
Nuclear Energy Density Functionals���
From	
  Stable	
  to	
  Weakly-­‐Bound	
  Nuclei	
  

	
  



Elements	
  of	
  Density	
  Func;onal	
  Theory	
  	
  

A.	
  The	
  Hohenberg-­‐Kohn	
  Theorem	
  

In	
  ground-­‐state	
  DFT	
  one	
  is	
  interested	
  in	
  systems	
  of	
  N	
  interac;ng	
  electrons	
  described	
  by	
  the	
  
Hamiltonian:	
  

DFT	
  is	
  the	
  most	
  popular	
  method	
  for	
  electronic	
  structure	
  calcula;ons	
  of	
  many-­‐electron	
  
systems.	
  No	
  other	
  method	
  achieves	
  comparable	
  accuracy	
  at	
  the	
  same	
  computa;onal	
  
cost.	
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The	
  Hohenberg-­‐Kohn	
  theorem:	
  

→	
  the	
  energy	
  can	
  be	
  wriIen	
  as	
  a	
  func;onal	
  of	
  the	
  density,	
  Ev0[n],	
  which	
  gives	
  the	
  ground-­‐
state	
  energy	
  E0	
  if	
  and	
  only	
  if	
  the	
  true	
  ground-­‐state	
  density	
  n0(r)	
  is	
  inserted. 	



1.	
  The	
  ground	
  state	
  density	
  n(r)	
  of	
  a	
  bound	
  system	
  of	
  interac;ng	
  electrons	
  uniquely	
  
determines	
  the	
  external	
  poten;al	
  v(r)	
  in	
  which	
  the	
  electrons	
  move	
  and	
  thus	
  all	
  physical	
  
proper;es	
  of	
  the	
  system.	
  	
  

2.	
  The	
  ground-­‐state	
  energy	
  E0	
  and	
  the	
  ground-­‐state	
  density	
  n0(r)	
  of	
  a	
  system	
  characterized	
  
by	
  the	
  poten;al	
  v0(r)	
  can	
  be	
  obtained	
  from	
  a	
  varia;onal	
  principle	
  which	
  involves	
  only	
  the	
  
density:	
  

E0 = Ev0 [n0] < Ev0 [n]



3.	
  There	
  exists	
  a	
  func;onal	
  F[n]	
  such	
  that	
  the	
  energy	
  func;onal	
  can	
  be	
  wriIen	
  as:	
  	
  

→	
  formal	
  defini;on	
  of	
  the	
  Hohenberg-­‐Kohn	
  func;onal	
  F	
  [n]:	
  

However,	
  the	
  explicit	
  density	
  dependence	
  of	
  F[n]	
  remains	
  unknown!	
  

The	
  func;onal	
  F[n]	
  is	
  universal	
  in	
  the	
  sense	
  that,	
  for	
  a	
  given	
  par;cle-­‐par;cle	
  interac;on	
  
(the	
  Coulomb	
  interac;on	
  in	
  this	
  case),	
  it	
  is	
  independent	
  of	
  the	
  poten;al	
  v0(r)	
  of	
  the	
  
par;cular	
  system	
  under	
  considera;on,	
  i.e.,	
  it	
  has	
  the	
  same	
  func;onal	
  form	
  for	
  all	
  
systems.	
  

Ev0 [n] = F [n] +
�

d3r v0(r)n(r)

F [n] = T [n] + Vee[n] = ��[n]|T |�[n]⇥ + ��[n]|Vee|�[n]⇥



B.	
  Kohn-­‐Sham	
  DFT	
  

Consider	
  an	
  auxiliary	
  system	
  of	
  N	
  non-­‐interac*ng	
  par;cles	
  described	
  by	
  the	
  Hamiltonian:	
  	
  

HK	
  theorem	
  ⇒	
  there	
  exists	
  a	
  unique	
  energy	
  func;onal:	
  

for	
  which	
  the	
  varia;onal	
  equa;on	
  yields	
  the	
  exact	
  ground-­‐state	
  density	
  ns(r)	
  that	
  
corresponds	
  to	
  Hs.	
  Ts[n]	
  -­‐	
  universal	
  kine;c	
  energy	
  func;onal	
  of	
  non-­‐interac;ng	
  par;cles.	
  

