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Simple Lie groups G that admit positive energy ( lowest weight) unitary
representations are in one to one correspondence with the irreducible Hermitian
symmetric spaces G/K x U(1). The Lie algebra g of G has a three graded
decomposition with respect to the generator E of U(1)
g=g 'og’mg™
[¢™, g C g™t m,n=F1,0
The generators of G are realized as bilinears of bosonic oscillators transforming in a
certain representation of K. In the Fock space F one chooses a set of lowest energy
states |2 > which transforms irreducibly under H and which are annihilated by the
generators in g~ ! space
g la>=0, la>=Q >
Then by acting on the lowest energy irrep |Q > repeatedly with the generators in g*!

space one obtains an infinite set of states

>, g™a>, gtlgtQ>,..

which forms the basis of an irreducible unitary lowest weight representation of G. The
irreducibility of the representation of G follows from the irreducibility of | > under

K x U(1).
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The complete list of simple non-compact groups G that admit
positive energy unitary representations:

G K x U(1)

SU(p,q) | S(U(p) x U(q))

Sp(2n, R) )

S0*(2n) U(n)

50(n,2) | SO(n) x SO(2)

Es(_14) | SO(10) x U(1)

E7(_2s5) Eg x U(1)

Special isomorphisms of conformal groups in 3,4 and 6 dimensions:
50(3,2) = Sp(4,R) SO(4,2) = SU(2,2) SO(6,2) = S0O*(8)

The coordinates in 3, 4 and 6 dimensions can be represented by 2 X 2 Hermitian
matrices o, over reals R, complex numbers C and quaternions H :

) x = xtoy,
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g% = SU(2), x SU(2)r x U(1)E € SU(2,2)

The generator E is the AdS energy operator in d =5 (or the conformal Hamiltonian
in d = 4 whose eigenvalues give the conformal dimensions). The oscillators satisfy the
canonical commutation relations

[ai(6). # (m) = 8]8¢y, ij=1.2

[b’(g)vbs(n)] :Jfa.ﬁn r,s = 1:2
Here &, =1, ..., P label different generations ( colors) of oscillators

ai(£)|0) = 0 = b(£)[0)
The non-compact generators of SU(2,2) are realized by the following bilinears
Ly=3-b , L'=3.b

where 3; - b, = 2521 ai(&)br(€) etc. They close into the generators of the compact
subgroup SU(2), x SU(2)g x U(1)

[Lir, UF] = 8510 + 8IRS + §I63E
. . 1 -
Lli:‘;f.g,fi(s{sﬁs, Rl =b"- b —

E:}(Ev-3’+5r-5)
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Defining the number operators
2 P

ZZ (©)ai(€); No=b b N=N,+N,
i=1 E:

we can write the AdS energy operator E as

1
E—f(Na+Nb+2P) SN+P

The positive energy irreducible unitary representations of SU(2,2) are uniquely defined
by a “ lowest energy representation” |Q2) transforming irreducibly under the maximal
compact subgroup S(U(2) x U(2)) and that is annihilated by L;

Ly]Q) =0

Then by acting on |Q) repeatedly with the generators L one generates an infinite set
of states ) s
Q), L7|Q), LTLFQ), ..

that form the basis of a unitary irreducible representation of SU(2,2).
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The conformal Lie algebra has a non-compact three grading determined by the
generator of scale transformations D:

su(2,2) = K, ® (SL(2,C) x D) @ Py,

The connection between the ULW representations constructed in the compact basis
above and the conformal fields in 4d transforming covariantly with respect to SL(2,C)
with a definite scale dimension ( eigenvalues of D ) is established via the interwining
operator T = e M5 |t intertwines between compact (SU(2)L x SU(2)Rr) and
noncompact SL(2,C) pictures. Furthermore T intertwines the momentum generators
P,, with the "raising” operators L™ and the special conformal generators Ky, with the
"lowering” operators L;,.

