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T[C]

[L.F.Alday, D.Gaiotto, Y.Tachikawa]
[A.Gadde, L.Rastelli, S.S.Razamat, W.Yan]

:   

T[C]
(geometric / topological) invariant of C  =  Z

superconformal indexdeformed 2d Yang-Mills

S partition functionLiouville theory
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• Class H:

4-manifold  M4

2d N = (0,2) theory

T[M ]
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• Class R:
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Motivation
• Much richer structure than (2,2) models 
(new branches of vacua, gauge dynamics…)

• (0,2) mirror symmetry

• Membranes (ABJM) with boundary and 
defect walls

• Fusion of defect lines in 2d

[I.Melnikov, C.Quigle, S.Sethi, M.Stern, 2012]

see e.g. [I.Melnikov, S.Sethi, E.Sharpe, 2012]

walls 3d



A half-BPS surface operator in 4d N = 1 gauge theory defines

a half-BPS boundary condition in 3d N = 2 theory

Surface Operators in 4d N = 1

gauge theories

w/ D.Gaiotto and N.Seiberg



Representations of BPS algebras

= algebra
[J.Harvey, G.Moore]

[M.Kontsevich, Y.Soibelman]
refined BPS

(closed)

refined BPS

(open)

refined BPS

(closed)

= module over

[E.Gorsky, S.G., M.Stosic]

Link
homology

Knot
homology

functor



q-grading homological grading



Vafa-Witten partition function

[C.Vafa, E.Witten]

Σ x q     (M    )χc
n,cn

nZ   =vw =  “flavored” elliptic genus
of the (0,2) theory

Gluing Rule #1:

Discrete vs continuous basis
Integration measure = (0,2) vector
multiplet superconfromal index

arXiv:1302.0015
with A.Gadde and P.Putrov



Gluing

B-type
boundary
condition



Freed-Witten anomaly
for 4-manifolds
with boundary

SpinSpin

non-Spin

[C.Callan, J.Harvey]

anomaly
inflow



bordism

half-BPS
domain wall



Building blocks

S. Akbulut, 2012



Kirby diagrams

-137

Intersection form on                :



Plumbing graphs

does not always work: 4-manifold bounded
by a 3-torus



“Norman trick”

Gluing rule #2:        Z =coset branching functionvw



According to Nakajima, the 
Vafa-Witten partition 

function Z   (U(N),A  ) is a 
level N character of 

SU(k+1).

vw k



4d Kirby moves
identity for Vafa-Witten partition function (= flavored 
elliptic genus):



Class H moves
identity for Vafa-Witten partition function (= flavored 
elliptic genus):

2d (0,2) “twisted superpotential”
“mesons”



N = 2 quiver Chern-Simons theory

cf. [D.Belov, G.Moore]
[A.Kapustin, N.Saulina]

[J.Fuchs, C.Schweigert, A.Valentino]
:         

a
vertex

U(1) Chern-Simons at level a
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N = 2 quiver Chern-Simons theory

integrate out V



3d Kirby moves



3d Kirby moves

V is Lagrange multiplier

Integrating out V makes V pure gauge
and removes all its Chern-Simons couplings

wwww