For	
  any	
  interac;ng	
  system,	
  there	
  exists	
  a	
  local	
  single-­‐par;cle	
  (Kohn-­‐Sham)	
  poten;al	
  vs(r),	
  
such	
  that	
  the	
  exact	
  ground-­‐state	
  density	
  of	
  the	
  interac;ng	
  system	
  equals	
  the	
  ground-­‐state	
  
density	
  of	
  the	
  auxiliary	
  problem:	
  

Hs = T + Vs

Es[n] = Ts[n] +
�

d3r vs(r)n(r)
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The	
  single-­‐par;cle	
  orbitals	
  are	
  solu;ons	
  of	
  the	
  Kohn-­‐Sham	
  equa;ons:	
  

The	
  Hohenberg-­‐Kohn	
  func;onal	
  is	
  par;;oned	
  in	
  the	
  following	
  way:	
  	
  	
  

Kine;c	
  energy	
  of	
  the	
  	
  
non-­‐interac;ng	
  system	
  

Hartree	
  term	
  
Exchange-­‐correla;on	
  energy	
  
which,	
  by	
  defini;on,	
  includes	
  
everything	
  else!	
  

→	
  classical	
  electrosta;c	
  energy	
  of	
  the	
  charge	
  distribu;on	
  n(r).	
  

�
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The	
  Kohn-­‐Sham	
  poten;al:	
  	
  

where	
  the	
  exchange-­‐correla*on	
  poten*al	
  is	
  defined	
  by:	
  	
  

self-­‐consistent	
  Kohn-­‐Sham	
  DFT:	
  includes	
  correla;ons	
  and	
  therefore	
  goes	
  
beyond	
  the	
  HF.	
  It	
  has	
  the	
  advantage	
  of	
  being	
  a	
  local	
  scheme.	
  

The	
  prac;cal	
  usefulness	
  of	
  the	
  Kohn-­‐Sham	
  
scheme	
  depends	
  en;rely	
  on	
  whether	
  accurate	
  

approxima;ons	
  for	
  Exc	
  can	
  be	
  found!	
  

vs[n(r)] = v(r) +
�

d3r� n(r�)
|r� r�| + vxc[n(r)]

vxc[n(r)] =
�Exc[n]
�n(r)



 (i)	
  local	
  density	
  approxima;on	
  (LDA):	
  

where	
  eunifxc	
  (n)	
  is	
  the	
  exchange-­‐correla;on	
  energy	
  per	
  par;cle	
  of	
  the	
  homogeneous	
  electron	
  
gas	
  with	
  spa;ally	
  uniform	
  density	
  n.	
  

(ii)	
  generalized	
  gradient	
  approxima;ons	
  (GGAs):	
  

→	
  the	
  func;on	
  f	
  in	
  GGA	
  is	
  not	
  unique	
  and	
  many	
  different	
  forms	
  have	
  been	
  considered.	
  

C.	
  Approxima;ons	
  for	
  Exc	
  

The	
  true	
  Exc	
  is	
  a	
  universal	
  func;onal	
  of	
  the	
  density,	
  i.e.	
  it	
  has	
  the	
  same	
  func;onal	
  form	
  for	
  all	
  
systems.	
  