Denoting the left and
right-handed spinors of SL(2,C) with undotted (1o, A®) and dotted Greek indices

(Teys 5\5) one finds

(" PL)*P = 237, (6" Ku) g = Naflg -

They satisfy the Lorentz covariant commutation relations

[0, ] =65, [ia, X°] = &5
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Action of T intertwines the lowest energy irrep |Q(jL,Jjr, Eo)) annihilated by L;. in the
compact basis with a state annihilated by the special conformal generators K),:

Lir|Q(jL,jrs Eo)) =0 == KuT|Q(L,jr, Eo)) =0

Thus the state \¢fMJN(0)) = T|Q(jL,Jr, Eo)) transforms irreducibly under the
isotropy group H with SL(2,C) quantum numbers (jp,jn) = (Jr,Jr), conformal
dimension ¢ = —Ej and trivially represented special conformal transformations (

kyu = 0). Acting on the states |¢14MJN(O)> with the translation operators e~ Pu one
obtains a coherent state labelled by the coordinate x,,

e " Pu ‘¢fM1jN(0)> = ‘¢fM1jN(X“)> ’

These coherent states correspond to states created by the action of conformal fields

<I>fMJ.N (xu) acting on the vacuum vector [0),

& (XI0) = [0F 5 (x0))

where the compact ((j.,jr, Eo)) and covariant labels (ju, jn, —/) coincide.

The coordinates labelling the coherent states can be taken as elements of the Jordan
algebra of 2 x 2 Hermitian matrices over the complex numbers x = x*o, € ch with
the symmetric Jordan product taken as 1/2 the anticommutator.

M. Giinaydin, GGI, May 6, 2013



J Rot(J) Lor(J) Conf (J) Kor(J)

JR 50(n) SL(n,R) Sp(2n, R) SuU(n)

JS SU(n) SL(n,C) SU(n, n) SU(n) x SU(n)

JH USp(2n) | SU*(2n) SO*(4n) SuU(2n)

J3 Fa Eg(—26) E7(—25) Es

Fwa | SO(d) | sO(d,1) | SO(d+1,2) S0(d + 1)

The complete list of simple Euclidean Jordan algebras and their rotation (
automorphism), " Lorentz” ( reduced structure) and " Conformal” ( linear fractional)
groups. The last row gives the compact real forms of the Lorentz groups. The
symbols R, C, H, O represent the four division algebras. J,‘,* denotes a Jordan algebra
of n X n hermitian matrices over A. I'(; 4) denotes the Jordan algebra of Dirac gamma

matrices.
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On a d-dimensional Euclidean space (d > 2) with a non-degenerate positive definite
quadratic form (x, x) the conformal transformations leave invariant the following
cross-ratio associated with any set of four vectors x, y, z, w:
(x—z,x—2z) (y—w,y —w) 1
(x=—w,x—w) (y—2z,y—2)

y)?

as well as the quantity X( SO
Conformal group Conf(J) of a Euclidean Jordan algebra of degree p with the norm
form N(x) = N(x, x, .., x) leaves invariant the cross-ratio

N(x —z) N(y —w)

N(y —2) N(x— w)

as well as the measure of p-angle defined as
N(x1,..xp)P
N(x)N(x2) - - - N(xp)

(2
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The Kaluza-Klein spectrum of IIB supergravity on AdSs x S5 was first obtained
via the oscillator method by simple tensoring of the CPT self-conjugate
doubleton supermultiplet of N = 8 AdSs superalgebra PSU(2,2|4).

