulsion at short distance(repulsive core)

1st paper(quenched QCD): Ishii-Aoki-Hatsuda, PRL90(2007)0022001

This paper has been selected as one of 21 papers in Nature Research Highlights 2007.




NN potential * phase shift
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It has a reasonable shape. The strength is weaker due to the heavier quark mass.

Need calculations at physical quark mass.




Convergence of velocity expansion

If the higher order terms are large, LO potentials determined from NBS wave functions at
different energy become different.(cf. LOC of ChPT).

m, ~ 0.53 GeV K. Murano, N. Ishii, S. Aoki, T. Hatsuda
Numerical check in quenched QCD | __ ... PTP 125 (2011)1225.

e PBC (E~0MeV) e APBC (E~46 MeV)

PBC BS wave function APBC BS wave function
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Higher order terms turn out to be very small at low energy in HAL scheme.

Need to be checked at lighter pion mass in 2+1 flavor QCD.

Note: convergence of the velocity expansion can be checked within this method.

(cf. convergence of ChPT, convergence of perturbative QCD)




4. Inelastic scattering

(work in progress)




Inelastic scattering

1. Particle production

Ex.

NN%NN,NN+NN+--- ,NN+--- ,NN+@,---

2. Particle exchanges
A 2386 MeV

EX.
AA — AA, NZ. B¥

Y 2232 MeV




NBS wave function : multi-channel

Aoki et al. (HALQCD), Proc. Jpn. Acad. Ser. B, Vol. 87(2011) 509

AB — AB,CD

Yan(r k) = lim (O]T{pa(@ +r.0)ep(@,0)}[W), W) = caslABIW) + ccnlCDW)

d—0t

Yep(r,q) = lim (0|T{pc(x +7,0)pp(x,0)}|W),  w=Et+EF = EC+EP

d—0t

[ — oo

( @B(r, k) ) N ( jikr) 0 ) ( B > . ( ny(kr) + i (kr) 0
' Yep(r,q) 0 71(qr) CcD 0

01 W) sin 61 (W) 0

0 W) gin §?

x O(W) (

01 (W), 67(W): phase shifts for anglura momentum [

cos (W) —sin (W) ) f(W): mixing angle

sinf(W)  cos (W)




NBS wave function : multi-particles

Work in progress

scalar fields O+Y+p—0+ 0+

NBS wave function W3, (x}) = (Op(x1)p(x2)p(x3)|W, ¢)in covantum numbers
0* ({x})

Jacobi coordinate I = 2(Xl — XQ), S = (2X3 — (Xl + XQ))/\/§

)_ <0’90 é:{:((} ‘WC Z Z ll—|—12[l1l2 ’I“ s, k., ks )

ocperm. l1m1l2m2

X Yll’ml (Qpr)lelml (ri )Yi2m2 (st )Yizmz (ka )

Il1l2 (T, S, ki, kS) X [nll (p?“r) + 1, (pr’l“)] [nb (pSS) + 191, (pSS)]Tlglzg (prap57 ki, kS)

. :(T\//\ wo




Construction of energy-independent potential
for inelastic scattering

NN — NN +nm

Wi =2my +nmy v

Wtzh = 2mpy + 2m,

momentum conservation

thh —2mpy + m,

W~ Wl + Ew

non-relativistic approximation

Wt% — 2mN




NBS wave function W > tqﬁ

k
gpﬁl/,q([x]k) (0| N (x,0)N (x 4+ xq,0) HW(X—I—XZ-,O)|NN—|— I, W, c1)in, k,1 <n,
i=1

0, otherwise,

OR

k
Sp’é[l/,cl ([X]k) <O‘N(X7 O)N(X -+ Xo, O) H T‘-(X + X, O)lNN T Z7T7 Wv Cl>in7 [ < n,
1=1
0, otherwise,

For both choices gpﬁl/,q (|x]x) =~ 0,

[X]k _: {?(07)(1_7 T 7Xif}




vector of NBS wave functions  ¢iy.. = (¢, (Xlo), owe, (X]1), -+, e, (X]n), - - )

. ij i J
metric(inner product) WA Wa,cid; (SOWl,civSpr, )

3 kj
* linearly independent Z/Hd Lg 90W1,cz ([ ]k)SOWZ,dj([X]k)-

: —1\ik kj Y
inverse Z (™ ) WaWiesen  Tiwasend, = 070w wa0cd;

v

brackets (OWwe; [X]1) > )W cra,, (O 4,
mawladm

(xklewe, )

which satisfy <90%4/1,ci 90{%@)




coupled channel equation

0O [
(Bl ~ Bk (0 = S [ T o U (Bl bl
[=0 n=1

k
(x]&|(Ew — Ho)llyl1) (By — H)ow [ 8¢ — yn)

n=1

(e Ully]e) U ([, [yo).