ELDA
xc [n] =

�
d3r n(r)eunif

xc (n(r))

EGGA
xc [n] =

�
d3rf(n(r),�n(r))



9Jacob’s	
  ladder	
  of	
  DFT	
  approxima;ons	
  for	
  Exc	
  	
  

LDA	



GGA	



meta-GGA	



hyper-GGA	



generalized RPA	



and/or	



unoccupied	
  

Hartree	
  world	
  

Heaven	
  of	
  chemical	
  accuracy	
  Exchange-­‐correla;on	
  func;onal:	
  



 Nuclear	
  Energy	
  Density	
  Func;onals  

Nuclear	
  Energy	
  Density	
  Func*onals:	
  	
  the	
  many-­‐body	
  problem	
  is	
  mapped	
  onto	
  
a	
  one	
  body	
  problem	
  without	
  explicitly	
  involving	
  inter-­‐nucleon	
  interac;ons!	
  

The	
  exact	
  universal	
  energy	
  density	
  func;onal	
  is	
  approximated	
  with	
  powers	
  
and	
  gradients	
  of	
  ground-­‐state	
  nucleon	
  densi*es	
  and	
  currents.	
  	
  

The	
  self-­‐consistent	
  mean-­‐field	
  approach	
  to	
  nuclear	
  many-­‐body	
  problem	
  is	
  
analogous	
  to	
  Kohn-­‐Sham	
  DFT,	
  and	
  provides	
  a	
  unified	
  microscopic	
  descrip;on	
  
of	
  the	
  structure	
  of	
  stable	
  nuclei	
  and	
  systems	
  far	
  from	
  stability.	
  



Local	
  densi;es	
  and	
  currents	
  

The	
  full	
  density	
  matrix	
  can	
  be	
  decomposed	
  into	
  four	
  separate	
  spin-­‐isospin	
  terms:	
  

where:	
  

For	
  pure	
  proton	
  and	
  neutron	
  states	
  only	
  the	
  α	
  =	
  0	
  components	
  of	
  the	
  isovector	
  densi;es	
  contribute.	
  

There	
  are	
  six	
  local	
  densi;es	
  and	
  currents	
  that	
  can	
  be	
  derived	
  from	
  the	
  full	
  density	
  matrix.	
  We	
  omit	
  
the	
  second	
  index	
  in	
  the	
  densi;es,	
  and	
  with	
  T=0	
  or	
  1:	
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Local	
  densi;es	
  and	
  currents:	
  

T=0	
  density:	
  
	
  
T=1	
  density:	
  	
  
	
  
	
  
T=0	
  spin	
  density:	
  
	
  
T=1	
  spin	
  density:	
  

Current:	
  
	
  
Spin-­‐current	
  tensor:	
  
	
  
	
  
Kine;c	
  density:	
  
	
  
Kine;c	
  spin-­‐density:	
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The	
  Skyrme	
  energy	
  density	
  func;onal	
  

In	
  the	
  Skyrme	
  KS	
  approach,	
  the	
  total	
  binding	
  energy	
  is	
  given	
  by	
  the	
  sum	
  of	
  the	
  kine;c	
  energy,	
  the	
  
Skyrme	
  energy	
  func;onal	
  that	
  models	
  the	
  effec;ve	
  interac;on	
  between	
  nucleons,	
  the	
  Coulomb	
  
energy,	
  the	
  pair	
  energy,	
  and	
  correc;ons	
  for	
  spurious	
  mo;ons:	
  	
  

The	
  Skyrme	
  energy	
  func;onal:	
  	
  

Contains	
  only	
  
;me-­‐even	
  dens.	
  

Dependence	
  on	
  
;me-­‐odd	
  currents	
  

does	
  not	
  contribute	
  for	
  
even-­‐even	
  nuclei!	
  

Density-­‐dependent	
  
coefficients	
  

E = Ekin +
�

d3r ESk + ECoul + Epair � Ecorr
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Single-­‐par;cle	
  hamiltonian:	
  	
  

The	
  contribu;on	
  from	
  the	
  Skyrme	
  interac;on	
  to	
  the	
  single-­‐par;cle	
  Hamiltonian:	
  

where:	
  

→the	
  local	
  poten;als	
  are	
  calculated	
  from:	
  

;me-­‐even:	
  

;me-­‐odd:	
  

The	
  ;me-­‐odd	
  fields	
  A,	
  C,	
  and	
  S	
  contribute	
  to	
  the	
  single-­‐par;cle	
  Hamiltonian	
  only	
  in	
  situa;ons	
  where	
  the	
  
intrinsic	
  ;me-­‐reversal	
  symmetry	
  is	
  broken	
  and	
  the	
  Kramers	
  degeneracy	
  of	
  single-­‐par;cle	
  levels	
  is	
  
removed.	
  