The CPT self-conjugate doubleton supermultiplet of PSU(2,2|4) of AdSs x S°
solution of |IB supergravity does not have a Poincaré limit in five dimensions
and decouples from the Kaluza-Klein spectrum as gauge modes and the field
theory of CPT self-conjugate doubleton supermultiplet of PSU(2,2|4) lives on
the boundary of AdSs, which can be identified with 4D Minkowski space on
which SO(4,2) acts as a conformal group, and

MG , Marcus (1984)
The spectra of 11D supergravity over AdS; x S7 and AdS; x S* were fitted into
supermultiplets of the symmetry superalgebras OSp(8|4,R) and OSp(8*|4)
constructed by oscillator methods. The entire Kaluza-Klein spectra over these
two spaces were obtained by tensoring the singleton and doubleton
supermultiplets of OSp(8|4,R) and OSp(8*|4), respectively.
The relevant singleton supermultiplet of OSp(8|4,R) and doubleton
supermultiplet of OSp(8*|4) do not have a Poincaré limit in four and seven
dimensions, respectively, and decouple from the respective spectra as gauge
modes. Again it was proposed that field theories of the singleton and scalar
doubleton supermutiplets live on the boundaries of AdS; and AdS7 as
superconformally invariant theories. MG, Warner (1984), MG, PvN, Warner (
1984).
Singletons of Sp(4,R) are the remarkable representations of Dirac (1963).
Subsequent important work of Fronsdal and collaborators.

M. Giinaydin. GGI. May 6. 2013 11



Not all simple Lie algebras admit conformal realizations with a natural 3-graded
structure with respect to a subalgebra of maximal rank. The groups Eg , F4 and G, do
not admit conformal realizations. However all simple Lie algebra admit a natural
5-graded decomposition with respect to a subalgebra of maximal rank such that grade
+2 dimensional subspaces are one dimensional.

MG, Koepsell, Nicolai, 2000
ES(B) = 1.2 56_1 5% E7(7) + SO(].7 1) ® 56 1 D142
g = KoUs®[Sus +A]6Usd K

56,1 @10 < (X,x) €T
K(X)=0 Us(X)=A Sag (X) = (A, B, X)
=2 Ua(x)=(AX) Sag(x)=2(A B)x

Ua (X) =

1=l

5 (X, A, X) — Ax
Up(x) = 72 (X, X, X), A) + (X, A) x

K(X)

1
- (X, X, X) + Xx

. 1 N
R = 2 (XX X) . X) +2x

Skew-symmetric invariant form < (X, Y) = —(Y, X)
Quartic invariant of Ez(7y < ((X, X, X), X)

o)
A,B,..€ F(J3°)
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Geometric meaning of the quasiconformal action of the Lie algebra g on the
space 7 7

Define a quartic norm of X = (X, x) € T as Ng(X) := Qa(X) — x?
Q4(X) is the quartic norm of the underlying Freudenthal system and X € F.

Define a quartic “distance” function between any two points X = (X, x) and

Y=(Y,y)inT as

6(X,Y) is the “symplectic” difference of X and Y :

5(X,) = (X =Y, x—y+(X,Y)) = —6(), &)

— Quasiconformal groups are the invariance groups of "light-cones” defined
by a quartic distance function.

Eg(s) is the invariance group of a quartic light-cone in 57 dimensions!

M. Giinaydin, GGI, May 6, 2013
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Minimal Unitary Representations and Quasiconformal Groups:

Quantization of the quasiconformal realization of a non-compact Lie group leads
directly to its minimal unitary representation = Unitary representation over an
Hilbert space of square integrable functions of smallest number of variables
possible.

ES(S) =1_,® 5671 [<3) E7(7) + SO(l, 1) D 56+1 D142
Minimal unitary representation of Eg(_ 4y over L2(R??) from its geometric
realization as a quasiconformal group MG, Pavlyk, 2004
Eg(_24) =12 56_1 @ Eg(_o5) + SO(1,1) © 561 © 142
56 of E7 = and 28 momenta. These 28 coordinates plus the

singlet coordinate yield the minimal number ( of variables for Eg.
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QCG Approach to Minimal Unitary Representations
GKN & MG, Pavlyk

Lie algebra g of a quasiconformal realization of a group G can be decomposed
L

g=g’eg'eeA)egleg
g=EGE*®(SP+A)BF " DF

A= fé'(yp + py) ([y, p] = i) determines the 5-grading and Q%7 is the

symplectic invariant tensor of ) generated by J? (o, 8,..=1,2,...,2n) and
e ¢7] = o7
1 2 «@ [eY El 1 El a3
EZEY E® =y£", J:_E)‘aﬁgg
1 oIy (EX
F:7p2+h4(£ )1 FQZ[EO‘,F]
2 y?2

Choosing a polarization £~ = (xi,pj) one has [x’,pj] E iéj (i,j=1,2,..,n)

(E,F,A) = SL(2,R) of conformal quantum mechanics with the quartic
invariant I playing the role of coupling constant.

