1) The hamiltonian of the nuclear system: sum of a kinetic energy term and a two-body
potential:

H = g <i|T|j > a; a3+ g < ij|V|kl > a;f a ajay
1] zgkl
the expectation value in the Slater determinant state |® >:

Elp] =< ®|H|® >= Y < i|T|j > pji + = Z < ij|V Ikl > pripi;
1] zgkl

defines the energy E as a functional of the single-particle density matrix p associated with

the state |® >: pij =< Z’,0|] S—c @\a;ai@ >
From the variational condition: 5{E[IO] — tI’A(p2 — ,0)} — O

derive the Hartree-Fock equation: [h, ,0] — hp — IOh =0

oBl]

where the HF hamiltonian is defined by: hij =< Z|h‘] >= 9
Pji



2) For the Hamiltonian:

AN

H = H-—uN
Z<i\T—,u\j>a;raJ Z<zy\V\kl>a a a;ay
1] zjk:l

minimize the expectation value: E[IO, KJ] =< (I)‘IA{‘(I) >= E[R]

(where the ground state is a quasiparticle vacuum) with respect to the single-particle
density and the pair tensor:

pi; = (®lala;|®) = V'V = pj;
kij = (Plaja|®) = (VU )iy = —kj

to derive the Hartree-Fock-Bogoliubov equation: [H, R] —

K
where the generalized density matrix is defined: @ — P



3) Starting from the definition of the BCS ground state:

|6> — H(u,/ +v,0,7a})|0)

v>0

with the normalization: <(~)‘6> — H (UIQ/ -+ Ug)
v>0

show that the particle number expectation value equals:

= 221)3

v>0

and the particle number uncertainty:

An® = (0]a%|0) — (0]a]0)*> =4 " upvy

v>0



4) For the pairing Hamiltonian:

H=H - \n= Z(ey —MN(ata, +atay) — G Z a,;az agay,

v>0 w,v>0

and with the Lagrange multiplier chosen such that the average particle number equals
the actual number of particles:

where:

0) = | [ (ww + viaal)|0)
v>0

is the BCS vacuum for quasiparticle operators: Cp |O> =0 Vv

v



show that a constrained variational calculation (with respect to u, and v, )

6(0|H|0) = 0
- 2
(0|H]0) = Uy = Z 2(e, — M. — Gu,)| — G Zu,,vy
v>0 | >0 i
leads to the gap equation:
d
~ Uy=0 = 2(e, — Nuyv, = A(u2 —v?2)
(%7
where: A=G Z Uy, Vy, 6,// = €y — Gvg
v>0
with the solution for 2 1 e — )\)
the occupation probabilities: u, = = 1+ =
21 Ve =22+ A2,
il - '
v:2 = = |1-— & — N
21 Ve =22+ A2




5) In the Hartree-Fock-Bogoliubov (HFB) approximation the quasiparticle vacuum is
characterized by the generalized density matrix:

_( r K
o ( -7 L—p )

For a unitary transformation: ’$> — U’(I)>

I
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show that:

a;ra?;@> = (UpU ™)y
ajaz'@> — (U%ﬁ)ij
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6) For the symmetry group of the Hamiltonian:

[H, R] =0 = ’(I)Q> — R(Q)‘(I)> degenerate deformed

states (states of broken
symmetry).

To restore the symmetry use the new trial function:

) = / 10£(9)]80) = / 1Qf(Q)R(Q)|)

(VI H|W)
(W)

is stationary with respect to variations of f* and f, derive the Hill-Wheeler equation:

By requiring that the energy expectation: E —

/dsz'@mﬂ — B f(Q) =0



7) The RPA ground-state is defined by: Q,/ ‘RPA> =0

Q) = Z (Xpiamai =Yy al am)

mai

Starting from the equation of motion:
(0] [6Q, [H, Q1] 0) = (B — Eo) (0] [0Q, Q] [0)

and considering two type of variations: 5Q‘O> — af{lai|0> 5Q‘O> = CL,j_CLm|O>

in the quasi-boson approximation:

(RPA| |af am,ala;] |RPA) =~ (HF||a] am,a}ta;] |[HF) = 6;;6mn

derive the RPA equations:

(2 ) (e )= 5) (50



8) Assume that the exact two-body Hamiltonian H is invariant under a continuous
symmetry operation generated by a one-body hermitian operator:

[H,P] =0
Assume that the HF ground-state violates this symmetry (obvious for space translations)
O A
'Y, P] #0

Show that P is an exact but spurious solution of the RPA equation:

A B P

B* A* _pr )70

P) = Z (Pmiaa; + Pr,af an) |RPA)

ma 1
ma



9) Consider the response of a nuclear system to an external time-dependent field:
F(t) = Fe "™ + Fte™! F(t) = Z fri(t)aa
kl
Assume that the field is weak, that it causes only small changes of the nuclear density:
pia(£) = (B(t)|a; ax|® (1))
Starting from the equation of motion: ZhIO — [ h[p] - f(t), P ]
and  p(t) = p 4 6p(t) op(t) = pMe™™" 4 plFert
with the additional assumption: p2 =p — ,0(0)5,0 + 5,0,0(0) = 0p
Derive the linear response equation:

A B 1 0 (1)ph ph
(a2 )m (o 5 ) Coom ) == ()

for the ph and hp matrix elements in linear order in the external field.