(Ew — Ho)l¢we) = Ulowe,).

(

construction of U ; ;
= ) (Ew — Ho)l@ly., ) (@we,
’i,W,CfL'

(EW1 o HO)|90‘17/V1,dj><90‘17/V1,dj |90%/V,cz> — (EW — H0)|907TJ/V,CZ>




HermItICIty U‘q}‘]/lw%cidj = <90%/V1,c@- U‘SO%/I/Q,CZJ‘> — <90%/V1,C¢ (EW2 o HO)‘SO%V%dj%

A Hermite if W71 = Wy

U waots = (Phvae (B, — HOlPly, 0.) = (@b o | (B, = Holply, o)

Extension to arbitrary channels is straightforward.

k: any operators, [: any states

Non-local potential U describes all QCD processes.

QFT(QCD) at aiven eneray. coupled channel qguantum mechanics
( Jatg & with energy-independent non-local potential U




5. Demonstration

(as a conclusion)




H-dibaryon in the flavor SU(3) symmetric limit

Inoue et al. (HAL QCD Coll.), PRL106(2011)162002

Attractive potential * possibility of a bound state (H-dibaryon)
in the flavor singlet channel AA — N= _ 2%

volume dependence

' Mps = 1015 [MeV] —e— H-dibaryon
- Mps = 837 [MeV] =---A----
[ Mg = 672 [MeV] +-B:

Bound state energy E, [MeV]

r [fm]

_Solve _Sc.h.roedlnger equation 80 T o8 o5 1o 11 13
in the infinite volume Root-mean-square distance V{(72) [fm]

One bound state (H-dibaryon) exists.




H-dibaryon with the flavor SU(3) breaking

SU(3) limit Real world 2
imi * My, = M m
:E:)EEJ U d S
— 2386 MeV

AN — N= — XX

A

25-50 MeV

Y 2232 MeV " © m ©

1400 |

1200 |

1000 |

Our approximation for SU(3) breaking
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1. Linear interpolation of octet baryon masses

(o]
o
o

My (z) = (1 — 2)MS"®) 4+ g pgPhys

L SU3), limit ]
| Ku,d,s=0.13840 Physical world |

2. Potentials in particle basis in SU(3) limit




S(Vs) [rad]

Phase shift

S(Vs) [rad]

Inoue et al. (HAL QCD Coll.), arXiv:1112.5926[hep-lat]

COAA —
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.
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§U(3)F brelaking x=0.2

1.29 + 0.61 i [fm]

2 =-0.91 [fm]

— T
\.a=-1.89 +0.59 i [fm]

,SU(3)F brqaking x=0.4
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Vs -2M, [MeV]
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Vs -2M, [MeV]

- sign of almost zero energy b.s.

| a =—29.8 [fm]

a =-2.43 + 0.58 i [fm]
sign of b. s.

_

§U(3)F br(?aking x=0.6

resonance

sign of b. s.

x=0.8 |

resonance

sign of b. s.

a = 4.80 [fm]

10 20 30
Vs -2M, [MeV]

H-dibaryon seems to become resonance at physical point.

| a=-3.01+0.62i [fm]

L a = 3.04 [fm]

\ a=-3.73+0.70i[fm]

SU(3)p breaking x=1.0

H couples most strongly NZ=.

Vs -2m, [MeV]

10 20 30

Vs -2Mm, [MeV]
N=

H bound state from N=

AA

resonance from A/

AA interaction is attractive.
H has a sizable coupling to AA near and above the threshold.




Summary

e HAL QCD method is alternative to extract hadronic interactions in lattice QCD.

e 2-particle elastic scattering(established).

e asymptotic behavior of n-particle NBS wave function (in progress).

® energy-independent non-local potential including inelastic scattering (in progress)
e Some Future directions

® ex. rho resonance from pi-pi potential.

e extension to weak interaction (work in progress).

® | et us discuss this at GGI, if you are interested.