M. Giinaydin, GGI, May 6, 2013
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MG, Pavlyk (2006), MG, Fernando (2009/10)
The Lie algebra su(2,2) admits a 5—grading:

su(2,2) =102 3400 @ [su(1,1) @ u(1) ® A] @ 404D @ 1(+2)
where JI U and A are the SU(1,1), U(1) and SO(1,1) generators, respectively.
su(2,2) = E® [ U, Bl & (F1 F2 i B) &

1 1
PB=dg J=-digl J11=—J22:5(Nd+Ng+1) A= (xp+px)

where Ny = dfd and Ng = glgand U= Ny — Ng.

+ i 1 i 1
Fl = 4 |:p+i(Nd7Ng+7>:| F2:g|:p+L(Nd7Ng+*>:|
X 2 X 2
1 " i 1
Fi=d p,, Ng — Ng — = Fr=—g p,, Ng — Ng — =
X 2 X 2

where x is again the singlet coordinate of the quasiconformal realization and p is its

M. Giinaydim iGGloMay 6+ 20631 +11m



By going to the SU(2) x SU(2) x U(1) basis one can easily show that the minimal
unitary representation of SU(2,2) is simply the scalar doubleton representation.

The above minrep admits a one parameter family of deformations obtained by shifting
the quartic invariant of grade zero algebra SU(1,1) : One parameter deformations of
the minimal unitary representation are obtained by replacing the quartic invariant Z, by

T4 (¢) = (Na — Ng +¢) ~
Then the grade 42 generator becomes
1 1
FIQ =502+ 55 (Mg = Mg+ ¢ - ]

while the negative grade generators E, E™ and E; remaining as in the undeformed
case.
The grade +1 generators are modified by ¢ dependent terms and are given by

df [p+i (Nd—/vg+c+%>}

d[p—f<Nd—Ng+C—l)}

The only bosonic generator in g(®) subspace that changes under this deformation is U
which becomes

(9]

F1(€)

U(C):Ndig+%‘

The quadratic Casimir of SU(2,2) takes on the value

(’3('\)7*% <§fl> <§71> _

M. Giinaydin, GGI, May 6, 2013
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The Poincaré mass operator P, P vanishes identically for the minrep and its
deformations. For integer values of ¢ they are simply the doubleton irreps of SU(2,2)
corresponding to conformal fields in the representation (¢/2,0) or (0,—(/2) of the
Lorentz group. These representations remain irreducible under the restriction to the
Poincaré subgroup and describe massless particles of helicity ¢/2.

MG, Fernando (2009)
The Lie superalgebra su (2,2 |p + q) has the following 5-graded decomposition with
respect to its subalgebra su (1,1 ]p + q) @ u (1) @ so (1, 1):

su(2,2[p+0q) =g P @V @@ gtV e+
1 g202,p+9)  Vafsul,l]p+qoul)dso(1,1)] ®@2(2,p+q) ) e1(H2

1 1 1
F=§P2+ﬁ [(Nd*Ng+Na*NB+C)2*Z
¢ is the deformation parameter. For ( = 0 one obtains the minimal unitary
supermultiplet.
For PSU(2,2|4) the minimal unitary supermultiplet is simply the N = 4 Yang-Mills
supermultiplet. The deformations of the Yang-Mills supermultiplet are the non-CPT
self-conjugate higher spin doubleton supermultiplets ( of maximal spin range 2).
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MG, Fernando (2010)
The superalgebra 0sp(8*|2N) has a 5-grading

osp(8*2N) = ¢ & ¢V @ @ @ gD @ g+
with respect to the subsuperalgebra
a(© = osp(4*|2N) & su(2) P s0(1,1)A .