ĥq = Uq �⌃·Bq⌃� i
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�Tq



Gogny	
  interac-on:	
  sum	
  of	
  two	
  Gaussians	
  with	
  space,	
  spin	
  and	
  isospin	
  exchange	
  mixtures.	
  In	
  
addi;on,	
  a	
  density-­‐dependent	
  interac;on	
  plus	
  a	
  spin-­‐orbit	
  term.	
  	
  

Exchange	
  operators:	
  

The	
  Gogny	
  interac;on	
  is	
  used	
  both	
  in	
  the	
  mean-­‐field	
  and	
  pairing	
  channels.	
  

v̂Gogny(r12) =
⇤2

j=1 e�(r12/µj)
2�

Wj + BjP̂⇤ �HjP̂⌅ �MjP̂⇤P̂⌅

⇥

+t3
�
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⇥
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�
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2

⇥

+iWls(�̂1 + �̂2) · k̂† ⇤ �(r12) k̂

P̂� = 1
2 (1 + �̂1 · �̂2) P̂⇥ = 1

2 (1 + �̂1 · �̂2)

r12 = r1 � r2 k̂ = � i
2 (⇥1 �⇥2)



PAIRING	
  CORRELATIONS	
  

The	
  pairing-­‐energy	
  func;onal:	
  

corresponds	
  to	
  the	
  density-­‐dependent	
  two-­‐body	
  zero-­‐range	
  local	
  pairing	
  force:	
  

Volume	
  pairing	
  
	
  	
  	
  	
  ρc	
  →	
  ∞	
  

Surface	
  pairing	
  	
  
ρc	
  ≈	
  ρnm	
  

The	
  pairing	
  strengths	
  Vp,n	
  are	
  adjusted	
  phenomenologically	
  to	
  reproduce	
  the	
  odd-­‐even	
  staggering	
  of	
  
energies	
  in	
  selected	
  chains	
  of	
  nuclei.	
  

Epair =
⇧

q=p,n

Vq

4

⌃
d3r

⇤
1�

�
�(r)
�c

⇥�
⌅

�̃2
q(r)
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2
(1� P̂⇥)

⇤
1�

�
⇥(r1)
⇥c

⇥�
⌅

�(r1 � r2)
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Binding	
  Energies	
  	
  

Microscopic	
  Gogny	
  and	
  Skyrme	
  Hartree-­‐Fock-­‐Bogoliubov	
  mass	
  tables:	
  

Differences	
  between	
  experimental	
  and	
  calculated	
  masses	
  as	
  a	
  func;on	
  of	
  neutron	
  number.	
  

Root	
  Mean	
  Square	
  Devia-on	
  with	
  respect	
  to	
  the	
  2149	
  measured	
  masses	
  of	
  nuclei	
  with	
  N	
  
and	
  Z	
  ≥	
  8.	
  S.	
  Goriely	
  et	
  al.,	
  Phys.	
  Rev.	
  C	
  88,	
  024308	
  (2013);	
  C	
  88,	
  061302	
  (2013).	
  

Applica;ons:	
  ground-­‐state	
  proper;es	
  
2149 Masses: &=0.126 MeV  $=0.798 MeV  !

!with coherent EQuad & EHFB ! !

-6-4-20246020406080100120140160!M [MeV]N

First Gogny-HFB mass formula (D1M force)!