The grade +2 generator is given by

The deformations of the 6d conformal group SO*(8) = SO(6,2) and OSp(8*|2N) are
labelled by the eigenvalues of the quadratic Casimir of an SU(2) subgroup of the little
group SO(4) of massless particles in 6d.
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Among all the unitary representations of a noncompact Lie group the minimal one is
distinguished by the fact that it is annihilated by the Joseph ideal inside its universal
enveloping algebra. Denoting the generators of the Lie algebra of SO(n — 2,2) as G,
the Joseph ideal is generated by the following elements of the enveloping algebra:
Eastwood et.al.(2005)

Gap © Geg is the Cartan product which for orthogonal groups (SO(n — 2,2)) can be

written as:
1 1 1 1 1 1
Gap © G, = = GuGe — Gy Gps + = GacGpyg — = GagGpe + = GapGea — = Gep Gy
b d 3bd+3db+6acbd6db+6dbca6bd
1
T3(n=2) (Gae GENbd — Ghe GENad + Ghe Ggnac — Gae Ggnipe)
1
T2n=2) (Gee G5nbd — Gee GEMad + Gde GiMac — Gde G5 0bc)

1

+m Ger G (TIac”Ibd - 77bc77ad)

where 7, is the SO(n — 2, 2) invariant metric.

M. Giinaydin, GGI, May 6, 2013
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Early work on the connection between high spin (super)algebras and the universal
enveloping algebras of singleton representations of AdS Lie(super)algebras

MG (1989); Konstein and Vasiliev (1989,/1990)
A more modern definition by Vasiliev (2003) is as follows: Bekaert (2012)
The quotient of the universal enveloping algebra U(o(n — 2,2)) of o(n — 2,2) by its
annihilator on the scalar singleton module is the AdS,_1/CFT,_2 higher-spin algebra.

Since the scalar singleton module corresponds to the minimal unitary representation
whose annihilator is the Joseph ideal | will adopt Vasiliev's definition and define the
higher spin algebras of generalized space-times defined by Jordan algebras J as the
universal enveloping algebras U/(J) of their conformal groups quotiented by their
Joseph ideals. These space-times include the standart Minkowskian space-times with
conformal groups SO(n — 2, 2).

Hence their universal enveloping algebras yield directly the higher spin algebras in the

respective dimensions!

M. Giinaydin, GGI, May 6, 2013
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Quasiconformal realizations of the minimal unitary representations of
non-compact groups and supergroups are interacting realizations since they
contain generators which are cubic and quartic in the oscillators. Most of the
work on higher spin algebras until now have utilized the realizations of
underlying Lie (super)algebras as bilinears of oscillators which correspond to free
field realizations.

The quasiconformal approach allows one to give a natural definition of super
Joseph ideal and leads directly to the interacting realizations of the
superextensions of higher spin algebras.

M. Giinaydin, GGI, May 6, 2013
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Interacting realizations of PSU(2,2|4) and quantum integrability of N = 4 super
Yang-Mills ?

Interacting realization of the minrep of OSp(8*|4) and the interacting 6d (2,0)
theory ?

The quasiconformal construction of the minrep of D(2,1 : a) and its
deformations describe the spectra of N = 8 supersymmetric interacting
quantum mechanical models constructed using Harmonic superspace thecniques

Govil & MG
Applications of the interacting quasiconformal realizations of the AdSs;/CFT,
higher spin algebras defined by D(2,1: a) x D(2,1;8) ? c.f the work of

Gaberdiel & Gopakumar and others...

Physical meaning of the deformed AdS;/CFTe and AdSs/CFTy higher spin
superalgebras and their relevance to M-theory and |IB superstring?

Reformulation of interacting quasiconformal realizations of higher spin algebras
in terms of covariant fields.
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