-4

-2

0

2

4

0 20 40 60 80 100 120 140 160

!
M

 [
M

eV
]

N

M(Exp)-M(D1M)M(exp)-M(D1M)!

-->  It is possible to adjust a Gogny force to reproduce all experimental masses accurately!

$=0.549 MeV!

M(exp)-M(HFB24)!

$=0.798 MeV!

707 Radii: &=-0.008 fm  $=0.031 fm (with Q corrections)!
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Observables	
  of	
  the	
  Density	
  Distribu;on	
  	
  

HFB-­‐24	
  charge	
  radii	
  versus	
  experimental	
  values.	
  Comparison	
  of	
  the	
  measured	
  charge	
  density	
  
with	
  the	
  HFB-­‐24	
  es;mate	
  for	
  208Pb.	
  

884	
  measured	
  values	
  
σ(Rc)	
  =	
  0.026	
  fm	
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Charge	
  radii	
  and	
  deforma;ons	
  



270Ds	
  α-­‐decay	
  chain	
  	
  



270Ds	
  α-­‐decay	
  chain	
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Fission	
  barriers	
  	
  

Axial	
  quadrupole	
  +	
  
Octupole	
  constraints	
  

Relaxing	
  symmetries	
  oren	
  	
  
decreases	
  the	
  barriers	
  !	
  

Triaxial	
  quadrupole	
  
constraint	
  

Axial	
  constraint	
  

Paths	
  in	
  the	
  deforma;on	
  energy	
  surface	
  of	
  240Pu	
  calculated	
  with	
  the	
  SkI4	
  force.	
  The	
  solid	
  line	
  
corresponds	
  to	
  axial	
  quadrupole	
  and	
  octupole	
  (reflexion	
  asymmetric)	
  constraints,	
  the	
  dashed	
  
line	
  to	
  triaxial	
  quadrupole	
  constraints,	
  the	
  doIed	
  line	
  to	
  axial	
  quadrupole	
  constraint	
  only.	
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Self-­‐consistent	
  mean-­‐field	
  models	
  

(i)	
  an	
  intui;ve	
  interpreta;on	
  of	
  mean-­‐field	
  results	
  in	
  terms	
  of	
  intrinsic	
  shapes	
  and	
  shells	
  
with	
  single-­‐par-cle	
  states.	
  
(ii)	
  the	
  full	
  model	
  space	
  of	
  occupied	
  states	
  can	
  be	
  used;	
  no	
  dis;nc;on	
  between	
  	
  core	
  and	
  
valence	
  par;cles,	
  and	
  no	
  need	
  for	
  effec-ve	
  charges.	
  
(iii)	
  	
  the	
  use	
  of	
  universal	
  effec-ve	
  interac-ons;	
  universal	
  in	
  the	
  sense	
  that	
  they	
  can	
  be	
  
applied	
  to	
  all	
  nuclei	
  throughout	
  the	
  periodic	
  chart.	
  

(i)	
  an	
  independent	
  par;cle-­‐descrip;on	
  establishes	
  a	
  body-­‐fixed	
  intrinsic	
  frame	
  of	
  the	
  
nucleus.	
  The	
  rela;on	
  of	
  mean-­‐field	
  results	
  to	
  spectroscopic	
  observables	
  in	
  the	
  laboratory	
  
frame	
  depends	
  on	
  addi;onal	
  assump;ons.	
  
(ii)	
  by	
  construc;on,	
  a	
  mean-­‐field	
  state	
  breaks	
  necessarily	
  several	
  symmetries	
  of	
  the	
  
nuclear	
  Hamiltonian	
  (transla;onal,	
  rota;onal).	
  
(iii)	
  the	
  mean-­‐field	
  approach	
  becomes	
  ill-­‐defined	
  when	
  the	
  binding	
  energy	
  changes	
  slowly	
  
with	
  a	
  collec;ve	
  degree	
  of	
  freedom	
  (	
  transi;onal	
  nuclei).	
  

Strong	
  points:	
  

Problems:	
  


